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11.  The Teeter-Totter

"If you would like to come back tomorrow for the second game, you are all welcome," Dawn's
mother commented as they prepared to leave.

They all thought that would be great.  They accepted the offer and made plans to meet again the
following day.  As Oliver, Dave, and Rosa started home they were still discussing radio waves and
their favorite radio programs.

Spotting the empty swings in the park, Rosa exclaimed, "Let's stop a moment and swing."  She
ran to an empty swing, jumped on, and said, "Will you give me a push, Oliver?"

Oliver stepped behind her, put his hands on her shoulders, and sent her swinging rapidly upward.
Then he and Dave took adjacent swings and soon caught up with her motion by pumping themselves.

"Dave, do you understand why 'pumping' works on a swing?" Oliver asked.
"Well, it's obviously a way of putting energy into the motion, which is necessary.  I guess when

we lean against the chains, we are actually lifting ourselves a little bit.  Maybe Chris will have some
ideas about how that gets us moving and why we can speed up."

About then Rosa had slowed down, so she slipped off the swing and ran to the teeter-totter
board.  

"One of you come over and balance me," she said, looking at Oliver.
"I think I'm too heavy for you," Oliver replied.  "Dave, you get on in front of Rosa and I'll take

the other end."
The combination of Rosa and Dave came pretty close to balancing Oliver, but they were still too

light for him.  The handle prevented Oliver from moving forward just a little.
"I've got an idea that might work," Dave said.  "Let me get off just a minute, Rosa," as he left

the board, "and you move up to where I was."
When Dave got on at the end, where she had been, the three of them balanced nicely.
"Why did that work?" Rosa demanded to know.  "We have the same weight on this end now that

we had before.  Oliver didn't move, and we are in the same places––just reversed.  I don't understand
it!"

Dave laughed and offered an explanation as they rode up and down.  "You recall with the levers
we said that force times distance on one end was equal to force times distance on the other end.  A
teeter-totter works the same way. Force, or weight, times distance from the center equals force times
distance from the center on the other side.  But when there are two of us on this end, we take the
weight of each person times the distance of that person from the center.

"Originally we were comparing Oliver's weight times the length of his end with your weight times
the length of our end plus my weight times a shorter distance.  After we moved, my weight, which
is more than yours, is multiplied by the full length and it is your smaller weight that is multiplied by
the shorter distance."

"It's still hard to believe that would work," Rosa replied. "Show me how it works when we get
off."

"O.K.", Dave replied.
A few minutes later, as they climbed off the board, Dave pulled out his pocket tape measure and
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showed Rosa that the board was 2.50 m long, or 1.25 m from the center to the normal sitting position
at each end.  The distance Dave had been at first, and where Rosa had been sitting after the exchange,
was about 0.75 m.

"I think Oliver weighs about 1000 N, and I know I weigh about 700 N.  Rosa, you probably
weigh about 500 N."

Dave picked up a stick and wrote in the dirt:
1000 N x 1.25 m = 1250 N·m

700 N x 0.75 m + 500 N x 1.25 m = 1150 N·m
"You see, with me at the shorter distance, that isn't enough to balance our heavyweight over

there," he explained.  Then he wrote:
700 N x 1.25 m + 500 N x 0.75 m = 1250 N·m

"Multiplying the larger value (my weight) by the larger distance makes the total larger than if
we multiply the smaller weight (yours) by the larger number and multiply my weight by the
smaller number."

"That certainly looks right, but it doesn't 'feel' right just yet," Rosa explained.  "I'll have to
think about that some more." She thought she recalled seeing some problems dealing with this
sort of thing in her algebra book, and decided she should look at those tonight to see if she could
understand better what was happening when there were more than two weights on the same
balance beam.

When she got home, Rosa took a quick look at her algebra book, then decided to do some
experiments.  She found a flat wooden ruler, a pencil, and some nickels.  The ruler, lying on the
pencil, balanced at the 6-inch mark without any weights.

First she tried one nickel at 3 inches and one at 9 inches. As she expected, they balanced.  "6
- 3 = 3 and 9 - 6 = 3, so each is 3 inches from the center.  Counting each nickel as 5 something, 5
x 3 = 5 x 3," she thought to herself.

Next she added a second nickel at the 1-inch mark.  "Now, 6 - 1 = 5 inches, so I have 5 x 3 +
5 x 5 on that side," she reasoned. "That's 15 + 25 = 40.  I know that 40/5 = 8, or 5 x 8  =  40, so I
would have to move this other nickel 8 inches from the center. That would put it at 6 + 8 = 14
inches, and the ruler isn't that long." 

Then she got another idea.  "I should be able to do it with 2 nickels, if each one is only 4
inches from the center.  That would be at 6 + 4 = 10 inches on the ruler."

She moved the nickel from 9 to 10 and added another nickel on top of it.  To her delight the
ruler balanced.  "I want to check that to be sure I understand," she thought to herself, so she made
a drawing,

Then she wrote down:
5 x 5" + 5 x 3"  =?  10 x 4"
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25 + 15  =?  40
40  =  40

"It works!" she exclaimed.  Then, just to be sure, she tried a few more combinations and
found that she could predict what would and what would not balance.

*         *         *         *         *
Practice Problems
1.  A weight of 10 N hangs 40 cm to the left of the point of support of a balance beam.  A weight
of 12 N hangs 30 cm to the right of the support.  Can the beam be balanced by adding a weight of
5 N?  If so, where should it be added?                            8 cm R
2.  A weight of 8 N hangs 60 cm to the left of the point of support of a balance beam.  A weight
of 9 N hangs 40 cm to the right of the support.  Can the beam be balanced by adding a weight of
10 N?  If so, should it go on the left or on the right?  Where?
3.  10.0 N is hung 10.0 cm from the point of support of a balance beam and 12.0 N is hung 9.0 cm
from the support, on the same side. What weight, hung 10.0 cm from the support on the opposite
side, is required to balance the beam?                            20.8 N
4.  A 10.0 N weight is hung 9.0 cm from the point of support of a balance beam and a 12.0 N
weight is hung 10.0 cm from the support on the same side.  What weight, hung 10.0 cm from the
support on the opposite side, is required to balance the beam?

Stretching Question:
If 5.0 N is 7.0 cm to the left, 6.0 N is 9.0 cm to the left, and 7.0 N is 8.0 cm to the right, what
weight could you add, and where, to achieve a balance?

Activity
1.  Hang a weight from a string to form a pendulum.  Put a pencil lightly against the string a few
centimeters from the bottom, then move the bob toward the side where the pencil is located
(forming a second pendulum, pivoting about the pencil, at the bottom of the original pendulum). 
Release the bob and remove the pencil at the same time.  Describe what happens.
     Move the pencil to one side and repeat, so at the start the string comes down at an angle to the
pencil, then at a steeper angle from the pencil to the weight.  Remove the pencil after the string
swings away from it.  Mark the initial height of the bob and the height to which the bob returns on
its first swing.  What regularity can you see?  Can you find a connection with playground swings?
2.  Explore weights and distances on balance beams.

 

12.  The Flag Pole

The group met the next day at Dawn's house for the second game of the Series, but as game
time approached the clouds over the stadium became darker and finally let loose a deluge on the
waiting crowd.  Tarpaulins were pulled over the field and the announcers predicted a substantial
delay and sent the programming back to the main studios.

Conversation turned back to the float and the remaining tasks to be done.  Chris mentioned
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that one such task was adding guy wires to support the flag pole.
A flag of authentic design had been obtained to fly from a mast near the small cabin.  It was

to be mounted by passing the wooden flag pole through a hole in the platform, then into a bracket
attached to one of the joists beneath.  There was concern, however, that local winds catching the
flag might put too much strain on the pole.  To avoid this possibility, it had been suggested that
guy wires, of small diameter, should be added. They would not be visible from a distance, and as
there would be no one moving around on the platform during the parade, the wires would not
pose a hazard.

"Will one or two wires be enough, or should we plan to add a half dozen or so wires?" Oliver
asked.

"One wouldn't really keep it from falling over," Dave suggested, "nor would two.  With two
wires you could keep it from falling sideways, for example, but it could still fall forward or back. 
The minimum number for stability is three, more or less equally spaced.  The only question is
whether only three wires would be strong enough."

"Yes, even very thin wire will stand a lot of pull, or tension," Chris replied.  "It is quite
different from building something where a weight is pushing down on the support.  Iron and other
metals can buckle under rather moderate loads unless the supports are quite thick and properly
shaped.  In contrast, under tension, steel piano wire only a millimeter or less in diameter would be
strong enough to hold my weight."

Suspension bridges hang the road bed by small cables
from a pair of heavy cables stretched over the supports.

"That's why so many big bridges are suspension bridges, isn't it?" Dawn asked.
"Do you mean they hang bridges from thin wires?" asked Rosa incredulously.
"Not exactly," Chris laughed.  "Bridges don't hang from very thin wires like the ones we are

talking about.  But most of the really big bridges do hang from wires.  They wrap small wires
together to form a very thick cable, which may be half a meter or more in diameter.  That cable is
anchored on the opposite shores and passes over very sturdy towers, hanging down between the
towers in a smooth curve.  Then smaller cables, attached to the two main cables, hang straight
down and hold up the roadbed of the bridge."

"I've noticed the same properties are found for other materials," Dawn added.  "It is easy
enough to hold up a picture or some other fairly heavy object with a string or sometimes even a
few threads.  I have even seen quite heavy objects held up by a glass fiber, but it doesn't take a
whole lot of weight put on top of a glass object to break it."

"Explain why three wires will work and two will not," Oliver requested.
"Better yet, I'll show you how it works," Chris replied. "Dawn, do you have a cake plate that

stands on a pedestal?"
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"Yes," Dawn replied, "Mother has one she uses for special occasions."
"Good.  If you can get that, and a heavy salt shaker or brass candlestick or something that

will fit inside that plastic bracelet Rosa is wearing, I have everything else we need in my car."
Dawn and Rosa were curious as to what sort of plans Chris had for their "demonstration

equipment".  A moment later he returned carrying a small box of fishing tackle and a box of heavy
steel washers.  Rosa pulled off one of her plastic bracelets and Chris quickly cut about 30 cm of
fishing line and tied one end to the bracelet, then repeated the operation twice.  He pulled three
huge fishing hooks, a small file for sharpening them, and a pair of pliers from the box.  First he cut
off the sharp end of each hook with the pliers, then touched them up with the file to remove any
remaining sharp edges.  He then tied one hook to the free end of each of the three pieces of
fishing line.  

"What kind of knot is that you're tying?" Dawn wanted to know.  "I have trouble with knots
slipping, especially when the thread or string is slippery, like that nylon line you have."

Chris showed her how to tie a bowline knot, which would be unlikely to slip.  "You start by
making a small loop, then a larger loop that will be the final loop after the knot is tied," he began. 
"Think of that large loop as an underground burrow for a rabbit, with a hole at the top of the
burrow, next to the tree, for the rabbit to go in and out.  Now the rabbit comes up out of the
burrow, runs around the tree once, and goes back down the hole.  Pull it tight and it won't slip. 
That's the kind of knot sailors would tie, for example, if someone has to be lifted.  You don't want
the loop to close up, as a slip knot would do, but you also certainly don't want the knot to come
loose!"

"Why is that kind of knot better, and less likely to slip?" Rosa asked.
"The important principle in tying knots," Dave volunteered, "is that adjacent strands of the

rope should have to slip in opposite directions if the knot is to slip.  Compare a square knot,
which holds well, with a granny knot, which is unreliable. "In a square knot," he explained as he
tied one, "the loose end comes back right next to the long end, or 'fixed' end, so they would have
to slip against each other, and the other part of the rope is pressing them together so they won't
slip.  In a granny knot, the long end and short end are on opposite sides of the loop they pass, so
the knot can flip around and slip without adjacent strands having to slip past each other."  
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"I always knew a square knot would hold much better," Oliver exclaimed, "but didn't really
know why."

"Show me once more how you know the
knot will turn out to be a square knot when you
tie it," Rosa requested.

Dave went through the process once more,
very slowly, showing her that the loose end
should come back on the same side as the fixed
end.  Rosa practiced a few times with a piece of
fishing line until she felt she could always
identify whether the loose end should go in front
or behind.

"That also explains why a bow knot comes undone so easily when you want it to, doesn't it?"
Oliver commented as he watched the way Rosa was tying square knots.  "In a bow knot, the two
adjacent strands actually slip the same direction."

"That's right," Chris agreed.  "There is another kind of knot that is particularly good for fish
hooks.  It is called the Palomar knot.  It is a simple overhand knot, made with the line doubled
and passing through the eye of the hook or lure.  That makes a loop in the doubled end of the line
that can be opened up and passed over the hook or lure before the knot is tightened.  It is a good
idea to wet the line before tightening the knot; that lubricates the knot and lets it tighten without
binding."

Meanwhile he placed the plastic bracelet on top of the cake plate and put the heavy salt
shaker inside the bracelet, to keep the bracelet from sliding off the plate when it was pulled
sideways a little.  He then adjusted the cords so they formed equal angles at the center and hung
some washers on each of the three hooks.

As long as the angles were equal and the weights were equal, the bracelet sat around the salt
shaker without touching it.  When one of the weights was made larger than the others, the
bracelet moved in the direction of the heavier weight, trying to move the salt shaker that way, too.

"If we had attached the cords to the top of a candle in the center, you can see that it would be
just like having three guy wires attached to the top of the flag pole," Chris explained. "The wires
also pull down on the pole, but that isn't a problem and doesn't change what we are looking at. 
The pull necessary to keep an object centered is the same on each wire if the angles are the same."
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Oliver and Rosa tried adjusting weights, while the others watched.  Their efforts confirmed
that the three weights had to be equal when the angles were equal.

About that point the television announcer provided the information that the game had been
officially postponed, but everyone in the room was too involved with Chris' strings and weights to
be concerned about the rained-out game.

*         *         *         *         *
Practice Problems

Most materials are difficult to break or tear by pulling, but if they once begin to part,
separation comes rapidly.  For metals, separation may be preceded by a deformation in the form 

Table 12.1
 Material Tensile Strength*
 steel 3.5x10  to 2.5x104 5

 copper 2.2x10  to 1.0x104 5

 glass** 7x104

 oak 3x103

 pine 3.6x103

 fir 2.5x103

 *These are approximate average values of tensile strength,
 yield point, or ultimate tensile strength, in N/cm .2

**Borosilicate glass, containing the element boron 
 replacing sodium, typical of glassware for laboratory and
 cooking use.  A familiar brand is Pyrex.  Other, more
 common, glass is called soft glass.

of stretching and thinning that does not reverse when the pulling force is removed.  The force
required to break or deform an object depends on the cross-sectional area––the area
perpendicular to the pulling force, measured at the narrowest point if the object is not uniform. 
The ratio of this destructive force to the cross-sectional area is called the tensile strength, or for
metals, more often the yield point or ultimate tensile strength, depending on testing conditions. 
Some values of this ratio are shown in Table 12.1.  The maximum sustainable load (in N) is

f  = Y x Amax

where A is the cross-sectional area (in cm ).2

1.  For steel wire, what weight, in newtons, could be supported by a wire of 1 cm  cross-sectional2

area?                               35 to 250 kN
2.  What weight could be supported by steel wire of 0.1 cm  cross- sectional area?2

3.  What weight could be supported by a copper wire that is 1 mm in diameter?        170 to 790 N 
4.  What weight could be supported by a borosilicate glass fiber 1 mm in diameter?

Activities
1.  Prepare examples of the following knots.  

a.  square knot c.  bowline e.  bow knot
b.  granny d.  slip knot f.  overhand



3/1/07                                                         AWOP 13 -57

13.  Weights and Measures

"What happens if you change the angles?" Dawn asked.
Oliver promptly brought one of the weights around closer to another one and the bracelet

rapidly moved off center.
Chris moved over to the table.  "Let's bring these two closer together, but keep them

centered about the opposite cord," he suggested.  "We also have to add some more washers to
the single line on the far side."

“I think I see how that works," Dawn volunteered.  "The weights depend on the sines or
cosines of the angles, don't they?" Then, seeing the blank look on Rosa's face, she quickly
explained. "If we draw the position of the cords on a sheet of paper, and extend the direction of
one of them backward with a dotted line, like this, then we can put a dashed line across the
bottom from where one line goes over the edge to where the other line goes over the edge.  The
dotted line and dashed line are perpendicular to each other.

“At this point, Rosa,” she explained, “we are not interested in the total force pulling on each
line, but only in the part of the force that is pulling in the correct direction.  One weight, at the far
side, is pulling only in the correct direction, but the two weights on this side are partially pulling
against each other, sideways, and partially pulling in the direction to offset that far weight.

"Hand me your pocket ruler, Dave," she requested.  She measured the distance from the very
center to the rim, which was 15 cm, the same for each of the three cords.  Then she measured the
distance from the center to the dashed line, along the dotted line.  That came out to be 10 cm. 
"There are 3 washers on each of these two lines that are closer together.  We find the sum of the
products, 3 washers x 10 cm + 3 washers x 10 cm  =  60 washer·cm. Look on the far hook. 
There should be 4 washers on that one."

"That's right!" Oliver exclaimed.  "How did you know?"
"We had 3 washers x 10 cm + 3 washers x 10 cm = 60 washer·cm on this side,"  Dawn

explained.  "That should just balance 4 washers x 15 cm = 60 washer·cm on the opposite side."
"That sounds almost the same as we were doing yesterday on the teeter-totter, but it isn't

quite the same," Oliver replied. He told Chris and Dawn about how they had stopped on the way
home and used the idea that the sum of the products of weight times distance must be the same on
each side.  In that case, f d  + f d  = f d .1 1 2 2 3 3

Chris pointed out that there is a more general way of writing sums of terms like this.  He
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wrote
�  f d   = �  f di i j j

and explained, "This symbol, �  (called sigma — that’s a Greek “S” for “sum”), is a shorthand
way of saying we should take the sum of all the terms that come afterward; f  represents f , then f ,i 1 2

and so forth.  That is, it says we would sum the products of forces times distances on one side,
then sum the products of forces times distances on the other side, and set these two sums of
products equal to each other.

"These problems look different, but they are really the same if we only look at distances along
one direction, such as along one of the lines and its dotted-line extension, as Dawn said," Chris
added.

"Let me see if I understand how these weights and angles work," Oliver said.  "If I swing
these two farther apart, I can shorten that dotted line that runs along between them.  (The dotted
line is the center line; I guess here we could call it the bisector of the dashed line, couldn't we?) 
Let's make it quite short––say 5 cm.  Then I should have to add washers to these two."

Oliver added a washer to each of the lines, but that was not enough.  He added another, and
then a third to each, so he had 6 washers on each of the cords on one side, and still had 4 washers
on the far side.  The bracelet sat motionless in the center.

"Does that check?" he asked.  "6 washers x 5 cm + 6 washers x 5 cm = 60 washer·cm on this
side, and we still have 4 washers x 15 cm = 60 washer·cm on the other side.  That's exactly the
same!"

"So to get it to balance, do we have to have two of them equally spaced in comparison to the
third?" asked Rosa.

"No," Chris responded.  "Try some unsymmetrical arrangements and see if they will work."
After some manipulation, Oliver and Rosa, working together, found they could achieve a

balance with 2 washers, 3 washers, and 4 washers.  The dotted line distances didn't come out
exactly even, but they were about 13.1 cm, for the 3 washers, 10.3 cm, for the 2 washers, and still
15 cm for the 4 washers.

"Let's check to see if the numbers come out right," Rosa said.  "If we multiply 3 x 13.1 and
add 2 x 10.3 we get 39.3 + 20.6 = 59.9.  That is certainly close to 4 x 15 = 60!"

"That's right," Chris agreed.  "To the accuracy of your measurements of the dotted lines, 59.9
and 60 are really the same number. You measured 13.1 and 10.3; each of those numbers has  3
digits, or numbers, that are significant, or meaningful, so the answer you get after multiplying and
adding those numbers has 3 significant digits.  Any error, or uncertainty, is in the third or fourth
digit, as you found.

"I'll show you another way of representing the problem you just solved," Chris continued.  "If
we make each line as long, in centimeters, as the number of washers attached to it, then slide the
lines, of lengths 2, 3, and 4, around without rotating them, we can attach them end to end.  We
add arrow heads, just to show which way each line
was being pulled. You notice that the three lines form a
closed triangle.  It is not a right triangle, in general, so
there is no hypotenuse.
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"We can't look at all the properties of triangles like these right now, but this method shows
that there are lots of different ways of getting three weights, or forces, to balance.  Any
combination that gives a closed triangle like this will work."  

Rosa didn't understand why the triangles represented the problem with weights pulling three
ways, but it looked like a neat way of handling the problem.  She was impressed at the way math
and science kept helping each other.  "If I can really understand algebra this year," she thought to
herself, "the physics course next year should be pretty easy.  I wonder if I can understand as much
as Dave and Dawn, or even as much as Oliver."

*         *         *         *         *
Practice Problems
1.  In a test similar to that by Oliver and Rosa, 5 washers at a dotted line distance of 14.1 cm plus
7 washers at a dotted line distance of 13.2 cm balanced some number of washers (at 15 cm) on
the other side.  How many washers were needed on the other side?        11
2.  In another test, 3 washers at a dotted line distance of 11.6 cm plus 6 washers at a dotted line
distance of 14.2 cm balanced some number of washers (at 15 cm) on the other side.  How many
washers were needed on the other side?
3.  In similar tests, 4 washers on one side (at 15 cm) balanced 3 washers, at 13.1 cm, and 2
washers.   What distance would be expected for the 2 washers?      10.3(5) cm  
4.  In similar tests, 6 washers on one side (at 15 cm) balanced 2 washers at 9.4 cm and 5 washers. 
What distance would be expected for the 5 washers?
5.  The number 5.3 can mean anything from 5.25 to 5.35, and the number 37.28 can mean
anything from 37.275 to 37.285.  Using this information,

a.  What is the smallest value that 5.3 + 37.28 could mean?
b.  What is the largest value for 5.3 + 37.28?  
c.  How can you represent the sum and its uncertainty?

a.  42.525;  b.  42.635;  c.  42.58 ± .05, or 42.6
6.  Using the maximum and minimum values of 5.3 and 37.28, as given in problem 5,

a.  What is the largest value of 37.28 - 5.3?
b.  What is the smallest value of 37.28 - 5.3?
c.  How can you represent the difference and its uncertainty?

7.  Using the maximum and minimum values of 5.3 and 37.28, as given in problem 5,
a.  What is the largest value of 37.28 x 5.3?
b.  What is the smallest value of 37.28 x 5.3?
c.  How can you represent the product and its uncertainty?

a. 199.47475;  b. 195.69375;  c. 197.6 ± 1.9 or 198
8.  Using the maximum and minimum values of 5.3 and 37.28, as given in problem 5,

a.  What is the largest value of ?
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b.  What is the smallest value of ?

c.  How can you represent the quotient and its uncertainty? 

Stretching Questions:
1.  Which of the following are possible results for numbers of washers in tests such as those
considered above?

a.  1, 4, and 9
b.  4, 6, and 7
c.  6, 7, and 15

[Try constructing the triangles with sticks or pieces of string cut to the lengths shown (e.g., in
centimeters).]
2.  Measure the distances along the dashed lines in the figures above (p. 55).  Can you find a
relationship between the lengths of the dashed lines and the weights at the ends, similar to the
values  found for products along the dotted lines and  the collinear string?
3.  Selecting the 2-3-4 triangle as an example (or another of your own choosing), find the
projection of each of the three sides along any direction (e.g., along the direction of the longest
side).  What conclusions can you draw about the lengths of the projections?  Does that fit the
pattern of the cords discussed previously?

Activity
### The cake plate and hanging weight system Chris put together is called a force table.  With a
smooth, round surface, set up a force table and try the examples of weights and angles  that  were
shown in the figures.   Try  some  other  combinations.   Can  you predict which combinations will
work before you try them?  [Many force tables have small pulleys at the edges where the cords go
from horizontal to vertical, to reduce friction at that point.]

14.  The Sun and the Moon

As Chris, Oliver, Dave, and Rosa left Dawn's house, she stepped outside with them.  "Look
at the Moon," she commented. "I'm always a little surprised when I see it during the day, although
I guess I shouldn't be."

“That's approximately a first quarter Moon," Chris added.
“It looks like a half Moon to me,” Oliver objected.
“You’re talking about different measures,” Dave injected with a smile.  “The shape is half a

circle, or half a full Moon.  That shape appears one quarter of a month into the cycle, or the
reverse shape at three-quarters of a month.

“It does seem a little confusing to talk about a ‘half Moon’ being a ‘quarter Moon’,” Chriss
agreed.  “During the month, the Moon goes from nothing to full and back to nothing, so during
the first quarter of the month the shape of the Moon goes to a half disk, or ‘half Moon’, then on
to a full disk, or ‘full Moon’, and so forth.

“This one is in the south to southeast,” he continued, “while the Sun is in the southwest to
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west.  That means the Moon is following the Sun across the sky at present, so it has to be a first
quarter Moon."

"I don't follow your argument at all," Rosa complained. "What does the position have to do
with whether it is a first quarter or a last quarter Moon?"

Chris told Rosa to stand right where she was.  She could turn around as often as she wished,
but she must always turn to her left.  "You are the Earth," he declared, "and also an observer on
the Earth, looking at the Sun and Moon.  You should really keep spinning fairly fast to your left
as the Moon moves slowly around you, but I'm afraid you'd get dizzy, so just turn to your left as
often as you wish.

First quarter Moon, as it appears in the afternoon,
in the southeastern sky.

Dawn's house is the Sun, so when you are looking toward her house, it is daytime for you. 
Oliver, you come over here and be the Moon.  You will always face Dawn's house as you move
around Rosa, so your face is the lighted side of the Moon.

"Actually, we know it would be more realistic to have Oliver always facing you, the Earth,"
he added, "but then we would have to have some other way of knowing which side of Oliver is
being lit by the Sun, so we will have him always facing the Sun instead."

"Is the same side of the Moon always toward us?  Why is that?" Rosa asked.
"Originally the Moon turned on its axis as it moved around the Earth, just as the Earth turns

on its axis as it moves around the Sun.  There are strong tidal forces between the Earth and the
Moon, however, that tend to slow down the rotations.  Eventually the Moon slowed down to the
point it wasn't rotating at all, or rather it rotates just once a month.  We only see one side of the
Moon.  Until space flights went to the Moon, we had no way of knowing what was on the
opposite side."

"So the man in the Moon is always watching us, is he?" Rosa laughed.
"That's right, although lots of the time he’s peeking at us from the shadows.  Now Oliver,

you are good at moving sideways and backwards.  I know you practice that on the football field.
You move slowly to your left in a circle around Rosa, but always facing Dawn’s house.  That way
we can tell where the sunlight would be hitting you.”

As Oliver passed between Rosa and the house, Chris explained. "Oliver is now a new Moon. 
All you can see is the back of his head, or the dark side."
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"That's not very dark," Rosa thought to herself, "with that gorgeous blond hair."
Chris continued.  "Even if Oliver was bright now toward the Earth you would have trouble

seeing him because to see him you have to look right at the house, or at the Sun.  A new Moon is
dark, and is up only during the day.  It is pretty nearly right in line with the Sun, so we don't see
the new Moon."

"Wouldn't Oliver block some of the light from the Sun?" Dawn asked. 
"Yes, it can happen.  The Moon doesn't move in exactly the same plane as the Earth and Sun,

however, so only once in a while will the new Moon block any significant amount of light from
reaching the Earth.  When that does happen, we call it a solar eclipse."

"Solar eclipses only happen several years apart, don't they?" asked Oliver.
"Yes and no," Chris answered.  "Quite often a new Moon blocks light from reaching some

small section of the Earth.  But in any one location on Earth, you won't see a solar eclipse more
than once in quite a few years.  Even then it will probably be only a partial eclipse.  Total solar
eclipses are seen very infrequently. Those who study them often have to go to Canada or South
America or Africa or somewhere else far away."

"Should I keep moving around?" Oliver asked.
"Yes, continue on, counterclockwise from above, always facing the house," Chris

encouraged.  "Now, Rosa, you see that when you look directly at Oliver, you see only the right
half of him lit––that is, his face, which is toward the Sun, is to your right––because the Sun is to
your right.  That is just the way the real Moon and Sun appear to us right now."

Rosa, Oliver, and the House
represent the Earth, the Moon,
and the Sun.

"I knew how the Moon changes phases," Dave remarked.  "Still it had never occurred to me
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that you could tell the time of day just from the Moon."
"That's quite right.  If you can see the Moon, you can tell approximately what time of day or

night it is and also tell what direction you are looking––east or south or west, for example. Keep
moving around, Oliver, facing the house."

As Oliver moved on the side of Rosa opposite the house, she had to turn her back to the
house to look directly at him, but she could now see his full face.  "Now he would be a full Moon,
wouldn't he?" she exclaimed.

"Yes," Dave agreed.  "And notice that as you turn, when you look halfway between Oliver
and the house––or between the Moon and the Sun––the Sun disappears on your right as the
Moon appears, opposite the Sun, on your left.  A full Moon always rises just at sunset and sets at
sunrise."

"Right," Chris confirmed.  "And now as Oliver moves on around, Rosa will see the left side
of him illuminated.  He is now a last quarter Moon.

"Notice also that as Rosa turns fairly rapidly––once per day––Oliver is moving in the same
direction more slowly, going around once per month.  So each time she turns around, Rosa has to
turn a little farther than one turn to see Oliver again.  The Moon comes up a little later each day
than the day before."

"Doesn't that depend on whether it's summer or winter?" Oliver inquired.
"No, this is a very different effect.  The Sun may rise a few minutes earlier or later, depending

on the season, but we are talking about a much larger effect that is pretty much the same all year. 
The Moon comes up almost an hour later each day compared to the day before––or actually
closer to 50 minutes later."

"I guess I should have noticed all that," said Oliver. "Certainly I've had enough chances to
watch the Moon.  It just never occurred to me that there was important or useful information
about time or direction, or that I could look at the Moon and tell when the next full Moon would
be."

"It will be a full Moon next week, Oliver," Rosa thought to herself, but she didn't say
anything.

"It seems there should be an easy way to remember whether the Moon is getting larger or
smaller," Dawn mused.  She thought a moment, then said, "If it's lit on the right it's getting
brighter."

"Yes, and if it's lit on the left it's leaving," Dave chimed in.
"O.K.," Dawn added, "then especially when it is a crescent Moon or we see it at night, just

think of least; if it's lit on the left it's in the east.  There's probably some way to remember the
other half of that, too."
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"Oh, I wemembeh," Rosa spoke up, "if it's bwight on the wight it's going to west."
"Rosa, that's terrible!" Dawn exclaimed, in mock horror.
Changing the subject, Dave offered, "I have a small telescope at home.  If you'd like to come

over for a little while early this evening we can get a better look at the Moon.  Also, I think
Saturn will be visible tonight.  That is usually a striking thing to look at because of its rings."

That sounded too good to pass up, so they agreed to meet that evening at Dave's house.

*         *         *         *         *
Practice Problem
1.  If a month were 24 days, each day the Moon would move 1/24 of the circle around the Earth. 
The Earth would have to turn 1/24 of a rotation to enable a viewer to see the Moon in the same
position as a day before.  Therefore the Moon would come up one hour later each day.  From the
length of an average month (about 29 days, including the effect of Earth rotation), find the
number of minutes that the Moon comes up later each day than the day before.
2.  A solar eclipse occurs when the Moon is between the Earth and the Sun, blocking the Sun's
light from reaching the Earth.  What phase must the Moon be in for a solar eclipse to occur?
3.  A lunar eclipse is a darkening of the Moon, caused by the Earth's shadow on the Moon.  What
phase must the Moon be in for a lunar eclipse to occur?

Activities
1.  With a flashlight, to represent the Sun, and a small, white plastic ball to represent the Moon,
demonstrate for classmates how the phases of the Moon depend on the relative angle between the
Sun,  the Moon, and the viewer (typically on the Earth). Alternatively, an overhead projector may
serve as the light source (Sun), a globe as the Earth (position of viewer), and a white ball as the
Moon.
2.  Make a record of when, and where in the sky, you see the Moon, over a period of at least
several days.  Include a sketch that shows the apparent shape of the Moon and its orientation. 
Compare your records with those of classmates to obtain as complete a record as possible. 
Compare your collective observations with the classroom observations of the previous activity.

15.  A Starry Night

The autumn evening was cool but comfortable.  Dave's telescope was a 7.5 cm reflector.  He
explained that the 7.5 cm was the diameter of the mirror, at the bottom of the tube.  The focal
length of the mirror was approximately one meter.  That meant that light rays coming from a star
would be brought to a point 1 m from the curved mirror.

Dave commented that it would not be practical to put your head at the focal point, to see the
star's image, because your head would block out the light, preventing it from reaching the mirror. 
Therefore a small, plane mirror was suspended along the center line of the tube, near the open
top, at an angle.  "This diagonal mirror reflects the converging rays over to the side, into the
eyepiece.  The small mirror blocks some of the light, but not enough to be significant, and much
less than your head would.  The design was first suggested by Newton."
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Dave pointed the telescope at the edge of the Moon and stepped back so Oliver could look.
"Wow!  That looks big!  What magnification does this telescope give?" Oliver asked.
"Very, very small," Dave laughed. "Remember how big the Moon is.  There is no way we can

get an image that is 'bigger than life'.  I think what you mean is, what is the power of the
telescope.

"We can adjust the power by our choice of eyepiece.  This one has a focal length of 2 cm. 
The power is the ratio of the focal length of the curved mirror, which is called the objective, to the
focal length of the eyepiece.  That ratio here is 100 cm/2 cm = 50.  That means the telescope
gives us an image that will make a star or planet appear only 1/50 as far away as it really is.  But
because it is so far away, the image is much smaller than the star or planet."

"Wouldn't the telescope be more powerful if the mirror were curved more, to give a shorter
focal length?" Dawn asked.  "As you defined the power, it seems less curvature gives a greater
power."

Chris answered.  "That is an interesting 'paradox' of telescopes.  The less curvature of the
mirror, the greater the power of the telescope.  That's because the farther away the image is from
the mirror, the larger the image is.  However, if we have too little curvature, the image formed by
the mirror will be too far from the mirror.  It wouldn't be practical, for example, to build a
telescope that formed an image a kilometer from the mirror.  We wouldn't want to build a tube
that long, and if we did build a very long tube and point it toward a star we would have trouble
getting up to the image.  There would also be severe secondary difficulties, such as uneven
heating of the tube, producing differences in air pressure that would hurt the image."

"A bigger mirror also gives you a bigger image, doesn't it?" Oliver asked.
“No,” Dave responded, “image size is independent of mirror diameter.  The advantage of a

larger mirror is that it collects more light, so it gives a brighter image, and also it can give a
sharper image.  I would like to have a telescope with a larger mirror, but they are more expensive.

"There is the North Star," Dave noted, "so I'll set the telescope pointing the opposite way,
toward the south.  That will make it easier to look at planets and the Moon."

"For the Moon, you want it pointing straight up," Rosa objected.  "Right now the Moon is
above us."

"It may seem to be above us, but if you look carefully at the shadows cast by the Moon you
can see that the shadows point north. When the Moon is approximately centered in the sky, as it is
now, it is always in the southern sky, just as the Sun is always in the southern sky at noon."

"I thought the Sun was directly overhead at noon," said Oliver.
"The first day of spring and the first day of fall, the Sun is directly overhead if you happen to

be on the equator," Chris explained.  "Because the Earth is tipped with respect to the Sun, the
Northern Hemisphere leans toward the Sun in July and away from the Sun in January, so there is a
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line north of the equator where the Sun is directly overhead about June 21 and a line south of the
equator where the Sun is directly overhead about December 21.  The region between those lines
is the area called the tropics.  The Sun will be directly overhead in the tropics, twice a year, but
not anywhere else.

"The farthest north you could live and ever see the Sun directly overhead would be on the
Tropic of Cancer.  That is a line, you may recall, that goes through Mexico, just north of Cuba,
and through southern Egypt and Taiwan.  It passes just north of Puerto Rico and the Hawaiian
Islands," Chris continued.

"The Tropic of Capricorn is the corresponding line in the Southern Hemisphere," Dawn
added.  "It goes through Rio de Janeiro and Australia."

"Well, we don't live in the tropics," Oliver conceded, "so I guess we can't see the Sun, or the
Moon, directly overhead.  But it does look as if the Sun is directly above us, especially in the
summer."

Chris picked up the explanation again.  "The Sun is very low in the sky, toward the south,
during our winter.  It moves north, reaching its maximum height late in June.  At that point it
stops moving north and doesn't seem to change at all, before it starts back toward the south.  That
is called the summer solstice.  You probably know that sol is the Latin word for Sun.  Solstice
means 'the Sun stands still'.  Of course, that doesn’t mean the Sun stops its apparent movement
across the sky.  It just means the Sun stops moving north or south.

"After the summer solstice, the Sun goes south again, reaching the winter solstice late in
December.  As you know, the days are shortest around December and longest in June.  In
between, late in March and late in September, days and nights are the same length.  That is called
'equal nights', or in Latin, the spring or fall equinox.

“Just remember that nights grow shorter in the winter,” Dave added with a smile.
Rosa looked thoughtful just a moment, then declared, “You mean ‘nights grow longer in the

winter’.”
“Don’t confuse her,” Chris cautioned.  Then turning to Rose he asked, “When is the first day

of winter?”
“You were just saying it’s December 21,” Rosa responded, “and you said that’s the shortest

day, so that means it’s the longest night.”  She stopped short, looked at Dave, and said, “Oh,
you’re mean”, and laughed.

Dave by this time had the telescope adjusted and again pointed at the Moon.  He suggested
to Rosa that she take a look.

"Why is it moving so fast?" she exclaimed.
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"That's the way the Earth turns," Dave responded.  "It isn't nearly as obvious how fast we
turn until you look at a star or something else that is relatively still and can compare it with
something moving with the Earth.  The stars aren’t really standing still, whatever that would
mean, but they are so very far away they move across our field of view extremely slowly.  The
appear to us to be in the same place night after night after night.  For example, if you line a star up
with the corner of the house, you can see it move compared to the house––or, better, see the
house move with respect to the star.  Even though the Moon is moving in the same direction as
the Earth turns, it is moving much more slowly, so it seems to be standing still relative to the stars
on any given night." 

"I can see a star next to the Moon now," Rosa commented, "but it doesn't look any bigger
than without the telescope––just brighter."

"That's to be expected," Dave confirmed.  "Stars are so far away that no matter how large a
telescope we had they would still appear as points of light.  In fact, the better the telescope, the
smaller the point image of the star.  Planets are not nearly so far, so we can see that they have a
size and shape."

He swung the telescope around to point toward Saturn and turned on the battery-driven
motor that would make it follow the planet, so everyone would have a chance to see the rings.

"I was wondering how you managed to have the motor speed set exactly right to follow
Saturn," Oliver commented, "but I guess really it is set for the rate of rotation of the Earth, isn't
it?"

"That's right.  One setting fits almost everything in the solar system," said Dave.
"How could you tell that was Saturn before you looked through the telescope?" Dawn asked. 

"Is it always there at this time of year?"
"It isn't that simple," Dave assured her.  "The year for Saturn––the time it takes Saturn to

move once around the Sun––is much longer than our year, so Saturn moves very slowly relative
to the stars.  The only sure way to know when it can be seen, and where, is from the tables that
are published, based on careful calculations.  However, after you have watched the planets for a
while you can often pick them out by their appearances.

"First of all, because the planets are so relatively close, the images are not just point images,
like stars, and therefore the images don't dance around as much because of variations in the
atmosphere.  In other words, if it doesn't seem to twinkle, it is probably a planet.

"Then you remember that Venus is between us and the Sun, in terms of distance, so we have
to look in the general direction of the Sun to see Venus.  That means we can only see Venus when
the Sun is just below the horizon, in the evening or morning."

"The Sun is quite close to the horizon now, isn't it?" Dawn asked.  "It didn't set very long
ago.  Can we see Venus?"
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"Not this evening.  If we could, it would appear to be the brightest 'star' in the sky. 
Remember that the whole Solar System is quite flat, like a disk.  When we look toward the Sun
now we are looking west.  We can only see those stars and planets that are along a line farther
from the Sun than that line to our western horizon”

Dave reached down and made a rough sketch in the
dirt, showing the Earth, the Sun, and the Solar System
disk.  Then he added Venus, on the left side, another
copy of Venus on the right side, and a couple of copies in
between, more nearly in line with the Earth-Sun
direction.

“Right now Venus is on the right side of the line
between Earth and Sun––it will be visible just before
sunrise, as the Morning Star," he explained.

“Do you mean the Evening Star and the Morning
Star are really the same thing” asked Rosa.

“And it’s not even a star!” Dawn added.
“That’s right,” Dave agreed.  “Most of the time

Venus will appear either in the evening or in the morning,
but never both.  Then, of course, there are short times
when Venus is in line with the Sun, either on our side or
on the other side, so it can’t be seen at all; it is switching
from morning to evening or back.”

“How about the other planets?” Oliver inquired.
“Mars is slightly reddish, so you may be able to distinguish it from the others.  Jupiter and

Saturn are likely to be the bright ones, other than Venus,” Dave answered.
“Is that a planet up there?” Rosa asked, pointing toward a bright star overhead and slightly to

the north.
“That couldn’t be a planet,” Dave explained, “because it doesn’t lie along the ecliptic.”
“What is that?” Oliver asked.
“The ecliptic is the plane of the Solar System.  To us it appears as an imaginary arc across

the sky that is followed by the Sun and the Moon and all of the planets.  If an object isn’t close to
that imaginary arc in the sky that goes from east to west — high or low across the southern sky
depending on time of year and time of day — then it can’t be a part of the solar system.”

“I can see why the height of the ecliptic plane depends on the time of year, because the Earth
is tipped, but why does it depend on the time of day?” Dawn asked.

“A good model is to think of the Sun, Moon, and planets as all floating on a quiet pond,”
Dave suggested.  “The Earth is like a round buoy, that floats half in and half out of the water,
with its axis tipped 23.5  from the vertical.  (Of course, there isn’t really any water involved — weo
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are just imagining the plane of the Solar System by comparing it to the surface of a pond.) Then
the Sun, Moon, and all the planets lie in the same plane, as viewed from the Earth.  However, in
summer, the Northern Hemisphere is tipped toward the Sun, so the Sun is high in the sky in the
daytime.  If there is a new Moon, or crescent Moon, the Moon will also be high in the sky.

“But if there is a full Moon, then the Moon is on the side of the Earth away from the Sun. 
That means that at night, the Northern Hemisphere is toward the Sun but away from the Moon,
so the Moon will appear near the southern horizon.  In other words, in summer when the Sun is
high, the crescent Moon is high and the full Moon is low.  But when the Sun is low, as it is in
winter, the crescent Moon is also low but the full Moon is high in the sky.”

“I hadn’t noticed that difference, either,” Oliver admitted.  “I guess I need to be more
observant.”

It was getting cooler as it got later in the evening, which served to remind them all of other
activities scheduled for the evening, so they thanked Dave for the chance to see both the
mountains and craters of the Moon and the rings of Saturn and all headed home.

*    *    *     *     *
1.  The highest angle, above the horizon, reached by the Sun at any location is equal to 90  (i.e.,o

overhead), minus the latitude in degrees, plus 23.5 (the tilt of the Earth), or 113.5  - L, where L iso o

the latitude, in degrees.  For example, at the North Pole (latitude 90  N) the highest angle of the Suno

is 23.5  above the southern horizon.  On the Tropics (23.5  N or S) the Sun reaches 90  from theo o o

horizon once a year.  Find your local latitude, from a map, atlas, or encyclopedia.  Calculate the
highest angle of the Sun for your location.
2.  The lowest angle of the Sun is 90 , minus latitude, minus 23.5 , or 66.5  - L, if L is the latitude ino o o

degrees.  At the North Pole the Sun is 23.5  below the southern horizon at noon in December.  Ono

the Tropic of Cancer, the Sun is 66.5  - 23.5  = 43  above the southern horizon in December.o o o

Calculate  the lowest angle of the Sun, at noon, for your location.

Activities
1.  Using a flashlight and globe, or an overhead projector and globe, examine the angle of light
striking various  parts  of  the Earth at different times of year, keeping the Earth  tipped  23.5  fromo

the vertical.  [The rotation axis is fixed  with  respect  to the solar system as the Earth moves around
the Sun.  Therefore, at noon, the North Pole is tipped away from the Sun, or light source, during the
winter and toward the Sun in summer.]
2.  Try to identify at least one  planet  by  its  appearance  and general position in the sky.  Then
consult a chart (e.g., Sky  and Telescope magazine) that will tell which planets  are  visible  at any
given time.  Compare your tentative identification(s) with the planets as identified by the charts.   [It
may  be  necessary  to identify some of the constellations of stars,  to  know  where  to look for the
planets.]

16.  You Gotta Know the Angles

Thanksgiving Day was approaching and there were still many things to be done on the float. 
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The cabin was assembled from logs, much as it might have been done in the 18th century, except
that the logs as obtained were smaller and had already been debarked and the cutting to length
and notching had been accomplished with power saws.

Under Dawn's direction, and with Rosa's styling touches, the papier-mache figures were
constructed and painted.  The gently rolling hills were added to the platform, with constant
reminders that the hills were not to be stepped on.  The fire was assembled, with enclosed lamp,
and the flag pole was test mounted.  Guy wires were attached to the platform with turnbuckles, to
allow for uniform tightening, and small shrubs were designed to hide the turnbuckles.

"Oliver, can you push that floor jack over this way?" Dave requested.
Oliver gave the jack a strong push with his foot in

Dave's direction, but the four-wheeled jack seemed to
have a mind of its own and moved straight ahead, rather
than in the direction of the push, much to the amusement
of all who were watching.  Oliver trotted after it and again
pushed it in Dave's direction, but more tentatively this
time, suspecting what would happen.  Sure enough, the
jack started back where it had come from, following its
wheels instead of moving in the direction of the push.

Seeing clearly what the problem was, Oliver leaned on the handle and pivoted the jack to
make it point directly at Dave. Then another small push with his foot sent the jack obediently on
its way.

"I see why it moves in the direction of the fixed wheels," Oliver commented, "but that doesn't
seem to fit with what we were talking about earlier, about an object responding to a force by
moving in the direction of the force."

"You have to remember it is always the net force that is important," Chris reminded him.  He
pushed against the bench and added, "You see that the bench doesn't move, even though I pushed
it, because there are other forces acting.  The bench interacts with the floor, which keeps it from
moving.

"In much the same way, when you pushed on the jack, the jack responded the only way it
could, which was in the direction its wheels would allow it to roll.  The reaction of the floor was
too great to allow it to go sideways."

"That seems to be a lot like some other problems we have seen," Dawn said thoughtfully.  
"When we were looking at the parade route, we had to consider how far we would be going, but
also the direction.  We did that by talking about the coordinates.  Then when we looked at how
forces add, we were really measuring one coordinate, weren't we, in measuring the length of the
dotted line?"

"That's exactly right," Chris agreed.  "If we had measured a second coordinate, along a line
perpendicular to the first line, we would have found the same kind of equation, f d   =  f d , or1 1 2 2
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� f d  = �  f d , would apply to those distances, also."i i j j

"Yes, I saw that but didn't mention it at the time.  One set of distances is obtained from the
sines of the angles and the other set from the cosines of the angles.  But the other thing that
occurred to me had to do with our discussion of motion. When you describe motion, you have to
give a speed.  That is an ordinary number.  It has units, like meters per second or miles per hour,
but speed is described by a single number.  There is no way of telling in what direction an object is
moving from the speed.  Isn't that a lot like knowing a distance, without knowing the
displacement?"

"Yes, it is," Chris replied.  "Sometimes it is enough to know how fast you are going, but
often it is important to know direction as well."

"That's certainly true on the football field," Oliver added with a laugh.  "It's a lot easier for a
runner to move sideways on the field, or to move backwards, than to move forward.  But they
don't give any points for moving sideways, and you don't want them to give the points that might
come when you move backward!"

"Dawn has a good point," Dave injected.  "A displacement is a distance plus a direction.  It
takes two numbers to say how far away something is and the direction.  And when we talk about
a force we have to say how strong it is, in newtons, but also give a direction."

"The problem with the jack was strictly with the direction," Oliver added.  "I could push it
hard enough, but the jack didn't go in the direction of the push!"

"When you have something like a force that has a direction, as well as a size, we call it a
vector quantity," Chris explained. "We can always represent a vector quantity by a magnitude and
a direction, which requires two numbers.  Or we can give the two numbers as two coordinates,
that correspond to two different directions."

"Slow down, Chris," Rosa requested.  "I don't think I follow what you're saying."
"If you look out the window you can see the church steeple over that way, above the roof

tops," Chris pointed out.  "I could describe its location by saying it is 5 blocks away, as the crow
flies, and it is 37  north of east.  Notice that required two numbers, 5 (blocks) and 37 (degrees). o

The 5 blocks is the size of the displacement, which we call the magnitude of the displacement, and
the 37  is the direction.o

"I could describe the same location by saying it is 4 blocks east of here and 3 blocks north, or
at the location (4,3).  Again that is two numbers.  We call those numbers––the 4 and the 3––the
coordinates of the church.  We could also call them the components of the displacement of the
church from where we are.

"When Oliver pushed on the jack, he exerted a force in the direction of Dave, but that force
can always be broken up, quite arbitrarily, into two forces, or force components, in different
directions."

Chris walked over to the jack, twisted it around to the direction it had been in originally, and
then pretended to push it toward Dave, as Oliver had done at first.
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"The force I exert toward Dave can be considered as made up of two forces, or force
components, at right angles.  We can choose one direction completely arbitrarily, so we choose
one force component to be in the direction the wheels point; the jack responds to that force
component by moving in that direction.  The other force component is then necessarily
perpendicular to the wheels; that force component is counteracted by an equal and opposite
resistance from the floor, so it has no apparent effect.  There is no net force in that direction.”

"You used the name 'vector'," Rosa responded.  "What is a vector?"
“I think that’s a Latin word,” Dawn suggested.  “It means ‘to carry’.”
“Yes, that’s right,” Chris agreed.  “When you carry something, you carry it ‘from here to

there’.  Biologists picked up the word vector to mean ‘carry’, as in a person who carries a disease
wherever they go from one place to another.  Mathematicians and physicists picked up the word
to mean ‘from here to there’.  That is, it refers to a distance and a direction.

"A displacement is a vector quantity, because it has a magnitude, or size, that we call the
distance, or a length.  A displacement also has a direction. A force is a vector quantity, because it
has a magnitude, or size, that tells how hard we pushed or pulled, and it also has a direction.  A
force needs two numbers to describe it.  Again, if we wish, those two numbers can be the amount
of push in each of two directions, which we would call the components of the force."

"Is any combination of two numbers called a vector?" Rosa inquired.
"No," Chris answered.  "As long as we are considering a plane ––that is, a flat surface––we

can say that any vector consists of two numbers (plus the appropriate units), but it would not be
true that any two numbers are vectors.  If you earn $5 today and $10 tomorrow, that's $15; the $5
and $10 are ordinary numbers, or scalar quantities, and therefore add as ordinary numbers.

"Remember, if you go 4 blocks east and 3 blocks north, you have traveled 7 blocks.  That is
called scalar addition.  (That is spelled s-c-a-l-a-r, incidentally.)  But you are not really 7 blocks
away from where you started.  You are only 5 blocks away. Vectors add in a special way."

"But we added displacement vectors in the usual way, didn't we?" Oliver objected.  "As I
remember, we said a displacement of (1,7) could be added to a displacement of (2,-3) like this,"
and he wrote on a sheet of paper:

  (1, 7)
+(2,-3)
   (3, 4) 

"That looks like ordinary addition to me."
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"You are quite right," Chris concurred, provided we add them as you did:  1 + 2 and 7 + (-3),
to get (3,4).  We can’t add 1 + 7 and 2 + (-3) to get 8 and (-1).

"Each of the original pairs is a vector.  Each consists of two numbers that are scalars.  You
remember we called them coordinates, or components.  When we add vectors by adding the
coordinates, or components, we are adding the two x coordinates, or horizontal distances, first,
and because each x coordinate is a scalar, that is just ordinary addition.  1 + 2 = 3.  Then we add
the two y coordinates, or vertical distances, and again each one is a scalar, so we get 7 + (-3) = 4.

"Now we have to remember that the original pairs of numbers were vectors, so when we get
the answers, the 3 and the 4, we write them as a vector, (3, 4).  Because (3, 4) is a different 

Adding (1, 7) and (2, -3) we add
the 1 and 2 to get a total horizontal
distance of 3, and add the 7 and -3
to get a total vertical distance of 4.
The same point, (3, 4) can be
reached by other paths.

vector than (4, 3), vectors are often called ordered number pairs, meaning that the order of the
numbers is important."

"I think you agreed that we could describe motion as a vector, also, didn't you?" asked
Dawn.

"Yes, we can either give a speed and a direction, or we can give the amount of motion––that
is, the speed––along the x axis and along the y axis.  It would get confusing, however, if all rates
of motion were called speed," Chris continued, "so we choose a different word when we are
talking about the vector quantity.  We call that velocity."

"I always thought speed and velocity meant the same thing," Rosa countered.
"In many countries they are considered equivalent terms,” Chris explained.  “Even in this

country, they used to mean the same thing, and people who don't understand the difference still
use them interchangeably.  However, the difference is important and very helpful in making it
clear which one we mean.  It is like the difference between distance and displacement.  Distance is
a scalar, and just tells 'how far'; displacement is a vector and tells 'how far and in what direction'. 
Speed is a scalar, and just tells 'how fast'; velocity is a vector and tells 'how fast and in what
direction'."

“I thought “speed” was the “every day” term and “velocity” was
the technical term,” Oliver responded.

“Unfortunately, lots of people have that misimpression,”
Chris replied.

"Then is it possible to change velocity without changing speed?"
Oliver asked.

"Yes, anytime you change direction, that is a change in
velocity, whether the speed changes or not," Chris answered.

"But you can't change speed without changing velocity," Dave
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warned.
"That's right, too," Chris agreed.  "There is a simple way of saying things like that.

If it changes speed, then it changes velocity.
would always be true.  And therefore,

If it changes speed, it doesn't change velocity.
would always be false."
"Then what would you call the statement,

If it changes velocity, it changes speed,?"
Dawn asked.  "It certainly isn't always true, but it isn't always false either.  It might be true or it
might be false, depending on the example."

"Exactly right," Chris replied.  "That is an interesting subject by itself.  Let's go into the next
room for a moment, where there's a blackboard."

*         *         *         *         *
Practice Problems
1.  If the diagram to the right represents lengths, in meters, the origin is
taken as the lower left corner, and the displacement is to the upper right
hand corner, then:

a.  what is the x component?
b.  what is the y component?
c.  what is the magnitude of the displacement?
d.  what is the vector displacement?  
e.  what is the rule that relates the magnitude of the displacement

(also called the length) to the components?     5 m; 12 m; 13 m; (5,12)m; 13  = 5  + 122 2 2

2.  If the diagram above represents a rate of motion, in m/s, along the hypotenuse of the triangle,
upward and to the right, then:

a.  what is the x component of the velocity?
b.  what is the y component of the velocity?
c.  what is the magnitude of the velocity?
d.  what is the velocity (vector)?
e.  what is the rule that relates the magnitude of the velocity (i.e., the speed) to the

components of the velocity?
3.  If the diagram above represents a push along the direction of the hypotenuse, upward and to
the right, measured in newtons, 

a.  what is the x component of the force?
b.  what is the y component of the force?
c.  what is the magnitude of the force?
d.  what is the vector representation of the force?
e.  what is the rule that relates the magnitude of the force to the components of the force?

         a) 5 N; b) 12 N; c) 13 N; d) (5, 12); e) 13  = 5  + 122 2 2

Stretching Questions:
1.  Consider a sail as a flat piece of canvas. As the wind bounces off the sail, the force exerted by the
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wind on the sail is almost entirely perpendicular to the sail.  (There is, in addition, some drag, parallel
to the sail, that we ignore.)

a.  Draw a sail at a small angle to the wind, such as 10  to 30 .  Draw an arrow showing theo o

direction of the force exerted by the wind on the sail.
b.  Is it possible to point a sailboat (under your sail) in such a direction that, if the keel or center

board prevents it from moving sideways, the only effective component of the force arrow drawn in
part a will move the sailboat forward, more toward the wind than away from it?

c.  Redraw the sail as a curve, as you would expect it to be when it is held in front by the mast
and in back by the sheet (= rope) and pointed close to the wind.  The curved sail will roughly
resemble a cambered airfoil.  In what approximate direction will the "lift", predicted by Bernoulli's
equation, be exerted?
2.  How many numbers, or components, would a vector have if it describes a displacement or force
or motion in an arbitrary direction in space (not necessarily in a plane)?
3.  If a displacement vector has the components x = 3, y = 4, and z = 12, how long is the vector?
In what (approximate) direction does the resultant vector point?

17.  Simple Implication

Chris picked up a piece of chalk and wrote on the board,
If ... then ...

“Statements that have this form are called implication statements. We say that the first part
of the sentence implies the second part.  For example, look at these figures," and he drew on the
board the following set of triangles, squares, and circles:

Then he wrote beneath it, the sentence:
If it's black, then it's round.___

“Is that sentence true?" he asked.
“No, there is a white circle there, that's white and round," Rosa pointed out.
“Yes, but that doesn't change the sentence," Dawn quickly injected.  "It says 'If it's black ...',  and
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there are just 3 black figures."  She put a mark next to each black figure.  "All 3 of the black figures
are round, so the sentence is true." 

“Oh," Rosa said slowly.  "I guess that's right.  All the black figures are round, so 'If it's black, it
is round' is true."

Chris wrote a T next to the first sentence, then added a second sentence.
If it's round, then it's black.  ___

"That says the same thing," Rosa objected, then quickly changed her mind.  "Oh, no, that's
the way I was reading the first sentence, wasn't it?  But this one is not true, because of the circle
that is white."

"That statement is like the velocity and speed statement we were talking about before," Dawn
observed.  She picked up the chalk and wrote a third sentence.

If it's black, then it's not round.  � �

"This third statement is false," she emphasized.  "But the second sentence isn't always true, and
it isn't always false.  If it's round, it is probably black but it could be white.  What do we call that
sentence?" Dawn inquired.

"Let's call statements like that uncertain, or undetermined. We can label them with a U.  How
about this sentence?" and Chris added, on the board,

If it's round, then it's not black. ___
"That has to be uncertain, too," Oliver suggested.  "When we start with 'If it's round,' we

don't know which form should come next, so it doesn't make any difference whether we choose
'it's black' or 'it's not black'.  Either one has to be uncertain."

"Exactly right," Chris nodded.  "Now, can you supply the missing statements?  We have four
so far, but there are more than that, involving just being round and being black."

After eliminating all the tries that had extra words, such as square or triangular or white, they
agreed that there were 8 sentences altogether, which they arranged as shown in Table 1.

"It seems we should get 8 sentences for any pair of phrases," Dave observed.  "There are two
choices for which one of the pair comes first," and he pointed to the top half and then to the
bottom half.  "Each of the beginning phrases can be with or without the 'not'.  That doubles our
number, to four.  Then each of the last phrases can be with or without the 'not', so that doubles
the number again, to eight phrases altogether."

Table 1

If it is black, then it is round.             _T_
If it is black, then it is not round.       _F_
If it is not black, then it is round.       _U_
If it is not black, then it is not round. _U_
If it is round, then it is black.             _U_
If it is round, then it is not black.       _U_
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If it is not round, then it is black.       _F_
If it is not round, then it is not black. _T_

"Let's see if we can understand the sentences you were talking about next door, about speed
and velocity," Oliver suggested.

They soon constructed the eight sentences shown in Table 2, but there was disagreement
over which were true and which were not.

Table 2
a. If it changes its speed, it changes its velocity. ____
b. If it changes its speed, it doesn't change its velocity. ____
c. If it doesn't change its speed, it changes its velocity. ____
d. If it doesn't change its speed, it doesn't change its velocity.____ 
e. If it changes its velocity, it changes its speed.  ____
f. If it changes its velocity, it doesn't change its speed.  ____
g. If it doesn't change its velocity, it changes its speed.  ____
h. If it doesn't change its velocity, it doesn't change its speed. ___

"How about the first statement?" Chris asked.
"That looks O.K.," Oliver suggested.  "I think that one is true," and the others agreed.
"Then that makes the second one false," Dawn proposed.  "The second one contradicts the

first, so if a is true, b must be false."  With only a little hesitation, the others concurred.
"The next one is false, too," Rosa offered.
"No, that one isn't necessarily false," Dave countered.
"Why not?" Oliver asked.
"If it doesn't change its speed, it could still change direction, and that would be a change of

velocity," Dave responded.

The length of the velocity arrow represents
the speed. The velocity changes if its
direction changes, even though the speed
may be constant.

Oliver couldn't find a flaw in that argument, so he agreed, somewhat reluctantly, that statement
c must be uncertain.  With only mild persuasion he conceded that statement d was also uncertain.

"The next one is true, though," Rosa asserted, but she backed off when the others pointed out
that if it changed velocity that might mean a change in speed, but it could also mean a change in
direction.  It did not require a change in speed.

"Does that mean that statement f is uncertain also?" Oliver asked.
He was quickly assured that his interpretation was correct.  Because e is uncertain, f is also

uncertain.
"Statement g must be false, though," Dave announced after a moment.
"How can you be sure?" Rosa asked, obviously not very sure now of what the rules were.
"Suppose it were true, and an object really does not change its velocity, but it changes its speed.
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Then we could look at the first sentence.  That says that because the object changed its speed, it
changed its velocity.  That contradicts the original assumption of statement g that it did not change
its velocity," Dave explained carefully.  After a little more clarification, Rosa agreed that had to be
right.

"That also makes the last statement true," Dawn added.  "When you change the conclusion, by
adding or removing a 'not', a true statement is changed to false or a false statement to true."

"But e and f differ by a 'not' in the second half, and we decided neither of them is true or false,"
Oliver objected.

"That's right," Chris explained.  "If e had been true, then f would be false, but e isn't true.
Changing the conclusion of an uncertain statement by adding or removing a 'not' just leaves the
statement uncertain."

Oliver and Rosa were uncomfortable with that at first, but finally accepted it after several
possible motions were considered in which velocity changed and speed changed or did not change.
The completed table then appeared as in Table 2A.

Table 2A
If it changes its speed, it changes its velocity.             _T_
If it changes its speed, it doesn't change its velocity.  _F_
If it doesn't change its speed, it changes its velocity.  _U_
If it doesn't change its speed, it doesn't change its velocity.  _U_
If it changes its velocity, it changes its speed.             _U_
If it changes its velocity, it doesn't change its speed.  _U_
If it doesn't change its velocity, it changes its speed.  _F_
If it doesn't change its velocity, it doesn't change its speed.  _T_

Rosa studied Table 2A, comparing it with Table 1.  "Look," she exclaimed after a while,
"each sentence here matches a sentence dealing with round and black figures.  That's neat!"

"If we get the same set of sentences, regardless of the phrases, it seems we could almost do
away with the phrases," Dave observed after examining the two lists of sentences, in Table 1 and
Table 2, himself.

"That's quite right," Chris agreed.  "Different people use different notations, but one of the
popular notations is to let p and q stand for the two phrases and let and stand for the two
phrases with 'not'.  Then we can write all eight sentences very easily in symbolic form," and he
wrote out Table 3.

Table 3

"You see that this symbolic list is exactly the same as the other two lists if we let p = "it is
black" and q = "it is round" in the first case [Table 1], or let p = "it changes speed" and q = "it
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changes velocity" in the second case [Table 2]."
"I don't think I follow that, yet," declared Rosa.
"It seems a little confusing," Oliver agreed, "but I think I see what you are trying to do.  I'll

have to look at those examples more carefully, and maybe practice on some other ones, to be sure
I really understand it.  One thing I have learned this fall is that if something doesn't look fairly
obvious, I probably don't understand it yet, and it will come back to give me trouble later."

"I guess maybe part of what is bothering me," Rosa suggested, "is that sometimes it seems
we are dealing with geometry, and sometimes it looks like just English, and sometimes it involves
physics definitions.  Which is it, really?"

Chris laughed, but then he responded quite seriously.  "That is a very good point, Rosa.
Some people call it 'logic', and teach it in a separate course.  We do keep meeting it in science
courses, and even in history and government and other courses.  I prefer to think of it as just
English, or as reading comprehension.  The question is, 'What does this sentence say?'

"Can you read a sentence you have never seen before?" he asked Rosa.
"Of course.  Most of the sentences I read are new.  Otherwise I wouldn't have to bother

reading them," she responded.
"Exactly.  Have you ever stopped to think about how you know what a sentence means if

you haven't seen the sentence before?"
"I guess I haven't.  Usually it just seems pretty obvious, as long as I know what the words

mean, or most of the words."
"It is the word order that determines how the words are related," Chris explained.  "We can

substitute a similar word and the meaning of the sentence may be very different, but the
relationship of the words to each other is the same.  It is often a good way of testing whether we
have the right word.  Look at this sentence."
He wrote:

All members of the freshmen class go to room 100.
All members of the freshman class go to room 100.

"Which of those is correct?" he asked.
"It's more than one freshman, so it should be freshmen," Rosa replied.
"I think it should be singular, freshman," Dave suggested.
After some discussion, Chris wrote two more sentences.

All members of the seniors class go to room 100.
All members of the senior class go to room 100.

"Now I see the point," Oliver laughed.  "It obviously should be senior, rather than seniors. 
Therefore it has to be freshman."

"I guess that's right," Rosa agreed, a little reluctantly. "It could say senior's, except that
doesn't quite fit the meaning here, either.  Does it always work that way?"

"Adjectives in English should always be singular.  The exceptions are some complex
adjectives.  For example, we would talk about a player roster, or the football player roster,
meaning a list of all the players.  But if we were talking about two separate teams we would
probably want to say the football and basketball players rosters, to show that the groups are
different, except that we probably should simplify the sentence by saying the rosters of football
and basketball players. 
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"You will discover a lot of people make mistakes between singular and plural forms,
especially when the plural form doesn't end with an 's'," Chris added.  "The substitution method
solves a lot of questions about sentence form." 

Oliver looked at his watch and commented to Chris, "If we are going to run before supper,
we should get started pretty soon. Would any of you want to join us?"

Rosa decided she was no match for the older athletes, and Dawn had a prior commitment,
but Dave responded,  "I may not be able to keep up with you very long, but I'm willing to give it a
try."

"Good!" Chris replied.  "We are running for conditioning, not for speed.  I'm still working on
strengthening my knees.  Do you have any good running shoes?"

"Yes, they are in my gym locker.  It will only take me a couple of minutes to get them."
"That's fine," said Oliver.  "We are headed down to the gym to change, anyway.  Come

along."

*         *         *         *         *
Practice Problems
1.  For the set of figures shown below,

     a.  is the  following statement true (T), false (F), or uncertain (U)?
If it is triangular, it's white.  ���

Give another statement, involving the same phrases (it  is triangular, and it is white) or their
negatives (it is not triangular, and it is not white), that you know, for the figure above, to be

b.  true
c.  false
d.  uncertain

[a. T; b. If it is not white, it is not triangular; c.  If it is triangular, it is not white, or If it is not
white, it is triangular; d. Any of the four sentences beginning with If it is white, or If it is not
triangular.]
2.  For the set of figures shown below,

     a.  is the following statement true (T), false (F), or uncertain (U)?
If it is round, it's black.  ���

Give another statement, involving the same phrases (it is round, and it is black) or their negatives
(it is not round, and it is not black), that you know, for the figure above, to be

b.  true
c.  false
d.  uncertain



q

3/1/07                                                         AWOP 18 -81

3.  Write out the eight forms of the following sentence, and mark each true (T), false (F), or uncertain
(U).

If a body changes its motion, a force is acting.
4.  Write out the eight forms of the following sentence, and mark
each true (T), false (F), or uncertain (U).

If it is a length, it is measured in meters.

Stretching Questions:
1.  For the figure shown below (which is the same as the first figure in the chapter), is the following
statement true, false, or uncertain?

Only if it's round, it's black.  ���

What is the effect of the word "only" in a statement such as this?
2.  For some q and p, �  p is a true statement.  Construct the rest of the table, showing which are
true, which false, and which uncertain.

18.  Swingers

     As Dave, Oliver, and Chris broke into an easy run, Dave was impressed with how effortless it
appeared for Chris, whose long legs seemed to eat up distance in a hurry.  Nevertheless, Dave found
he was keeping up with Chris at least as well as was Oliver. He spent some time, as they ran, thinking
about how height and leg length should affect running speed.
     He decided the comfortable length of stride should be proportional to leg length, and 
therefore approximately proportional to height.  If a tall runner was twice as tall as a short runner,
the tall runner should go about twice as fast.  That assumed that the angle between front and back
legs would be about the same for any runner.
     They all seemed to be running at a comfortable pace.  Oliver was obviously tiring faster than the
others, but Dave decided that was to be expected, because Oliver was carrying a lot more weight. He
was puzzled, however, that Chris didn't seem to be running any faster than he and Oliver were
running.
     "Are you holding back to stay with us, or to protect your knees?" Dave finally asked.  "It seems
with your longer stride you should be moving faster."
     Chris smiled.  "Longer legs are some advantage in running," he agreed, "but not as much as you
might think.  It takes a little longer to swing my longer legs. and it takes just about the same amount
of effort to run the same distance for me as for you.  You may have noticed that some runners are
quite tall but others are fairly short and most are average in height.  I think I can at least partially
explain the differences, but it will be easier to do when we get back inside."
     When they had returned to the gym, showered, and dressed, they found a blackboard and, at Chris'
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suggestion, Dave showed them how he had analyzed the effects of leg length and concluded that
running speed should be approximately proportional to leg length, and therefore to height.
     "I considered similar triangles––that is, triangles having the same angles, and therefore the same
shape, just differing in size.  In similar triangles, each pair of corresponding sides have the same ratio.
So if Chris' legs are of length L and mine of length �, and Chris' stride was S and mine was s, then L/�
= S/s.
     "I guessed that Chris was just about 2 meters tall," Dave continued.  "I'm 1 3/4 m.  That gives a
ratio of heights of 8/4 m to 7/4 m, which simplifies to 8/7.  I remember that 1/7 is about 0.14,  so 8/7
is 1 1/7 or about 15% more than 1.  So if Chris' legs are also 15% longer than mine, his stride should
be 15% longer than my stride.
     "It looked as if that was about right.  He got about one shoe length farther per step.  But he wasn't
actually running any faster.  I guess he was taking his strides at a slightly slower pace, which
compensated for the longer stride."

     "That's a good start," Chris agreed, "but it also leaves out some factors that have been found to
be important.  First of all, you may be aware that every simple pendulum has a time, or period, of free
swing that increases with length.  A leg isn't a simple pendulum, because not all of the weight is in
the foot, but the same principle applies even for a leg or a bar swinging like a pendulum.  The times
increase as the square root of the length.  So if the length of a pendulum is doubled, the period
increases by � 2 = 1.41.  It takes about 40% longer for it to swing from one side to the other.
     "It is true, as you have suggested, that the distance covered per stride should be approximately
proportional to leg length, but because the time per swing increases, there are fewer strides in a given
time period.  The first is a little more important, so speed should increase with leg length.  Chipmunks
and squirrels scurry from hole to hole or tree to tree because they have short legs and cannot run as
fast as a dog or cat.  But the speed only increases by the square root of the length of leg.  So that
would only give me about a 7% advantage in speed because of longer legs," Chris explained.
     "The other important consideration is energy output. Remember that it should not require any
energy at all to move horizontally at a constant speed, after you are once started."
     Oliver interrupted.  "But it does take a lot of energy to run, even on a flat track," he objected.
     "That is quite right.  I said it would not take energy to move horizontally.  When we walk, and
especially when we run, we are not just moving horizontally."  Chris picked up a long piece of chalk,
put it on his hip, perpendicular to his direction of motion, and walked past the blackboard with the
end of the chalk against the board.  The line left on the board wasn't very smooth, but it was clearly
not flat; it looked more like an ocean wave.
     "Every step requires that we lift our weight. That takes energy, and we don't get the energy
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back when we come down again. Unless we are on pogo sticks," he added.  "That's why it is
harder for you to run than for Dave and me; you have to keep lifting your weight with every
step." 

"This weight is an occupational hazard," Oliver replied with a laugh.  "As you pointed out, I
need lots of inertia to play football, and the price I pay for that is having a lot of weight, too."
     "I certainly wasn't accusing you of being fat, Oliver," Chris responded.  "Heavy, yes, but not fat."
Then, referring back to the drawing Dave had made, with similar triangles, he continued. "You see
that the tall runner moves farther with each stride, but the large triangle would also rise higher if you
tipped it on edge.  The longer the legs, and longer the stride, the higher the runner must lift his
weight.  So the energy required to cover a given distance is just about the same.  In practice, it seems
that the energy requirement is probably the limiting factor in determining running speed.
     "The energy required for running increases quite a bit if you try to swing your legs faster, because
then you are having to constantly force your legs as well as raise your weight.  The way to get around
that, at least partially, is to shorten your legs while they are swinging, then extend them to get a long
stride."
     "That must be why the coaches keep telling us to lift our knees when we are running!" Oliver
exclaimed.  "I always wondered why.  I had thought it might have something to do with being tackled
or blocked, but they tell track runners the same thing."
     "I think that's right, Oliver," Chris replied.  "I have to leave for a meeting right now.  Before we
can mount the platform on the car chassis we need to check the brakes.  Let's do that next week."
     As they left the gym, Dave decided there was a lot more information in what Chris had said than
he had been able to understand.  He decided it would be a good idea to visit the library to look up
pendulums and energy.
     A quick check of the card catalogue confirmed his suspicion that neither "pendulum" nor "energy"
was the best place to look, so he consulted the librarian, who suggested he browse in the section of
introductory physics texts.  He soon found a couple at the appropriate level and began making notes.
     Next week as everyone gathered to work on the float, Oliver commented to Dave, "I thought
those ideas about running speed were pretty interesting, but I really couldn't follow what Chris was
saying about pendulums and how that would affect speed.  I think I'll ask him when he gets here.  Did
you understand it?"
     "Not very well," Dave replied, "so I did some checking in the library.  I think I understand it better
now.  I thought there might be some questions, especially from Dawn and Rosa who were not in on
the conversation, so I brought along some stuff to show how it works."  He pulled some large
washers and a spool of thread from a pocket as Dawn and Rosa arrived.  Three pendulums were soon
assembled.  One was 100 cm long and had two of the washers at the bottom.  The second was the
same length and had four washers.  The third was 50 cm long and had two washers.  Each was
suspended from its own nail in a board that was placed horizontally between two cabinets.  

Three pendulums were assembled.
Two were of length 1 m, one with
2 washers and the other with 4.  The
third had 2 washers and a length of
½ m.
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"There are three variables we can easily test with these," Dave explained.  "We have different
lengths and different weights at the bottom end, and we can change the starting position."  He made
three tables on the blackboard.  The first listed the number of washers (2 or 4) against the length (1
m or ½ m), keeping the initial starting position at 5 cm from the vertical.  The second listed different
starting positions (5, 10, or 20 cm) against pendulum length, keeping the number of washers fixed.
The last listed starting positions against number of washers for the pendulum 1 m long.

 

     "Using a wristwatch, we can time how long it takes each of the pendulums, when we pull them
back different distances. Oliver, you and Dawn do the timing, I'll start them, and Rosa can write in
the average times for 10 swings, over and back."
     When Chris arrived, a few minutes later, Rosa was entering the last of the average times, in
seconds.  The individual measurements had often disagreed in the tenth-second place, but the average
values were remarkably consistent.

Pendulum Times, in seconds

"It seems that only the length is important!" Dawn exclaimed.  "Why doesn't the weight change
the time, too?"

"That's one of the things that make pendulums so interesting," Dave replied.  "The references I
found in the library explain that there are two qualities to look at.  First, the more weight you have
at the end––the weight is called the bob––the more force there is pulling the bob back to the center.
Not all of the weight pulls the bob toward the center––the fraction depends on the position of the
bob––but it is the same fraction of the weight for any bob at a given position.

"Second, as we add more washers, we are increasing the inertia of the bob.  That means it takes
more force to get the bob moving a certain amount.  As you can see from our results, when we go
from 2 washers to 4 washers, we double the force pulling them back toward the center, but we also
double the inertia, or the resistance to change of motion.  It is a draw: more force is available and
more force is needed, so the time of the swing doesn't change."

"That is certainly not what I would have expected," said Rosa.
"Me either," Oliver added.
"The history of this is pretty interesting, too," Dave continued.  "When Newton was first

developing the ideas about force and inertia, it wasn't at all clear that the ratio of inertia to weight
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would be the same for different materials.  For example, it might have been that iron would have more
inertia, for a given weight, than copper, or wood, or sand.  Newton tested his ideas with an
experiment much like ours, except instead of just changing the weight of the bob, he also changed
the material.  He even made a pendulum with a hollow bob, for example, and filled the bob with sand
for one experiment and with water for another.

"The result he found was that neither the weight of the bob nor the material made any difference
to the period of the pendulum.  The references I found also mentioned that the same test has been
carried out in quite different ways by many people since Newton's time.  It appears that weight is
exactly proportional to inertia–– which is usually called mass.  The ratio of weight to inertia is the
same for every substance, in any one place, but it is not the same in different places.

"If we divide weight, in newtons, by the mass, or inertia, in kilograms, we get a number that is
usually represented by a small g.  w/m = g  Where we are now, the value of g is 9.8 newton per
kilogram.  In other words, each kilogram of mass contributes 9.8 N to the weight.  So one kilogram
weighs 9.8 N, two kilograms weigh 19.6 N, and so forth."

"As I remember," Rosa inserted, "when we were talking about hammers, you said that if we
could take a hammer with lots of inertia to the Moon, it wouldn't have so much weight."

"That's right," Dave agreed.  "On the Moon, the weight is only 1.6 newton per kilogram.  Each
kilogram of mass has a weight of 1.6 N.  Even on Earth, there are small but measurable differences
in the ratio of weight to mass.  But the other thing to remember is that, as Newton found, in any one
location, that ratio is the same for every substance.  It is now considered an example of a very general
idea, called the equivalence principle, which compares gravity and changes in motion."

"I'm more surprised that the time for the pendulum doesn't depend on how far back you pull it,"
Oliver declared.  "If you pull it back farther, it has farther to go and it should take longer."

"But if you pull it back farther, it will swing faster," Dawn countered, and she swung one of the
pendulums from a large angle to illustrate her point.  "It would seem it might actually take less time."

Chris had been listening quietly, but now he joined the conversation.  "There are two competing
effects, as you say.  But you can see, from your tables of times, that the two effects just cancel.  For
small displacements, at least, the times are independent of how far back the pendulum is pulled."

"I read that Galileo first noticed that when he was sitting in church, watching some chandeliers
swing," Dave offered.  "He then did some experiments to confirm his observations, although he didn't
have any good clocks or watches for timing.  He probably timed the chandeliers with his pulse.  Later,
in his laboratory, he made water clocks.  By weighing the amount of water dripping from a jar he
could time longer intervals.  For short times, some people think he sang a tune and used his sense of
rhythm.  The first good clocks weren't made until about a century later.  They used a pendulum to
measure the time."

"Is that like the grandfather clocks we have now?" Dawn asked.
"Yes, the pendulum determines how fast they go, so they are quite accurate."
"What keeps them going?" Rosa inquired.
"That gets into the other part of the story of pendulums, which is even more interesting," Dave

replied.

*         *         *         *         *
Practice Problems
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1.  The period, or time required for a pendulum to swing over and back, is given by T = 2�  � ��/g  

where �  is the length of the pendulum and g is the local strength of the gravitational field, usually 9.8
N/kg = 9.8 m/s .  Find the approximate period of a pendulum with � = 10 m (�  33 ft).  [Let g = 102

m/s .]           6.3 s2

2.  Find the period of a pendulum with � = 10 cm = 0.1 m.
3.  On the Moon, g = 1.6 N/kg.  Would the period of a pendulum be longer or shorter on the Moon
than on the Earth?  By what factor?

Stretching Question:
The period of a pendulum is independent of the weight of the bob because when the weight is
increased, the inertia also increases. Therefore more downward pull is exerted by the Earth on the
bob, but more downward pull is required to get the bob moving to any specific speed in a given time.
What other, very simple, experiment demonstrates the same effect?

Activity
With help from other students, make a series of pendulums with random lengths (e.g. from � = 10 cm
to � = 1 m or more).  Measure the period for each pendulum, then hang them, with the tops of the
strings level, across a wall or blackboard, according to the time of swing.  I.e., construct a linear
horizontal time scale and hang each pendulum along that line according to its period.  Can you
recognize the curve produced by the bobs, along the bottoms of the pendulums?  Can you explain
why the bobs should fall along a particularly simple and familiar curve?
[Note:  It will be important to establish a top of each pendulum string that will remain the same while
the pendulum is swinging and when it is hung.  Also, timing should be done carefully.]

 

19.  Falling Bodies

"I think you all know what energy is," continued Dave as he pulled one of the pendulum bobs
to the side.  "It takes energy to move the bob over here because
the bob is higher now than at the center.  It's just like going up
stairs or lifting a box to put it on a table.  The force required to lift
an object is equal to its weight, w, and the energy required is force
times distance, or the weight times the height through which it
is lifted," and he wrote 

� E = w x h = f x d
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"That sounds suspiciously like the formula we used for simple machines," Dawn observed.
"Yes," Chris responded, "the expression force x distance appears in several types of

problems.  Dimensionally, force times distance is equal to an energy difference.  That is why the
product appears for simple machines, as f d  = f d ."1 1 2 2

Dave continued.  "When I pull the bob to the side, here, it has energy in a form called
potential energy.  It isn't obvious that the bob has energy, or that a box sitting on a table has
energy.  I guess that's why it's called 'potential' energy.  Is that right, Chris?"

“Yes, although that is a simplification of a complicated problem.  We often pretend that the
box on the table has energy, and that is good enough for many problems, but really the energy we
gave to the box, to lift it, was given up by the box to the gravitational field, so the box itself
doesn’t have any more energy than when it was sitting on the floor.  But that is more or less why
it is called potential energy, to separate that from the ‘real energy’, or kinetic energy, the box has
when it is moving.”

“Well, to keep things simple, we say the bob and the field has more energy when the bob is
lifted than when the bob is at the bottom position,” Dave continued.  “If the bob is raised through
a height h, the increase in potential energy is

P.E. = w x h
"Now, when I let go of the bob, it picks up speed as it approaches the bottom, then loses that

speed again as it climbs up to the other side.  When it is moving, we say it has kinetic energy,
which just means energy of motion.  If the bob has inertia, or mass, m, and a speed, v, the kinetic
energy is:

K.E. = ½ m � 2

All of this energy came from the potential energy difference as the bob fell.  The energy is w x h at
the ends and is ½ m �   at the bottom.  So2

w x h = ½ m � 2

where h is the greatest height above the bottom and �  is the greatest speed."
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"Just a minute," Oliver said.  "When we were at the football game, one of you told me that
we couldn't measure a speed, except in comparison to something else; absolute speed has no
meaning, you said.  Here, if we change our value of � , we change our value of the energy."

"An excellent point," responded Chris.  "Any time we measure energy, it is measured with
respect to some reference.  For example, potential energy always depends on a difference of two
positions, often a difference of heights.  Kinetic energy depends on your frame of reference also. 
Would you try to catch a pencil moving at 600 km/h, Oliver?"
     Oliver looked a little skeptical of the question, but he nevertheless felt compelled to respond
that he wouldn't come near such a missile.
     "Not even if you are sitting in the plane seat next to the person who is tossing you the pencil?"
Chris continued.
     Oliver laughed.  "I thought there was some kind of trick to such an obvious question.  Of
course I would catch it.  I see your point.  To us on the ground, the pencil is moving very fast, so
it has lots of kinetic energy, but to someone in the plane, the pencil is moving slowly and doesn't
have very much energy.  I guess we could extend that, and say that to us, the pencil also has lots
of potential energy because it is so high above us, but to someone in the plane, the pencil isn't high
and doesn't have any more potential energy that it would get relative to the floor of the plane."

"Exactly.  You've got the idea.  You see that the principle of relativity is something we are
really very much used to.  We always measure speeds, and therefore also energies, relative to our
own reference frame," Chris added. 

Dave continued.  "A pendulum keeps swinging because it is continually changing potential
energy to kinetic energy, back to potential energy, and so forth.  The potential energy, w x h, gets
changed into kinetic energy, ½ m � , as the bob swings downward.  For example, if m = 10 kg the2

weight of the object is
w = m g = 10 kg x 9.8 N/kg  = 98 N 

If it falls through a height of 2.0 m, the potential energy is

P.E. = w x h = 98 N x 2.0 m = 196 N·m

One newton·meter is called a joule, with symbol J, so the potential energy is 196 J.  Some people
have pronounced his name as “jowel”, but records show that James Prescott Joule pronounced it
more like “Joole”, according to the books I looked at,” Dave added.  “When the bob reaches the
bottom of its swing,

K.E. = 196 J = ½ m �  = ½ x 10 kg x �2 2

Solving for �  gives 2

�  = 39.2 J/kg2

and therefore
�  = 6.3 m/s

so the speed started at zero and increased to 6.3 m/s at the bottom of the swing.”
"How did you get from J/kg to m/s?" Oliver asked.
Chris replied.  "Remember that a joule is the energy of a force of 1 newton acting through a

distance of 1 m.  A newton is the force that will give 1 kilogram an acceleration of 1 m/s  .  If we put2

those together,
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P.E. = w x h = mg x h = 10 kg x 9.8 N/kg x 2.0 m = 196
N·m

P.E. �  K.E.
K.E. = 196 N·m = ½ m� 2

�  = (2 x 196 N·m)/10 kg = 39.2 N·m/kg = 39.2 m /s2 2 2

�  = 6.3 m/s

1 J = 1 N·m = 1 kg·m/s ·m = 1 kg·m /s2 2 2

so
1 J/kg  = 1 m /s2 2

so taking the square root of �  = 39.2 J/kg gives us  �  = 6.3 m/s.”2

Dave summarized the calculations on the blackboard. 

"To answer
your earlier question, Rosa, about what keeps the pendulum going, the simple answer is that the
amount of energy is constant.  We can say the energy of the pendulum is “preserved” as it is
changed from one form to another.  A real pendulum loses a little bit of its motion on each swing,
because of air resistance and friction in the pivot where it hangs.  The energy of the pendulum
isn’t quite preserved, because some of the energy gets converted to other forms, warming the air
and the pivot point and so forth.  We know, as always, the energy is “conserved,” meaning the
energy of the pendulum and everything around it is exactly constant, but to keep the pendulum
going, we have to keep adding a little bit of energy back.  In a clock, there is a spring that is
wound up, or weights that are lifted, and a mechanism that transfers a very small amount of
energy to the swinging pendulum with each swing. That keeps the pendulum from running down
for days at a time," he added.

"It still seems as if changing the weight of the bob should change the speed of the pendulum,"
Oliver volunteered.

"But the problem is just like falling objects," Dawn countered.
"Well, heavier objects do fall faster, don't they?" Rosa responded. 
"Let's check," Dave suggested.  "Suppose we have an object with a mass of 20 kg, lifted to

the same height of 2 m.  Then the potential energy is twice as great, or 20 kg x 9.8 N/kg = 196 N,
multiplied by h = 2 m, gives 392 N·m or 392 J.  It has twice as much energy as the 10 kg mass
had.  When it reaches the floor, the kinetic energy will have that same value, 392 J."
He wrote

½ m �  = 392 J2

½ x 20 kg x �  = 392 J2

"Multiplying both sides by 2 and dividing both sides by 20 kg gives
�  = 39.2 J/kg = 39.2 m /s2 2 2

�  = 6.3 m/s
That's the same value we got for the 10 kg mass," he added.

"It just doesn't make sense that they would fall at exactly the same speed, though," Rosa
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objected.
“O.K.,” Dave countered.  “Let’s look at an argument Galileo employed.”
Picking up five washers from his pile, he cut a short piece of thread and tied them together. 

“I think we can agree a little bit of thread won’t change the way they fall, and it will save effort in
looking for them on the floor afterward.  Next I’ll make another bundle of four washers, and keep
one washer by itself.  Then we’ll drop both the bundles and the single washer.  Now, which will
fall fastest?”

“The bundle of 5,” Rosa and Oliver said, almost simultaneously.
“But if the single washer is slowest, won’t it slow down the group of 4, when they are held

together?” Dave queried as he held up the group of 5.
“Yeah, that’s right,” Oliver mused.  “So it would seem the bundle of 5 should be fastest, but

it also should be slower than the bundle of 4, which puts the 5 between 1 and 4.  I don’t like
where we’re headed on this.”

Compare the time of falling (Missing)
for 5 washers vs.  4 washers Figure: washers
tied to 1 washer

“Are we ready to try it? Dave asked, to the amusement of Dawn and Chris, who were
watching.  He picked up the bundle of 5, the bundle of 4, and the single washer, dropped them
together, and they made a single sound as all hit the floor at the same instant.

Oliver and Rosa looked thoughtful for a moment, then they tried various combinations, each
time finding that regardless of the size of the bundle, the time of falling was the same.

“You win,” Oliver declared.  “They all fall at the same rate.  That’s what you had said, but
now I have to believe it.”

"It wouldn't work if you dropped a book and a piece of paper," Dave cautioned, "because air
resistance on the piece of paper is too much, compared to its weight.  When we can neglect air
resistance, all objects fall at the same rate.  I read that it was tested on the Moon some time ago.  
An astronaut dropped a feather and a hammer at the same time.  There isn't any air, and therefore
there is no air resistance on the Moon, so the feather and the hammer hit the ground at the same
time."

"Didn't Galileo test that idea, too?" Dawn asked.
"Several people had done the experiment before Galileo, but the results were not well known. 

The books I found say that Galileo discussed the experiment and described what one would
observe, without ever claiming to have done it (although his biographer, who worked with him
the last couple of years of his life when Galileo was quite blind, claimed Galileo had done the
experiment many years earlier).  Lot's of people have jumped to the conclusion that Galileo
actually did the experiment from the Leaning Tower of Pisa, but there is very good evidence that
he did not.  The Leaning Tower would be a very poor place to try the experiment because there is
no corner edge to the floor.  

“Also, the results he describes are too good to be true.  Air resistance would have been more
important than he suggested.  But Galileo exaggerated some other observations to make a point,
so he could have done the experiment and exaggerated the agreement with the simple theory to
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emphasize the point he was trying to make," Dave added.
"I must admit it still seems as if heavier objects should fall faster," Rosa commented, “but it is

hard to argue with what we see.”
"In fact, that is exactly what the pendulum experiments showed, also," Dave continued. 

"When we increased the number of washers, we increased the weight, so they were pulled
downward more.  But because we also increased the mass, or inertia, it took more pull to achieve
the same change in motion.  The weight and the inertia, or mass, increased in the same
proportion, so the time for the pendulum to swing across and back was the same regardless of the
number of washers."

"It looks as if the equations could be simplified," Dawn suggested.  "Doesn't the mass drop
out?"

"Yes," Dave agreed, "we can go back to the equation where we said the initial potential
energy, w h = m g h, is equal to the final kinetic energy, ½ m � .  The m on the left, in mgh,2

represents the gravitational mass; it tells how hard the Earth and the bob pull on each other.  The
m on the right, in ½ m� , is the inertia of the bob.2

m  g h = ½ m  �g i
2

The experiments with falling bodies and with pendulums show that these two values of m are the
same — m  = m — so we can divide the equation by m to getg i

g h = ½ � 2

or
�  = 2 g h2

and

That shows that the speed of any body falling through the height h is the same, regardless of its
weight, or inertia.  Of course, that assumes air resistance is negligible."

Changing the subject, Chris reported he had come by way of the shop, where he had
confirmed that the car chassis was now ready except for checking the brakes.  He suggested they
all go over and see what needed to be done on those.

*         *         *         *         *
Practice Problems
1.  A pendulum 1.0 m long has a bob with inertia, m, of 0.50 kg. What is the (increase of) potential
energy if the bob is swung up so that the string is horizontal?    4.9 J
2.  If the pendulum is then released, what is the kinetic energy of the bob at the bottom of the motion?
3.  What is the speed of the pendulum bob at the bottom of the motion? 4.4 m/s
4.  Under the same conditions, what would be the speed of the pendulum of length 1.0 m if the inertia
of the bob was 1.0 kg?
5.  If air resistance can be neglected, the change in speed, � � , in any time interval � t, for a freely
falling object near the Earth is given by

� �  = g � t = 9.8 m/s  � t2

Under these conditions, how long would it take a ball with m = 0.5 kg to reach 5.7 m/s, starting
from rest?  0.58 s
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6.  Under the same conditions, how long would it take a ball with
m = 1.0 kg to reach 5.7 m/s ?
7.  Neglecting air resistance, what speed would an object reach if it fell from a height of

a.  1.0 m
b.  10 m
c.  100 m

a.  4.4 m/s;  b.  14 m/s;  c.  44 m/s 
8.  From what height would an object have to fall (neglecting air resistance) to reach the speed of
sound, 340 m/s ?

Stretching Questions:
Air resistance on an object moving, with respect to the air, at a speed � , is equal to the kinetic

energy of the air (per unit volume) relative to the object, ½ �  �  (where �  is air density, in kg/m ),2 3

times the "size" of the object, times a drag constant that depends on the shape of the object.  (The
drag constant also depends, to some extent, on the speed, or more specifically, on the Reynolds
number, which is equal to the speed multiplied by the size times a constant that depends on the
medium the object is moving through.)  For example, for a spherical ball of diameter 5 cm, at speeds
below 60 m/s (135 mi/h), the drag constant in air is 0.45.  This information can be summarized as
follows:

For a wooden ball (density 0.6 g/cm ) of 5.0 cm diameter falling in air near the Earth, the change3

in speed in a time � t is
� v = (9.8 - 0.013 � ) � t2

and for a steel ball (density 7.8 g/cm ) of 5.0 cm diameter it is3

� �  = (9.8 - 0.0010 � ) � t2

1.  At what speed, � , will � �  = 0 for the wooden ball?  This is called the terminal speed; it is the
highest speed reached by the falling object.
2.  What is the terminal speed for the steel ball?

20.  WHOA!

"I know that brakes stop the car when you push down on the brake pedal," Dawn commented
as they approached the shop, "but I don't know how brakes actually work."

Dave answered.  "There are two kinds of brakes common on cars, shoe brakes and disk
brakes.  Shoe brakes have been around a long time.  Disk brakes are newer, and have some
advantages.  What kind of brakes does this car have, Chris?"

"Like many cars, this one has shoe brakes on the rear and disk brakes on the front.  We'll
show you both kinds," Chris replied.

As they entered the shop, the chassis was supported on jack stands and the wheels had been
removed.  They could see rusty looking round boxes on each wheel, with the bolts for holding the
wheels protruding.  Going to a rear wheel, Dave put a hand on either side of the metal
box––which he explained was called a brake drum––and slid it off, toward him.

"Doesn't anything hold those on?" Rosa asked, with obvious concern in her voice.
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Dave laughed.  "You notice the bolts are still there, on the axle.  When the wheel is on, the
lug nuts hold the wheel on those bolts, and that holds the brake drum in place."

"Thank goodness," Rosa laughed.  "I was beginning to think I didn't want to ride in a car
again."

Dave held up the brake drum so the others could see the inside.  "You can see that this inside
surface is very smooth, as it should be.  If it is scratched or rough, the brake shoes will tend to
grab.  That makes braking uneven and causes rapid, uneven wear of the shoes.  If the drums get
scratched, they must be machined smooth again.

“Here are the brake shoes, still on the axle," he continued, dusting off the exposed surfaces.
When you step on the brakes, the brake pedal is a lever that pushes a piston against brake fluid in
a cylinder under the hood, called the master cylinder. Fluid is carried by double-layer steel tubing
to these horizontal cylinders and pistons at each wheel, like the ones here at the top.  They push
the brake shoes outward, against the brake drums."
   "The basic design is pretty simple," Chris added.  "The pistons push the brake shoes outward
and these springs pull them back when you take your foot off the pedal.  But there are a lot of
subtle design features.  For example, the brakes are pivoted so that friction with the drums makes
them swing outward, against the drums, so the brakes help you to apply them.

"For quick, even braking it is important that all the shoes should be the same distance from
the drums.  It used to be necessary to go around to each wheel and turn a little adjusting wheel,
from outside, until you got them just right.  Now they are designed so that each time you back up
and then put on the brakes, a little lever turns the adjusting screw to tighten the brakes––unless
they are already properly adjusted, in which case the movement of the ratchet isn't enough to turn
the wheel. So now we forget about having to adjust brakes and they work better."

"These shoes look pretty good," Dave suggested.  "They are still about 5 mm thick."
"How long do brakes last, and what do you do when they wear out?" Rosa wanted to know.
"How long the linings last depends on how you drive," said Chris.  "If most of your driving is

at constant speed on the highway, they will last 20,000 miles or more.  If you drive around town,
stopping at every corner, or if you are a left-footed driver, with one foot on the brake while the
other is on the accelerator, they may wear out in 5000 miles or less.  When this surface gets very
thin, these shoes come off and are replaced with new ones.  Let's put this one back together and
check the front."
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Dave slipped the brake drum carefully back over the shoes and they moved to a front wheel. 
"If these were shoe brakes on the front, it would be harder to check them.  We would have to pull
a cotter pin, remove a large nut, and pull the brake drum over a very greasy bearing.  These are
disk brakes, so we can see the surfaces without doing all of that."

"Is that the main advantage of disk brakes?" asked Dawn.
"No," Chris answered.  "When brake shoes push against the drum, they get hot and all that

energy is trapped inside the drum. If the brakes are applied for too long, as in an emergency stop from
high speed or going down a very long hill, they overheat. That causes burning of the surfaces and
'fading' of the brakes.

"With the disk brakes, you can see that the pads push against this metal disk that rotates in the
same direction as the wheel. As one part of the disk gets hot, it moves away, stirs up the air around
it with little fan blades on its surface, and has a chance to cool off before it gets back to the pads.
Disk brakes are not as likely to fade."

"I don't see a cylinder and pistons here, like the rear brakes," Dawn commented.  "What pushes
these pads against the disk?"

“There is a cylinder on the inside, turned perpendicular to the disk," Dave explained.  "There is
a yoke, shaped something like the letter C lying face down, that holds the outside pad, or shoe, in
place and goes around to the inside, beyond the other pad and the cylinder.  As for the shoe brakes,
the brakes are applied by fluid coming from the master cylinder.  In order for the piston to push the
inside pad outward, toward the disk, it has to push against something else.  It pushes against the
yoke.  As the yoke is pushed inward, toward the center line of the car, that pulls the outer pad against
the outside of the disk. That way, unless something sticks, the pressure on the two pads has to be
exactly the same."

“That seems pretty clever," Rosa decided.  "But what happens if you have power brakes?  Is
there a motor or something that applies the brakes then?"

“Would you believe the power in power brakes comes from air pressure of the atmosphere?"
Chris said, with a smile.  "You may recall, when we were talking about tires, we said that atmospheric
pressure is about 100 kilopascals, or 15 pounds per square inch. It doesn't take very many square
inches to give a large force, provided we don't have the atmosphere pushing back on the opposite
side.

“The power brake unit sits between the brake pedal and the master cylinder, under the hood.
The engine has one pipe, or manifold — that is, a pipe with several openings, leading to different
parts of the engine —  , that is kept under vacuum by the engine.  The vacuum manifold is connected
to the power brake unit, removing atmospheric pressure from both sides of the actuating piston.
When you step on the brakes, the small movement of the shaft closes the connection to the vacuum
manifold on your side, where you are applying pressure, and opens it to the atmosphere, so you have
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15 pounds per square inch assisting you in applying pressure to the master cylinder, and much less
opposing on the vacuum side."

“Does that mean if the engine dies, I will lose my power brakes?" inquired Oliver.
“Yes and no," said Chris.  "There is a ballast tank that is evacuated and can keep the power

brake unit operating for one or two brake applications immediately after the engine goes off.  But
after that, you will have a hard time stopping the car with the engine off."

“Is that the same as air brakes then?" Dawn asked.
“There are some similarities," Dave indicated, "but also some important differences.  I found a

good explanation of air brakes for trains in a very old encyclopedia.  They work with high air
pressure, rather than atmospheric pressure and vacuum.  Originally they just sent air through a tube
from the engine back to each car, but the rear cars got air too slowly and if the line broke, the whole
train was without brakes.

“George Westinghouse had designed the air brakes, so next he put a high-pressure air chamber
on each car, which was fed from the line coming from the engine.  Then with cleverly designed
valves, if the engineer reduced the air pressure in the supply line, air from the ballast tanks would
move a valve and send air to the brakes, with the amount depending on the  pressure difference
between the ballast tank and the supply line.  That way, if the air line breaks, every car gets
emergency full braking."

“That's pretty clever," Oliver exclaimed.  "So if a car breaks away it should stop, and even make
the train stop."

“That's right," Dave agreed.  Then motioning to the disk brakes he added, "These front pads look
O.K.  Usually the front brakes wear down first, probably because when a car stops there is more
weight thrown onto the front.  The front has to do more of the braking."

As they turned away from the car, Oliver  was  quite thoughtful.  "There is something I don't
understand yet about how brakes work," he finally commented.  "We know nothing can start by itself.
It always has to push against something else.  So it seems reasonable that nothing can stop by itself.
The brakes are obviously part of the car.  How can friction inside the brakes make the car stop?  It
must somehow produce friction with the road, but a car can stop without skidding.  How does
friction inside cause friction outside?"

“That's a good question," Chris replied, "but I think this time you should see if you can find some
answers.  For right now, we need to get started on the electrical wiring."

Oliver was somewhat unhappy that Chris hadn't even begun to answer his question.  Then he
thought about the answer a little more and began to feel much better.  He decided what Chris was
trying to tell him was that he now knew enough basics that he could begin to learn independently.
That made Oliver feel good about himself.  He decided he would try hard to learn enough about
friction to be able to report back to the others, the way Dave had done on the pendulum and energy
question.

*         *         *         *         *
Practice Problems
1.  A certain light car has inertia of 1000 kg.  How much kinetic energy will the car have if it is
moving at

a.  10 km/h
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b.  40 km/h
c.  100 km/h

3.9 kJ; 62 kJ; 386 kJ 
2.  Another, heavier, car has inertia of 2000 kg.  How much kinetic energy will it have if it is moving
at

a.  10 km/h
b.  40 km/h
c.  100 km/h

3.  If a car fell off the roof of a building 10 m above the street, how fast would it be going when it hit
the street? 14 m/s
4.  Neglecting air resistance, how high a building would a car have to fall from to hit the pavement
at

a.  10 km/h
b.  40 km/h
c.  100 km/h

5.  If a pressure of 1.5x10  Pa (1 Pa =  1 N/m ) is delivered by brake fluid to a piston with diameter6 2

4 cm, what force is transmitted to the brake shoe?                              1.9 kN
6.  What force must be delivered to a master brake cylinder of diameter 3 cm to produce a pressure
of 1.5x10  Pa?6

7.  If a certain power brake has a diaphragm of diameter 15 cm, across which a pressure difference
of 90 kPa is applied, what force is transmitted to the master brake cylinder?          1.6 kN
8.  A force of 1.0 kN is applied to a brake shoe that is 5 cm x 14 cm.  What is the pressure between
the shoe and drum?

Stretching Questions:
1.  Can you explain how friction inside the car (in the brakes) causes the car to stop?
2.  What happens to the kinetic energy of a car when the car is braked to a stop?

21.  Light Work

Chris picked up a small emergency light and handed it to Dave.  "Here is the rotating red light
to go inside our 'fire'. We need to hook it up to the electrical system of the car with this wire.  There
is a switch here, also, that can be mounted on the chassis where the driver can reach it."

“I've never understood how a switch turns a light on or off," Rosa admitted.  "It makes sense
when there is a switch right on a lamp, but often the switch is nowhere near the lamp; it may be on
a wall on the other side of the room." 

“Even when the switch is on the other side of the room, there is always a wire running from the
switch to the light," Oliver offered.  "The wire has to be there to carry the electric power to the light."

“But sometimes there isn't a wire," Rosa insisted.  "I can turn our TV on or off with a switch we
carry around.  Our garage door opens with a switch we keep in the car."

“That's right," Dave agreed, "but there are two quite different kinds of switches involved.  First,
there is a switch built into the TV set or garage door opener.  As Oliver said, that switch controls the
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power going from the wall outlet to the
set or motor.  Unless that switch is 'closed',
so that there is a complete loop, or
circuit, you won't get any power to the
device. There must be two wires (at least)
running to the TV set.  We can think of one as carrying electricity in and the other as carrying the
electricity back out, although that is a bit of a simplification. 

“The remote control also has a switch, but that switch sends a signal to the first switch.  That
signal isn't an ordinary electrical signal on a wire; it could be a radio wave pulse or a pulse of infrared
radiation, or an ultrasonic pulse.  It's a little bit like throwing a ball or a pillow at a wall switch to turn
it on.  Then when the switch is on, the switch lets power get to the light," Dave explained.

“The remote control operates with a battery, so it has a wire running from the battery to the
switch and then to the pulse sender, and another wire leading back to the battery," he added.

“Here we will put a switch in the line coming from the battery.  Then a finger takes the place of
the ‘remote' control, turning the switch on or off, which turns the light on or off," Dave continued,
picking up the switch and two spools of wire, one blue and one black.

“Why do you need two colors of wire to hook up one light?" Oliver asked.
“We wouldn't need more than one kind, but it is very helpful to let the color of the wire remind

us of what it is doing.  The blue wire will run from the positive side of the battery to the lamp and the
black wire will go to ground," Chris answered.

“How can you fasten a wire to the ground?" Rosa asked.  "The float has to be able to move!"
Chris and Dave both laughed.  "What Chris meant," Dave explained, "is that the black wire will

go from the lamp, on the wooden platform, down to the metal chassis.  On this car, like most others,
the negative terminal of the battery is connected to the chassis, which acts like one very big wire to
lead the current back to the battery.  In household wiring, one side of the circuit is actually connected
to the ground, so we get in the habit of calling that kind of connection a ground."

“The lamp would work just as well if it were hooked up the other way," Chris added, "with the
positive side of the battery connected to ground, but there are conveniences in having all vehicles
connected up in the same way, and newer cars wouldn't run if they were hooked up wrong because
they have computers that must be connected properly.  Even though all cars should have the negative
side of the battery connected to ground, it is a good idea to check carefully before connecting
something like starter cables to a strange car or truck."

“Do you connect starter cables to the ground?" Rosa inquired.
“One side has to go to the chassis, which is ground," Dave confirmed.  "There is another

problem with starter cables, though, that you should be aware of.  When they are hooked up,
there is usually a spark as the connection is made.  Car batteries produce hydrogen gas mixed with
oxygen, which can explode if it is ignited by a spark.  Therefore you should always make 
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 Solderless connectors           Wire stripper and crimping tool

the connection to the battery at the positive terminal––it's usually marked + and POS.  Then
connect the other cable to the chassis, somewhere away from the battery.  And be sure you
disconnect them in reverse order; chassis ground first and at the battery last."

"There are some connectors and a crimping tool over on the bench, Dave, as well as a
voltmeter," Chris injected.  "I would suggest you hook in at the fuse block.  It is mounted in the
usual place, below and to the left of the steering wheel.  Be sure you find a slot that is fused.  It
probably should be controlled by the ignition switch, too.  That will avoid someone turning it on
and leaving it on overnight."

Dave picked up the voltmeter and asked Dawn if she would tell him when the needle moved
to the right.  Then he picked up the two leads, held one against the ground side of the fuse block,
and pushed the other into various open slots.  After noting which slots did not cause the needle to
move, he turned the ignition to the 'on' position, without starting the car, and rechecked to see if
they did cause the needle to move.  When he found one that passed both tests he knew he had a
position that could supply power to the lamp when the ignition switch was on, but not when it
was off.

A fuse block holds fuses that
protect car circuits.  It includes
access to circuits for
additional accessories.

"Here is one controlled by the ignition switch that is fused for 10 amperes," he said in a
moment.  He turned off the ignition, slipped a 'spade' connector over the stripped end of the blue
wire, crimped it, and pushed it into place in the fuse block. Because the wiring would be
temporary, he and Chris agreed that an adhesive mounting for the switch would be quite
adequate, so a short piece of double-faced adhesive was cut and peeled and the switch was
mounted on the frame near the driver.  The blue wire was led from the fuse block to the switch,
where it was cut, giving two loose ends.  The two cut ends were stripped of insulation and one
end was fastened to each side of the switch.  The blue wire spool was then further unwound until
there was an ample length to reach the eventual location of the 'fire' on the platform, with slack
for attachment.  The wire was again cut and the end of the piece coming from the switch was
stripped and connected to the lamp.

To ensure a good 'ground' connection, a small hole was drilled into thin metal at the rear of
the chassis.  After scraping the area immediately around the hole free of any rust or paint, a sheet
metal screw was started into the hole.  A hook connector was slipped over the stripped end of the
black wire and crimped.  Then the connector was slipped under the sheet metal screw and the
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screw was turned in tightly.  Dave explained that most problems with lamps and other electrical
devices on cars arise because there is a bad connection between the device and the chassis ground.

"When a light goes out in a car, and the bulb isn't burned out, people will often say 'there
must be a short'," Chris added. "Actually, as Dave said, it usually is not a 'short', or short circuit. 
That would mean there was a connection where there shouldn't be one, so probably too much
electricity would flow, causing a fuse to blow.  Instead, it is much more likely to be an 'open
circuit', meaning that there is not a connection where there should be one, so the electricity
doesn't flow.  A short circuit gives too much current, including a flow in the wrong place; an open
circuit gives no current."

The black wire was stretched out to the anticipated location of the 'fire', leaving slack for
making connections, and the wire was cut and the end stripped.  After checking between the free
end of the black wire and the lamp (connected to the blue wire) with the voltmeter, with both
switches on, to be sure the connections were right, the switches were turned off, the black wire
was connected to the lamp, and the wires were attached to the chassis, out of the way, with wire
or tape.

"That certainly didn't take long," Oliver observed.
"It's pretty easy when everything is open like this," Dave responded.  "It takes a lot longer if

you have to thread wire under carpeting or through channels and through panels, to hook up a
new light or a sound system in a car."

"When we first discussed this light, you were talking about how much electricity it would
take.  I really didn't follow that at the time," Dawn said as Dave put the extra wire and other
supplies and tools back on the work bench.  "How do you know how much electricity a battery
sends out?"

"If by 'how much electricity' you mean the current, or the rate at which charges flow, then the
battery can supply any reasonable amount," Chris answered.  "It all depends on what the battery is
connected to.  If I put a heavy screwdriver across the terminals of the battery we would get a lot
more current than any of us wants, but if I connect a small light bulb, the current may be in
milliamperes, or thousandths of an ampere."

Dave pulled a pad of paper from his book pack.  "A battery supplies fixed voltage, which is
roughly a measure of the amount of 'push' given to the charges.  All cars now have 12 volt
batteries.  We represent the voltage by � , which I guess comes from another name for it, ee-em-ef
(emf)."

"People used to call it 'electromotive force', but it isn't really a force, so that name has been
dropped and it is just referred to as emf," Chris injected.  "It may be helpful to remember that emf
is sort of the amount of 'oomph' supplied by the battery."

"The more voltage, or emf, the more current there will be in any particular lamp or other
device," Dave continued.  "For some reason, current is always represented by I.  Then we define
resistance, R, as the ratio of emf to current, R = � /I.  That is a convenient idea because the
resistance is usually constant for a particular object or device."

"When would resistance not be constant?" Oliver asked.
“The most important examples are because of a change in temperature,” Dave responded.
"If resistance increases when temperature increases, it is called a “metallic” resistor,” Chris

added.  “A lamp is a good example.  A light bulb gets so hot that it glows, so its resistance
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increases a lot compared to room temperature.  On the other hand, if resistance decreases with an
increase in temperature, the device is called a semiconductor.  Many electronic devices include
semiconductors.”

“If the temperature is constant, or approximately constant, the resistance can be considered
constant for most things.  That is called 'Ohm's law'," Dave added, and he wrote

�  = I R
"The emf, � , is in volts, V; the current, I, is in amperes, A; and the resistance, R, is in ohms,

� , all named after men who studied electricity a long time ago.  (The Greek letter omega, � , is
suggestive of the name Ohm, for George Ohm.    We can't represent that by the letter O––that
would get confused with zero ––so we use a Greek letter that sounds like O or like ohm. )”

"You were talking about power before," Dawn reminded them.
"Yes, power is the rate at which energy is being transferred. It is the energy transfer divided

by time," Chris continued.  "The power, P, is equal to the product of emf and current.
�  = �  I

The unit of power is the watt."
"A what?" Rosa asked.
"Yes, a watt," Dave replied, with a twinkle in his eye.  Then he wrote down

�  (watts) = �  (volts) x I (amperes)
1 W = 1 V x 1 A

"Oh, that's like a 60 watt bulb, isn't it?" Rosa said.
"Yes.  In our homes we have an emf of about 120 V, so a 60 W bulb means that it draws a

current of  ½  A," Chris replied.
"Wait a minute," Rosa demanded.  "A 60 watt bulb is a lot bigger than the bulb in this light

we just hooked up.  How can it only draw half an ampere?  I think Dave said the little bulb would
draw 10 A."

"First, we hope our small lamp won't ever draw 10 A.  If it did, it might blow the fuse.  We
want the fuse to be able to handle a little more than the normal current in the bulb.  But we can
use 10 A as an approximate current.  The second point is more important.  The power, and
therefore the brightness, is determined by the product, �  I.  12 V x 10 A = 120 W.  So this small
bulb should actually be brighter than a 60 W bulb.  It isn't the physical size that is important."

"We could also find the resistance of each bulb, couldn't we?" said Dawn.  "From �  = I R,
knowing that �  = 120 V and I = ½  A, R = 120 V/(½  A) = 240 V/A for the 60 W bulb.  Is that
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� =� I Power = emf x current
I = ��� current = power/emf
  �  = 60 W = 120 V x I      I = 60 W/120 V = ½ A1

     �  = 12 V x 10 A = 120 W2

�  = I R emf = current x resistance
resistance = emf/current R = � /I

�  = 120 V = ½ A x R R = 120 V/1/2 A = 240 �1

�  = 12 V = 10 A x R R = 12 V/10 A = 1.2 �2

right? And for the little bulb, it would be �  = 12 V, I = 10 A, and R  = 12 V/10 A = 1.2 V/A."
"That's right," Chris agreed.  "The unit of resistance is equal to volt/ampere, but remember it

is called an ohm.  We would write the resistance of the 60 watt bulb as 240 � .  But remember,
too, if we tried to measure the resistance we would get something much smaller as long as the
bulb is cool.  It only has a resistance that high when it is glowing hot."

"Now let's see if we can get the platform mounted on this chassis, so we can put the finishing
touches on the float. Oliver, if you can back the chassis out of here, we have a bunch of your
friends coming over after practice to help lift the platform and set it onto the chassis.  Then Dave
can finish installing the light, we'll put up the flag pole, and we will be just about ready for
Thanksgiving."

*         *         *         *         *

*         *         *         *         *
Practice Problems
1.  Assuming 120 V for household circuits, how much current is drawn by a 75 W light bulb?        
                           0.62(5) A
2.  How much current is drawn by a 100 W bulb? 
3.  Most household circuits are limited to 15 A, by the fuse or circuit breaker, to prevent
overheating of wires.  What is the maximum power that can be drawn from such a circuit? 

      1.8 kW 
4.  What would be the maximum power from a 15 A circuit if the voltage is 110 V?
5.  Electric clothes driers, some air conditioners, and some stove or oven circuits are connected to
240 V lines.  If the maximum current is 30 A at 240 V, what is the maximum power available?
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7.2 kW
6.  What is the maximum power available at 50 A on a 240 V line?
7.  Some car circuits (12 V) have 20 A fuses.  What is the maximum power available from such a
circuit?                         240 W
8.  What power is available in a car circuit fused for 5 A?

There are standard symbols for the parts of an electric circuit, as shown above.
For example, the circuit of Problem 1 would appear as

9.  Using proper symbols, draw a circuit for problem 2.  Label components for nominal emf and R
values.
10.  Draw a circuit for a 6 kW electric clothes drier (regarded as a resistor heater element)
connected to a 240 V line, labeling the emf and resistance values.

Stretching Questions:
Power is the product �  I, but �  = I R.  Find expressions for the power in terms of I and R, and
also in terms of �  and R.


