22. Frictional Reading

Oliver hadn't yet looked up the subject of friction in the library, as Chris had suggested,
and wasn't at all sure how to find a specific subject like that. However, he asked tranlibra
who directed him to several books that were not primarily about friction but had friction in the
index. One in particular seemed especially helpful.

It explained first that friction between solids occurs because atoms and moédtralets
each other. For example, if rubber slides across concrete, the rubber molecules bimadtioeeac
and the molecules in the concrete bind to each other, but also rubber molecules and molecules in
the concrete stick together. It then takes a force to pull them apart. In the process,theme
rubber molecules are torn away from the rubber and some of the molecules in the comcrete ar
pulled away from the concrete, so both surfaces wear away, although the rubber wears away
faster.

The book explained that many people had tried to explain friction in terms of roughness of
surfaces — a physical blocking of the passage of one surface by obstructions on the opposing
surface. More recent research has supported the model of bonds between unlike molecules, or
what is often described as a chemical attraction.

The book also explained that the effects of friction are typically much simpler than the
molecular processes. The effect of friction is to keep things from slipping. Theeelovas
definition that Oliver copied down carefully:

Friction is a force that tends to keep two surfaces from moving with respect to each othe

The force of friction always acts in a direction to oppose this motion, or attempted

motion.

The frictional force is always less than or equal to the force being applied to cause
the motion, except when there is momentum loss of decelerating bodies in frictional
contact.

Oliver thought that seemed pretty hard to grasp, especially the last sentence. He broke it
down into two parts and decided he could then see what it was saying. First, for a body at rest,
the frictional force cannot be greater than the applied force. Second, if a body is moving, you can
have a frictional force even if you aotapply a force, if the object is being slowed down. So if
an object was being pushaddwas slowing down, the frictional force could be a sum of the two
effects. Fortunately the book then went on to confirm his understandings in a little @asier f

a. Friction makes sliding bodies tend to stick.

b. A frictional force will never make a surface slip across another.

c. If you apply a force to a stationary object in contact with a stationary surface, the

frictional force cannot be greater than the force you apply.

d. If a body is moving with respect to a stationary surface, the frictional forcendll te

to make the moving body stop but will not make it go back in the other direction.

That sounded a lot more reasonable, Oliver decided. Statebremds were saying
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pretty much the same thing. The frictional force opposes the applied force, so if it @atez gr

then the applied force, it would make the object move back the other way. That would really be
strange, if you could push something in one direction and have it come back at you because of
friction.

He wondered, though, why it didn't just say that friction makes things stop. As he read a
little farther, he found the answer to that question. He found, in fact, that friction rhalgs t
go! As he read on, he found that the subject of friction involved much more than he had realized,
but at the same time was simpler than he had thought—at least as long as he stayed away from
worrying about the atoms and molecules grabbing each other.

After making several pages of notes, Oliver could scarcely wait to explain what he had
found to the others. He did, however, take the time to work through a few sample problems to be
sure he knew what the symbols meant and how to use them.

At lunch the next day he saw Chris in line and motioned to him he had something to tell
him. As they looked around together a moment later, they spotted Rosa, Dawn, and Dave at a
table with some extra room, so they joined them.

"l found some pretty neat stuff about friction," Oliver explained. "I had always thought
that friction just stopped things and got in the way. Did you realize we couldn't go anywhere or
do much of anything without friction?"

“What do you mean?" Rosa asked.

"Watch," said Oliver, and he stood up for just a moment. "If | try to move this way, |
have to push backward with my foot against the floor. If the floor were wet or icy, or had just
been

a A Foot purker floom

e back,

Floor pusrhesr foof .
Korvware! o /oreve-vl JA./’/D""J'

waxed, my foot would slip backward, because there wouldn't be enough friction. | might fall
down, but | couldn't walk forward."

"So you are saying that it is friction between your foot and the floor that makes you go
forward?" Dawn confirmed, and Oliver nodded. "But then that means that it is reallgahe fl
pushing you that makes you go forward!" she continued.

"That's weird!" Rosa exclaimed. "We were talking about needing energy to move. How
can the floor give you energy?"

"It doesn't,” Oliver went on. "Maybe you remember a while back Chris said that forces
are free. This is an example of that. Up to a point, however hard | push backward on the floor,
the floor pushes forward on me just as hard. But the floor doesn't move, and my foot isn't moving
while it's being pushed, so those forces don't involve any transfer of energy. | have to supply the
energy myself—that's why | have this food to eat,"” he added with a smile.

"But youmove," Rosa objected.

"Oliver is quite right," Chris injected. "It isn't whether he moves, but only whether his
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foot, where it is being pushed by the floor, moves. As soon as he moves his foot, it is no longer
being pushed by the floor. So it is quite correct that the floor does not transfer any energy to
him."

“Why can’t you treat this like other problems,” Dawn asked. “If we find the product of
the force acting, which we know is the floor pushing, and the distance Oliver moves, that should
give the work doné)V =f-d. And we know the work done is equal to the energy transferred.”

“That’'s a good equation, but it doesn't fit this problem. You may recall | warned you that
‘force times distance’ is often misleading. The distance moved has to be the distaiocee
moves, or better, the distance moved by the point on which the force acts. As Oliver said, you
can't get energy from a stationary floor. We’'ll probably have to come back to that lateisdeca
| have seen several books that try to simplify the problem by just saying it is ‘force times
distance’, which leads to some absurd answers.”

"You said the floor pushes back 'up to a point'. What determines how much the floor will
push?" Dawn inquired.

"First of all, the floor won't push (horizontally) at all unless I push horizontally,” Oliver
explained. “Remember that the force exerted by the floor is exactly equal to the fxeceone
the floor. That is valid even if my foot slips!" He picked up a napkin and wrote:

fﬂoor/foot =- ffoot/ﬂoor
explaining that he could either make the forces in bold fda® put arrows on top to show that
the forces had specific directions, and the minus sign was a convenient way of sayingehat thes
two forces are in opposite directions. (He added that books often write vectors withéoldfac
letters, instead of arrows, because it is cheaper to print that way.)

Then he wrote:

fﬂoor/foot = ffoot/floor U w

"Now I'm just writing down the strengths, or magnitudes, of the forces. This symbol (
says that the left side is less than, or at most equal to, the right side. This funrigdetterks
sort of like an 'm' and sort of like a 'u’ is called 'mu’. It is another Greek letter. Appahaatty a
everybody uses this same Greek letter for this quantity, callesbéificient of friction Thew is
my weight, or the amount of weight carried on the leg that is pushing against the floor."

"Aren't you mixing up horizontal and vertical forces there?" Dave asked. "You said the
first two are friction forces, so they are horizontal. Your weight is a force thatays pointed
down. How can you set a horizontal force equal to a vertical force?"

"l did sort of skip over that point,” Oliver replied. "That is why | switched from writing
the forces as vectors, with arrows, to writing them as numbers, or writing their ntsgnivhen
| wrotept w. It is the coefficient of friction that relates the two forces, one perpendioutlae t
surface and the other parallel to the surface. Remembaer thestthemaximundrictional force,
or horizontal force. That upper limit depends on how hard the two surfaces are being pressed
together. The harder they are pressed together—for example, by the weight of one body—the
more frictional force you can get.

"For example, if a balloon is sitting on the table, there is only a very small force holding it
against the table, so there cannot be very much friction. If I hold the balloon against the table by
putting a heavy book on it, then it may be hard to make the balloon and book slip because of the
friction between the balloon and table. Of course, thereaispftiction between the balloon and
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table, even with the book, unless | push or pull sideways. Then the frictional force would be
exactly equal and opposite to the force | exert, but only up to the lim.of

“But | can’t explain very well how we get perpendicular forces on the two sides of the
same equation,” Oliver admitted. “Chris, can you help on that one?

“For now,” Chris suggested, “let’s just recognize that tlaeeforces in perpendicular
directions. If we tried to justify the equation in detail we would have to get into higher
mathematics— something called tensors — and I'm not sure | could give you an adequate
discussion of those. Let’s just say tensors do mix directions, as in the example Oly®ehds

"How does the amount of surface in contact enter into it? It seems obvious that if you
double the surface area in contact, you should double the frictional force," Dawn observed.

"That's one of the neat things about friction,"” Oliver replied. "If you double the pressure,
that doubles the maximum friction, or if you double the area, that also doubles the friction. The
total friction depends on pressure x area. But remember that pressure is the farcegrea,
or force divided by arealP = f/A. So when we multiply? x A, we get

f

—Xx A = f
A

Therefore only the force is important. Usually that force holding two surfaces togedugrai to
the weight of the top object.”

The frictional force on the block is the same for all positions.

"That does seem kind of surprising, doesn't it?" Dave commented. "l guess that explains
why the width of tires doesn't have much effect on traction. It always seems as ifinggler
should let you start faster and stop quicker, but there is very little difference, iceraidte
primary difference is that you get a softer ride, because bigger tires can opkrats aressure,
for the same load."

"I haven't figured out why drag racers use such wide tires," Oliver conceded. "It seemed
obvious that the wider tires would give better traction, but now it appears it shouldn't make any
difference.”

"It's probably for other reasons than traction,” Dave suggested. "Wider tires give better
stability, which could be important the way they drive those things. Also, friction weayslasva
rubber pretty fast, and it may be better to wear a thin layer from a wide tire thakea kyer
from a narrow tire."

"Yes, and it could also be a small effect that isn't adequately described by the general
equation Oliver found," Chris added. "However, the simple equation works surprisingly well. For
example, light cars and heavy cars take almost the same distance to stop. The heavyarar has
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weight, so there is more friction with the road, but it also needs more force to stop in angéven t
because it has more momentum.

"Oliver did a good job of summarizing the important basic rules. He might also have
mentioned that the coefficient of friction depends at least somewhat on relatds sfi¢he
surfaces. It is greater when you are not moving. That's why you want to avoid skidding in a car
or on a bicycle. As soon as you start to skid, the coefficient of frigticshecreases, so you have
less stopping force and will go right on skidding."

"Yeah, I'm glad you reminded me about that,” Oliver added. "I heard about a neat little
demonstration." He pulled from his pocket a toy car, with a wire inserted across tharfagh
holes in the front wheels to keep them from rotating. Setting one end of a plastic tray, upside
down, on some books, to form a ramp, he started the car at the top and it skidded downward
without twisting sideways. "That's the way a car should skid," he added, "and one reason disk
brakes go on the front of the car. Disk brakes may hold a little better than drum brakes, and if
either set locks up first you want it to be the front brakes."

He pulled the wire free, so the front wheels could turn, and inserted it through the rear
wheels, locking them. When he started the car down the ramp this time, it quite rapidly spun
around and continued its skid backward. "The skidding tires show less friction, and go sideways
as easily as forward, so they get ahead of the front tires that are not skidding. As soon as any
little bump in the surface causes the car to be slightly out of the line of its motion, khehesds
come right around. It shows it is important how the brakes are set.”

"That's a really good demonstration, Oliver," Dave offered. "Weren't you also going to
look at how friction inside the car can cause friction outside the car?"

"Yeah. When | stopped and thought about that a little more | realized that the brakes keep
the wheels from turning freely, so that makes the tires drag on the pavement. But tlueestes m
it than that, | discovered. The moving car has a certain amount of energy, as we werangiscussi
earlier. If the car has inertia of, the energy is ¥n 2 When two surfaces slip against each
other, some energy of motion gets converted into heat energy, or what the bootheathed
energy Anyway, the surfaces get hot. By the time the car has stopped, all of the kinetic energy
has gone into heating things up. If the brake shoes or brake pads slip against the drums or disks,
then they and the drums or disks get hot. If the tires skid, then they and the pavement get hot. So
usually some of the energy goes into the brakes and some into the tires and pavement."

“So much for the neat formula for work as just force times distance,” Dawn commented,
as
the bell rang and everyone scrambled to get to afternoon classes.

* * * * *

Practice Problems
1. A suitcase that weighs 100 N sits on a floor with a coefficient of friction, betwdeassuand
floor, of 0.30. What horizontal push is needed to make the suitcase slide? 30N

2. What horizontal pull is required to slide a box that weighs 150 N if the coefficient mfrfrict

with the floor is 0.507?
3. A car that weighs 10,000 N has a coefficient of friction of tires with pavement of 0.75 in a
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short skid. What is the drag force on the car during the skid? 7.5 kN
4. If a 20,000 N sedan has a maximum coefficient of friction between tires and pavement of 0.80,
what is the maximum accelerating force available to the driver for a quick[stestitne the full
weight of the car is on the drive wheels, although this overestimates the force availabl

accelerate the car.]

5. For a coefficient of friction between smooth brake shoes and steel drum of 0.70, what
frictional force is produced, at each shoe, by a force applied to the shoe of 1.0 KN? 0.70 kN
6. How would the braking force€., the frictional force) be affected, in problem 5, if the area of
each brake shoe was doubled with the same applied force of 1.0 kN?

Stretching Questions:
1. Make a list of some specific activities

a. where you want friction.

b. where you do not want friction.
2. A semi-trailer rig has separate braking for the cab, or tractor, and for the tusleally the
driver does not put both sets of brakes on simultaneously. Discuss the advantages and
disadvantages of putting the tractor brakes on first, or of putting the trailer brakes. ot firs
some of the weight of the truck is supported by wheels that are not braking, what will that do to
the maximum braking force?
3. Friction is typically described as a physical effect, because the surfacesiippeemain
unchanged. This suggests the bumps and ridges of each surface get in the way. Alternatively it
may be described as a chemical effect, in which atoms or molecules from one feunface
(temporary) bonds with atoms or molecules of the other surface. What kinds of experiments
would help in deciding to what extent one model or the other, if either, is closer to the truth?
4. What happens to the friction between surfaces when the surfacealigrétat (“optically
flat”)?

23. Thanksgiving Day

Sunrise revealed a beehive of activity in the parade assembly area. Cars andimacks ca
and went. Strange apparitions glided quietly—or sometimes not so quietly—along the streets
leading to the staging area, accompanied by escort vehicles with flashing lights and people on
foot, many still carrying flashlights, shouting instructions to each other, to bystanders, or
sometimes, it seemed, to no one in particular.

Gawky, massive figures rose from the ground or the backs of trucks, gradually unfolding
and assuming forms of various animals, real or mythical, and familiar story-book ehaescthe
helium from tanks inflated their various parts and thrust them upward. The weak morning light
failed to reveal the brilliant colors they would display later in the morning.

Rosa, Dave, and Oliver had never watched the creation of a parade, and occasionally
found themselves standing and watching some new event or the arrival of another float. Most of
the time, however, they were kept busy with the small details of checking out their own float,
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ensuring that the driver knew precisely the route to be followed, checking the WalkiesTaflde
conferring with the parade managers on where each of them was to be located, what kinds of
information should and should not be transmitted by each of them during the parade, and similar
details.

By the time the bands, drill teams, equestrians, and dignitaries began arriving and looking
for their proper places, Rosa and the others were able to send them in the right directdlygs, us
just by a quick reference to the Parade Order, but sometimes with a question directial toy ra
the parade manager, who was able to identify groups or individuals that introduced themselves by
names different from those on the list.

Rosa was especially delighted by the huge balloons. She had often seen such creatures on
television or from a distance, but they were quite overpowering when observed from touching
distance. She almost felt offended that Snow White wouldn't respond to her greetings. "Maybe
she's gotten 'uppity' since she married that prince," she said to herself, and giggled, as she looked
upward at the smiling figure.

At last the parade began to move. Each new band, float, and performing ensemble
brought a wave of applause from the crowd. Unlike some other years, there were no major
breakdowns or other difficulties. The Washington High School float impressed not only its
creators and their families, but other students and the rest of the crowd.

"That was a job well done," the high school principal congratulated them afterwards as
they began the slow trip back to the school to store the float until Monday. The flag pole was
taken down, but the float was otherwise left intact for the weekend.

Monday afternoon, as they began disassembly, they compared notes on the other
participants in the parade, and even threw out a few ideas of what might be done the following
year for the high school float.

"One thing that still has me puzzled," Rosa admitted, "is those big balloons. | knew they
had to tie them down, to prevent them from floating away, so | had always assumed they were
very light. They ar@ot. Those balloons are realheavy

"I know that somehow putting the gas in must make them lighter, but that doesn't seem
right either. The gas has to weigh something. In fact, | asked one of the workers how they could
tell how much gas was still in a tank, since there wasn't any gauge on it, and he said they weigh
the tanks. The tanks get lighter as the gas is removed. So that means the balloons must get
heavier.

"The empty balloons are already so heavy it takes more than one person to lift them. Then
putting the gas in makes them heavier yet. Why do they float upward?" she concluded.

"A tree trunk is pretty heavy, too, isn't it?" Chris asked. As Rosa agreed, he continued.
"You know a tree trunk that falls into the water will usually float." He walked over akdgiagp
an empty plastic gallon milk jug, which he filled with water and handed to Rosa. "That gallon of
water is pretty heavy, also, isn't it?"

Again she agreed.

"If | put this gallon jug of water into a lake viton't sink. The jug itself weighs just about as
much as if it, too, were made of water. If you potir hand under the jug, you can appreciate that
it pushes down pretty hard. The pressure is greatéhe bottom than on the top. Remember that
pressure is force divided by area, so the pressure on the bottorater gn@n at the top by the
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downward force—that is, the weight of the jug of water—divided by the area of the bottom."

Chris continued. "You may remember that if yourepeessure on a liquid one place, that
same pressure will be transmitted to every other part of the liquid.”

"That is what you were telling me, awhile back, atidoydraulic jacks, wasn't it, Dave?" Dawn
asked.

"Yes. | think it was Pascal who first put it thatywaAt least it's now called Pascal's law,"
Dave replied, "and the unit of pressure is named after him."

"That means if | put this jug of water into thedakhe jug of water pushes down on the water
beneath it, so the water beneath it pushes up, dmvehsideways with that additional pressure. Or,
if you prefer, think of a column of water next to the jug, exerting @gat on the water below it.
That increased pressure gets transmitted sidewdkie tvater under the jug, so the water under the
jug exerts pressure in all directions, includingwyh pressure upward to support the jug of water.

Y

When the jug of water is immersed in water, w
the greater pressure below provides a net
upward force that supports the jug. 1 T I

"Anything lighter than a column of water, like a piece of wood, gets pushed upward by a
force greater than its weight. Any object heavier than a column of water is pushed upward by the
same pressure, and therefore the same force, but that force is less than theotbiglothject
sinks."

"That reminds me of another problem," Oliver inserted. "I have heard that if a ship sinks
in very deep water, it won't go all the way to the bottom. | suppose that is because the pressure
keeps increasing as you go down."

"Unfortunately, that experiment has been tried many times," Chris replied. "When a ship
sinks, it does go all the way to the bottom, no matter how deep the water is. Remembex that it i
not the force on the tapr the force on the bottom that is important. It is difeerencein force
on top and bottom that causes objects to float, or feel lighter, when they are in water. That
differencen force, caused by the difference in pressure between top and bottom, stays the same
wherever the object is in the water.

"That brings us back to your original question, Rosa," Chris went on. "We live under an
ocean of air. The pressure on us is 100 kilopascal, or about 15 pounds for every square inch. That
is the same pressure that would be produced by going down about 10 meters, or 32 feet, in water.
The atmosphere presses down because air has weight. It isn't as heavy as water;-eboburse
about one-thousandth as heavy—but a cubic meter of air weighs about 10 newtons.

"That means, of course, that the pressure is greater at the surface, here, thae iy@s
higher. So any object, whether it is a balloon or a locomotive or a person, has a slightly greater
pressure of air pushing up than pushing down. That small difference is negligible for you or for
the locomotive, but not for something like a balloon."

"So you are saying that if something is large and isn't too heavy, the higher pressure at the
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bottom may be enough to overcome its weight and push it up?" Dawn asked.

"Exactly,"” Chris replied. "Air weighs about 10 N for each cubic meter, but helium only
weighs about 1 %2 N per cubic meter. That means a cubic meter of helium, in a very thin, light bag,
would be pushed up by the air by 10 N and pulled down by the earth by 1 %2 N; the net effect is a
push upward with 8 ¥2 N. If the bag and anything suspended from the balloon weigh less than 8 ¥
N, the bag and load and helium rise."”

"So even if the balloon weighed 1000 N, it would be lifted by the helium if the helium
weighs 1000 N less than the same volume of air. Is that right?" Oliver asked.

"Yes," Chris agreed. "That is the principle that was figured out by Archimedes. hée is t
same one that wrote about the lever. He lived in Syracuse, on the island of Sicily. When the
Romans attacked Syracuse, about 212 B.C., he devised all sorts of contraptions to endanger the
Roman ships and keep them away from the city walls."

"Wow! He must have been pretty smart,” Rosa declared. How do you suppose he figured
out what makes things float?"

"I've heard that he was a relative or a friend of the King," Dawn answered. "The King had
just received a new crown from the goldsmith, but for one reason or another he suspected it might
not be all gold, so he asked Archimedes how he could find out.

"Archimedes didn't know how to do it. Of course, he couldn't drill into it, or do anything
else that would destroy the crown, but he promised to think about it. Then, while he was taking a
bath, Archimedes realized that different metals have different densitieke B&d to do was
compare the density of the crown with the density of gold to see if they were the same."

"Were they the same?" Oliver asked.

"I'm not sure about that part,” Dawn laughed, "but | think probably they were not."

"How wouldyou find the density of something like a crown?" Rosa asked.

"There are two ways," Dave volunteered, "and it is not clear which method Archimedes
used. Probably the simplest method to explain is to measure the volume and the weight
separately. From the weight, the mass can be obtained. Then dividing the mass by the volume
gives the density.

Mass of an object is measured by comparing its weight
to the weight of known masses (in the same location).

"The volume of something like a crown, that has an odd shape, could be found by putting
the crown into a full container of water and measuring how much water overflowed. The volume
of water that overflowed would be equal to the volume of the crown. Or an object can be added
to water in a calibrated container. Then the change in apparent volume of the water isntfee vol
of the object.”
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"Is that the method he used?" Oliver asked.

Volume of an irregular object may be
measured by finding the increase in
total volume when the object is
immersed in water.

Wy

"The original writings about the crown incident have been lost for many centuries,” Chris
answered. "The method Dave described was the method as told by someone known for
oversimplification who retold the story about two hundred years later. Another source, that
seems likely to be more reliable, says that Archimedes based his measuremaaitshange in
apparent weight when an object is immersed in a liquid.

"You probably remember that if an object is submerged in water, it is easier ta liffiat|
other method, Archimedes would get some gold, probably from the King, that weighed just as
much as the crown. Then if the crown and the gold are both immersed in water, and the apparent
weights compared, he could tell whether the crown was gold or was mixed with other, lighter
metals,” Chris continued.

"I don't think | see yet how that would work," Oliver responded. "If you have equal
weights of crown and gold, they will both seem lighter under water; won't they still seerty equal
heavy, though?"

Dave took up the explanation again. "Could you find a rock and a piece of wood that
would have the same weight?" he asked.

"Sure. If the wood is larger, they could have the same weight," Oliver agreed.

"Now, if you put both the wood and the rock in water, which one would be easier to hold
up off the bottom?" Dave queried.

3

When immersed in
water, the object

(W wvisway gy

appears to weigh
less than in air.

"Oh, | see!" Oliver responded. "The wood floats; it wouldn't take any effort to hold it up.
| guess that is because the wood is larger than the stone, isn't it? The stone hasdegségter
so it is still heavy in water—although not as heavy as out of water.

"l guess what you are saying is that the differences in apparent weight of the wood and
stone in water, when they originally had the same weight, is because the wood and the rock have
different densities, and therefore have different volumes. Is that right?"

"Exactly," Chris responded. "What Archimedes found is really a pretty simple idea. To
find how much something will weigh in water, first you find the volume of the object. If the
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object has a simple shape, the volume can be calculated from the size. For a box-shaped object
volume is equal to length times width times height: L x Wx H. For a round objecY/ = 4/3
r, and so forth.

"If the shape is not a simple one, then putting the object into liquid may be the easiest way
to find the volume. As Dave said, you can put the object into a full container of liquid and see
how much overflows. Or you can put the liquid into a graduated container. The amount the
liquid rises is equal to the volume of the object.

"Next, after finding the volume, you would want to find how much the object weighs in
air. If it has inertia, or mass), then the weight will b&g=m g You remember thajis 9.8
N/kg. So from the weighty, you can findm.

"Then the density is the inertia, or massdivided by the volume. We usually represent
the density byho, the Greek letter that looks something like our lgiter

m
r = —
\

"Archimedes found a quicker, more accurate way, without having to find the volume of
each object. The weight of the object under water is the weight of the object out of water mi
the weight of an equal volume of water.

Win water = Win air~ W water= M objecg -M yad
= objectvobjectg - waterV objeng
Notice that we need to put in the gravitational constgriecause density depends on the inertia,
m, and we are comparing weighis;'

"Don't you have one subscript wrong there?" Olasded. "The first term involves the density
and volume of the object and the second looksiashbuld be the density and volume of the water."

"No, it is correct. It is the weight of an amount of watet ttes the same volume as the
object; that's why we want the volume of the object in the second part,” Chris explained.

"Oh, | think | see now what you're saying," Oliver responded. "The wesghtiownward
force," and he wrote

fdown:W: m g: \ g
“The water gives an upward force, which would k& gnough to support more water, so it must be
equal to the weight of the water. But it is thaghe of water that would just fill the space occegi
by the object, so
fup = Wwater: mwaterg = Watey obje(g
Then the apparent weight is the difference of the two forces.
Wapparent: down~ f up: objey objeg - watM objgt

And | guess that's just what you had written, isn't it?" he added.

"Right. That is exactly the idea as Archimedes developed it, although he didn't have the
precise language that we have today for expressing it.

"We could write it more compactly as

fB = Vobj Wg

Thebuoyant forcefg , or thedifferencein apparent weight, is equal to the volume of the object,
Vo » times the density of the liquid (or gas),, times the gravitational constagt, Or,

o]
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Wapp = Vobj( obj~ V\) g

Theapparent weightw,,, , is equal to the volume of the object, multiplBdthe difference in density
between the object and the liquid (or gas), tignés

Dawn picked up the argument. "So you are sayiagitta stone has a density of 2.8 gfcm ,
or 2800 kg/m , and has a volume of 1/100 m , then the ordinary weight is

w=mg= Vg= 2800 kg/m x 0.01 /M x 9.8 N/kg

That's about 280 N," she added.

"But then," she continued, "if we put that stone in water, the apparent weight would be

That comes out to about 180 N. So its weight seems to decrease from 280 N to 180 N when it is
put into water. That seems reasonable."

"One of the things that causes me trouble,” Rosa complained, "is keeping track of when
you have to multiply by and keeping track of all the different units, like newtons and kilograms
and cmi and rh and so forth. Is there any easy way to take care of those?"

"Yes, there is an easy way," Dawn offered. "Are you familiar with unit factors?"

"What are those?" Rosa asked.

"Help me move these last two figures off the platform and then I'll look at the kinds of
problems you are working on, and show you the method that helps keep me from making
mistakes in conversion problems,"” Dawn promised.

* * * * *

Practice Problems

1. Atmospheric pressure is about 101 kPa, or 28INn¥. Find the height of a column of water,

1 m x 1 m, that weighs 101 kN. (The density of water is 1000%kg/m .) 10.3 m
2. Find the pressure exerted by a vertical block of aluminumstiam x 1 m x 10 m high. The
density of aluminum is 2700 kg/m .

3. A certain block of wood has a density 6f 0.60 g/crh = 600 kg/in , and is 0.25 m x 0.50 m x

1.0 m. What is the weight of the wood? 735N
4. What is the weight of water displaced by the wooden block of the previous problem?
5. What is the net force on the block of wood if it is fully submerged in water? 490 N

6. What fraction of the block must be under water when the woodek tibats? [Note: The
volume of the floating block that is under wateofiten called thelisplacementf the block, because
it is the amount of water displaced by the wood.]
7. A certain helium balloon has a volume of 1.0 m and has a density of 0.2 kg/m .

a. What is the weight of the balloon?

b. What is the buoyant force on the balloon provided by air (density of air is 1.2 kg/m )?

c. What is the net force on the balloon in air?

a. 1.3(7) N; b. 11.(8) N; c. 10.(4) N up

8. What would be the net force on the same hetathoon if it were immersed in water (and did not
collapse)?

Stretching Questions:
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1. Estimate your volume by measuring length, width, and height.
2. Determine your volume from your weight. (Remember that you barely float in water.)

24. Unit Factors

"Here is an example of the conversion problems we have been practicing,” Rosa said as
she opened her mathematics notebook. The first problem reads:

How many seconds are in (exactly) 5 years?

The problem looks as if it should be easy, and | can see that there are times when we need to be
able to convert from one unit to another, but | keep getting ratios upside down or something.
They just don't come out right,” Rosa explained.

"They really are easy, as you suspected,"” Dawn assured her, "if you do them the easy way.
Think of them as involving five steps—although the third step may be repeated.

"The first step is to decide what you want to know."

"That's given in the problem. We want to know 'How many seconds are in 5 years'," Rosa
read.

"Yes, but break it down even more. When you get an answer, what will it look like?"

"Do you mean like some number of seconds?" asked Rosa.

"Exactly. So let's start by writing that question:

?s

That represents the answer we want. It doesn't involve years or hours or anything but
some number of seconds. Do you agree with that?" Dawn queried.

"Of course," Rosa replied. "That much is obvious."

"Good. Now, can you find an equally obvious answer for the second step? What are you
given?"

"Sure. | can read that from the problem too. | know there are exactly 5 years," Rosa
responded. "Where do | write that?"

"Next to what you are looking for, like this," and Dawn added the given information so
the problem read:

?s=5y

"That's a much shorter way of writing the problem, but it doesn't tell me anything about
the answer,” Rosa commented.

"Be patient. The problem is now half solved. When you get the first two steps down, as
we have, then the next steps almost always follow easily.

"What would happen if we now multiplied the right side by somethirigout multiplying
the left side by the same thing?" Dawn asked.

"The two sides wouldn't be equal any more," Rosa replied. "One of the first rules we
learned was that when you are working with equations, you always have to do the same thing to
both sides. If we add something to one side, we add the same thing to the other side, and if we
multiply one side by something we have to multiply the other side by the same thing."

Oliver, who had been watching over Rosa's shoulder, commented. "I suppose you could
add something to one side if it were equal to zero—like adding 5 - 5. Or you could multiply by
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something equal to one, something like 5/5. That wouldn't spoil the equation, but it probably
wouldn't help much, either."

"Oh, but if we choose our way of writing 'one’, it can be very helpful,” Dawn answered.
"There are lots of ways of writing 'one’, though. Rosa, how many days are there in a year?"

"It's 365, isn't it? Unless it's a leap year; then there is an extra day," Rosa replied.

"Right. We know that leap years come every four years—with very few exceptions—so
we can write:

1y=365.25d

What would you get if you divided both sides of that equation by 1 y?" Dawn suggested.

"We would get a fraction on the right and a 1 on the left.

365 25 d
ly

1

Is that what you mean?"

"Exactly. We could also, of course, divide by the number of days thegetime fraction
upside down:

ly  _ 1
365.25d

Either way, we have a factor—that is, the fraction—equal to 1.aWenaltiply by that fraction
without destroying the equation,” Dawn explained.

"Which one should we use?" Rosa asked.

"Let's try both of them, to see which one works better," Dawn suggested. She wrote

?S=5yXx 1—y

365.25 d

25 = 5y x 365.25 d
ly

"The first one doesn't work," Oliver commented.oliyget years x years, or years squared,
on the top. | don't think we want that!"

"But the second one does work, doesn't it?" Roskaened. "The year on the top 'cancels’
the year on the bottom.
365.25 d

?s=5yXx
y 1y

“Then we could mark through tlyeabove and below, to show they cancel.”

"But that just leaves us with a different equatittdoesn't tell me how many seconds are in
ayear."

"You still need to be a little bit patient. | said weenf have to repeat this third step. The
important idea is that we break the problem dowm wery easy steps. If the steps are easy enough,
we shouldn't worry about how many steps there are, at least up to some reasonable limit.
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"We now have days on the right side. What is a time unit closes¢oand than a day?"
Dawn continued.
"Do you mean like an hour?" Rosa asked. "There are 24 hours in a day."
"Good. That's the right idea. Write that as an equation and thka anfraction equal to
one," Dawn suggested.
Rosa wrote
1d=24h

24 h
1d

1 =

1d
24 h

=1

Then she looked at what they already had, and $htdink we want the first one, with days on the
bottom, because so far we have days on the top, and we want id getlays before we are
through."”

"Very good," Dawn responded. The original equation was now modified to read

365.25d _ 24h
X X

?s=5
y ly 1d

"I think | see how it works now," Rosa exclaimed. She added two raoter$, so the
equation read

365.25d _ 24h 60min _ 60s
X X X X

?s=5y -
ly 1d 1h 1min

"What do | do now?"

"Look at what you have written," Dawn suggested. "What does it tell you to do?"

"l guess | just do the arithmetic that it says.affimust be the fourth step," Rosa replied. "If
| take

5 x365.25 x 24 x 60 x 60

that gives me 157 788 000," she said after punching some numbers into her calculator. "If I count
back from the right, that is eight places after the 1, so the number can be written as 1.57788 x 10 .
Is that my answer?"

"Almost," Dawn cautioned. "It isn't an answer until you have put the correct units on it.
What are the units on that number?"

"My equation says | am left with seconds on the right, as well as on the left. So it would
read

?s=157788x%0 s

That takes care of the units. Now should | throw away some of the numbers on the right end? |
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have trouble knowing how many numbers to keep," said Rosa.

"In this problem, most of the numbers you have used are exact. A minute is defined as
exactly 60 s and an hour is exactly 60 minutes, and so forth. The only approximation is the
number of days in a year. We used 365.25, which should be good to about the 5 numbers shown,
so the final answer should also be good to approximately 5 digits. The best way of writing your
answer would be

5y=15778(8)x 10 s
or 5y=1577,81C s
to show that the last 8 is uncertain.

"If we had used the approximation of 365 days in a year, what answer would we have
found?" Dawn asked.

Rosa punched some numbers into her calculator and came up with

5y=1.576800x 10 s
"That's different, isn't it?" she noted.

"Yes, it looks different,” Dawn pointed out, "but this time we started with a number that

was correct to only 3 digits, so we should only keep 3 digits in this answer. We could write it
5y=157(68)x1D s
Is that the same as the first answer?"

"Well, as you said, it looks different,” Rosa said cautiously. "But | don't think we can say
they disagree, because the differences are between numbers in parenthesesithateveidn't
really know in the first place."

"l think you see the point aignificant figures' Dawn responded. "To a good
approximation, when we are multiplying and dividing, the number of significant figures in the
answer is the same as the number we started with. One bad number can spoil glisihé rest
theleastaccurate number we put in that determines how many digits we should keep at the end."

"You said there were five steps, and | only counted four,"” Oliver observed, "unless you are
counting putting on units or counting significant figures. First, we wrote down what we wanted
to know. Second, we wrote down what we did know. The third step was writing down factors
equal to 1 that would get us from where we were to where we wanted to be. And the fourth step
was doing the arithmetic. What is the fifth step?"

Dawn laughed. "The fifth step is the easiest, but one too often overlooked. If you are
finding the number of seconds in 5 years, do you expect a very large number or a very small
number or something close to one?"

"There are lots of seconds in 5 years," Rosa responded. "That means the answer should be
a big number of seconds, and it is. Is that all you mean by the fifth step?"

"Yes," replied Dawn. "But don't leave it out. Always take the extra few seconds to see if
your answer iseasonablé'

By this time Dave and Chris had joined them. Dave added a comment. "That method is
very good for converting units, but it also works for lots of other problems. Suppose you want to
know how long it will take to go 6.0 km at 20 km/h. Then the steps would be the same.
Temporary equalities within any particular problem, such as 1 h = 20 km in this problem, solve the
problem for you."

1. ?h (We want to find a time.)
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2. 2h=6.0km (We know we are to go 6.0 km.)

3. 20km=1h, so 1h
20km
and therefore
2h = 6.0 km x —1/
20 km

4. 2h=6.020h=0.30h
5. At 20 km/h, it should take less than one hour to go
6.0 km, so the answer looks reasonable.

"The more complicated the problem, the more valuable that methdak¢aChris added.

"l use it all the time. It is especially good basa | can go back and see what | have done, t&chec
my work or to be able to use the same method amaadifferent problem. And especially, when
| have made a mistake, it is easy to make a correction."

"Show me how | could use this method on some density problems,” Rosa requested.

"O.K. First, if you know that a stone has a voluph@3 cn? and has inertia, or mass, of 65
g, what would you divide by what to find the density?" Chris asked.

"Let's see. If it were heavier, and therefore had more inertidydmame size, that would
mean it had é&arger density, wouldn't it? So the 65 g has to go orataghthe 23 cin on the bottom.
So, how do you make that wiggly figure? | think you called it 'row'?" Rosa responded.

"Yes; it's the Greek letter that stands fgrdnd it's called 'rhof—h—o. You are familiar
with Rhode Island and perhaps with the island aid®is, in the MediterraneaRhodes the Greek
word for the flowerose orrosa if you preferyhois the first letter ofhode ( ), even though
it looks more like our lettep",” Chris explained.

"Okay, so ;- m _ 65¢g
vV 23cm?

What does that come to? It looks like it must be about three," Rosa declared.

Dawn pulled out her calculator. "That's right; it's about 2.8," she offered.

"O.K. So the density is 2.8 g/ém . Now what?" Rosa continued.

"First, suppose you need to use the density in some other calculation. Then it would be
good to have it in the 'standard’ units, which are kilograms and cubic meters. So, we can write

kg g
> 9=28 9
nt cnt

Now what would you multiply by on the right?" Chris asked.

"l think you said the idea is to work on one unit at a time, so let's start with the gram, on
top. | know that 1000 g = 1 kg. | can't put the 1000 g on top; that would give g x g. Butif | put
the 1000 g on the bottom the grams will cancel. So

K9 _ g 9y KO
m cnt 1000y
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Then | just mark out the g on the top and the g on the bottom. Is that right?"

"Very good," Dawn agreed. "Now take care of thé cm ."

"I'm not sure how, but I'll try," Rosa replied. "l know that 100 cm =1 m. The cmis on
the bottom, so | want to put the new cm on the top. So

?k_gsz 28 gsx 1kg XlOO cm
m cm 1000 g 1m

That doesn't do it yet, does it?" she added.

“Right. You have centimeters cubed below and only centimeters above. You need that
same factor, 100 cm/1 m, a total of three times. The easy way is just to write théagtale
cubed," Dawn explained.

“Like this?" Rosa asked, and wrote

3

?k_93: 58 g3 « 1kg « 100 cm
m cm 1000 g Im
"That looks right," she continued. "Then the right-hand side is just

100kg_ .,,100<100x10(kg kg
28x( =28 = 28Xx100K10-%
000 10007 nt

SO

28-9_=28x10°x ¢
cm m

Did | do that right?"

"Exactly," Chris said encouragingly. "It looks like you have the idea, now."

"Let's do one more, to be sure," Rosa requested.

"All right. We can work out another buoyancy problem," Dawn responded. "Suppose
you have a big rock, that weighs 1000 N in air, and you know the density is 239 g/cm . Let's see if
you can find how much it would weigh in water."

"Wow! That looks a little tough, but I can certainly try it," Rosa answered. "First, what
was that equation? | think we said

Wapr Vobj ( obj ~ V\)
where I'm lettingw,,, be the apparent weight,,; and ,; are the volume and density of the
object, and ,, is the density of water. Is that right? | remembertioenow, because that stands
for Rosa" she laughed. "But I'm not sure the rest is right; that's why | put a question mark on the
equals sign."

"That's a good idea. Let's go ahead,"” suggested Dawn, "and see if it checks out. What is

your first step?"
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"First | decide what | want to find. I'm looking for the weight in water, or the apparent
weight. That has to be in newtons, because it's a weight. So
?N :Wappg Vobj( obj~ V\)
| know the densities, but they aren't in the right units. Can | put them in anyway?"
"Yes, as long as you put the units on as labels," Dawn concurred. "We can change them
as we go. Another name for ‘unit factors’ is the ‘factor-label method’."

"Good. Then

and | can simplify that last part to 1.9 gfem .
"Now | need to find the volume. That should be in cubic meters, shouldn't it? So
?m = obj
| think you said the weight was 1000 N. That doesn't seem to help. Let me think a moment.
"The only equation | can think of that connects volume with anything else here is the

density equation,” Rosa continued, "and we do know the density.

3
cm’ V,

density=r =

Oh! | need the inertia of the object and | know teight. Andv=m g so the inertia, or mass, is

_w _ 1000 N
m=3"" N
9 98

kg

| can see that's about 100 kg, but I think I'll leave it as it is for now.
"Next | can go back to the density, but changeetipgation around. If =m/V, then V =
mand soV =m/ . Is that right?" Rosa asked.
"Very good," Dawn agreed. "You are on the right track."
"O.K. Then | have
? N =w,,,2 1.9 glcm =, /V,,x 1.9 g/cni
or

1000 N
93?’
PN=— 9y 199
29 9 e
cm

Well, it looks like | don't even have to change the density units, because they cancel! So the right
side can be simplified.
_1000N 19 1000 1.9

N X = X
og N 29 9829

kg

?N
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Oh-oh! I have newtons on the left and kg on the right. | must have left something out.
"I know 1 kg weighs 9.8 N, so if | put that information in | get

1000N 19 1000 1.9 9.8N 1.9
=? X = kg x

= X g =1000 x ——N
9 Sﬁ 2.9 98 29 1kg 2.9

kg

?N

That's nice. The units check now and the 9.8 just dropped out." Checking her calculator, she
added, "That gives 655.1724 N ."

"That's excellent, so far," Chris declared. "You had left out a facmoyour original
equation. It should have been

Wapp = Vobj( obj~ V\) g

but you discovered you needed it by looking at units and got it in correctly. Now look at your
significant figures, and don't forget Dawn's fifth step.”

Rosa was delighted that she had struggled through a problem that originally looked so
difficult. "I had the density as 2.9 g/ém . That is only 2 significant figures, so | guess tHat's al
can keep in my answer. That means | should round off the answer, but it is 655 and | don't know
whether it should be rounded up to 660 or down to 650."

"There is a convenient rule most people find helpful,” Dawn answered. "In this case, the
entire number is slightly higher than 655, so it should be rounded up. If it was exactly 655 then
the rule says to round to the nearest even number, so it would still be rounded to 660.”

“There are two advantages to that rule,” Chris added. “First, apart from not having to
worry about which way to go, it often avoids facing the same choice in a later step. If you divide
by an odd number, the answer could well be about 5 in the last place and then you have to decide
whether to go up or down. If you divide an even number by an even number, the answer will be
even, not a five in the last place. Second, and probably more important, it avoids subconscious
adjusting of answers up or down. Because it is an automatic procedure, there is a very good
choice that the effects of one choice will cancel the effects of anotherrsshlige.”

"All right," Rosa continued. "Then the apparent weight is

W,,, = 660 N
For a 1000 N stone in water that looks like a reasonable value, doesn't it?"

"Yes, it is. Congratulations,” Dawn said encouragingly.

"I think | still need practice,” Rosa replied, "but at least now I think | see how to do them.

It looks a lot easier with this method, instead of a bunch of isolated steps spread around the page
What did you call the method?"

"Some people call it the 'factor-label' method," Dawn replied. "I like the other nante, ‘uni
factor', because it reminds me that the factors involve the units and, at the sartteatieech
factor is aunit factor, or equal to 1. | think with a little practice you'll find it is really easy, and a
big help."
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Practice Problems
1. How many hours are there in one year? 8766 h
. Calculate your age in seconds (after choosing an arbitrary instant of time).
3. The fastest fast-ball pitchers achieve spetdbaut 100 mi/h. How fast is that in m/s?
44.7 m/s
4. At $6.00/h, working 40 h/wk, how much should you earn (before deductions) in a year?
5. Using the unit factor method and the exact conversion factors, 1 in. =2.54 cm, 1 yd = 36 in.,
and 1 mi = 5280 ft, find the exact value, in meters, for
a. 100yd b. 1 mile
6. Convert 62.43 Ibft to N/in. [11b=4.4482 N]
7. Express the following numbers as a value between 1 and 10 times a power of ten (often called
scientific notatioi
a. 0.00315
b. 96,520 a 3.15x1C ;b. 9.652x16
8. Simplify the following and express the answers both as ordinary numbers and with powers of
ten (scientific notation).
a. 4.78x19/1x 10 b. 7.60 x10 /2.0 x°10
c. 267x16 /1x 10 d. 6.13x40/1 x310

N

Stretching Questions
1. There is a valid general rule that you should not do anything to one side of an equation, that
will change its value, without doing the same thing to the other side. Justify the following
common procedures by showing that they obey the general rule.
a. Transpose and change sign.
If a=b+c then a-c =D
b. Cross multiplication.

a C
If = thenad=bc
b d
a c a b
c. If = then =
b d c d
a b
d. If xc=d then c = x d
b a

2. Show that addition and subtraction imeerseoperationsij.e., if you addandsubtract any
constant from a quantity, you have the original quantity.

3. Show that multiplication and division are inverse operatiaasif you multiply anddivide
any quantity by the same constant, you have the original quantity.

4. Show how the following procedures can be justified by general mathematical principles.
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b a a
' b_a_c
c bc b
a ‘_a’
C. b 2

5. Test the following questions with specific examples.

3/1/07

a. Is the value always independent ofdhaer of addition?
Doesa+tb+c =a+c+b ?

b. Is the value always independent of dhger of subtraction?
Does a-b-c = a-c-b ?

c. Is the value always independent ofdtder of multiplication?
Doesax b xc = axcxb ?

d. Is the value always independent of ¢dinéer of division?

Does a
Z xc=(axc)/b?
b
e. Does therder of operations change the value when the operations are mixed?
Does a-b+tc=a+c-b ?
Does % xc=(axc)/b ?
Does

% xc=allbxc) ?
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25. The Bicycle Race

As the four bicycles came over the last hill, in view of the school, Dawn suddenly said, "I'l
race you to the flag pole," and spurted ahead of the others by 10 m. Dave, Oliver, and Chris set
off in pursuit, but it was hard to close the gap, and it was difficult to judge who actually got to the
flag pole first.

"That's not very fair, to take that big a head start,” Oliver panted.

"With all the riding you have been doing for conditioning, | need some compensating
advantage," Dawn laughed.

"But with that much of a head start for you, | would have to go almost twice as fast to
catch you," Oliver retorted.

"Oh, it wasn't that much of a head start," Dawn replied. "And you had a long way in which
to catch up!"

Oliver turned to Chris. "How much faster did we have to go, in order to catch her?" he
asked.

"There are two ways of solving a problem like that," Chris suggested. "We can use either
algebra or geometry, or we can combine the methods. The building is still open. Let's go in
where we can use a blackboard, and I'll show you some ways of setting up that kind of problem."

When they reached the classroom, Chris began by assuming some numbers for speeds and
distances. "Suppose Dawn can ride at 10 m/s, just to have a round number, and Oliver can ride at
11 m/s. Also assume that Dawn has a 10 m head start.

"Let D, represent the distance Dawn has traveled at any timBatiee distance Oliver
has traveled. Also, |&t, andR, be the rates, or speeds, for Dawn and Oliver, anilbetthe
time, which is the same for both. Then we write

Dp=10m+RyxT =10 m+ 10 m/s X
Do=RoxT = 11 m/s XT
We can check that by letting= 0; then we see that Dawn has gone 10 m and Oliver 0 m,
showing that Dawn is initially 10 m in front, as we assumed."

"That looks like we have too many unknowns to solve for," Dawn observed. "We don't
know D, D, or T, and we only have 2 equations. We have to have as many equations as
unknowns."

"You are absolutely right. We do have one more equation | had not yet written down,
that makes everything easy to solve. We want to find the time when Oliver catches DBwn, so
=D,. That means we can set the first equation equal to the second.

10m+10m/sX = 11 m/s XT
Now we have one equation with one unknown, which we solveé.for
"Subtract 10 m/s X from both sides and we get

10m+ 100- 10" xT= 11M-10™ X7
S S S S
10m=1"yT
S
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T=19"_10m

So it takes 10 s for Oliver to catch Dawn."

"Then we can put that time back into either of the first equations to find the distances,
can't we?" Dave asked.

"Yes. From the first equation,

Dp=10m+10m/sx10s=10m+ 100 m =110 m
Of course, the second gives the same answer.
Do=11m/sx10s=110m
That is the algebraic solution."

"l think | understand that," Oliver said, "although | would need some practice to be able to
do it by myself. How would you solve it geometrically?"

Chris quickly drew some lines on the board, like graph paper. "Let distance be the
ordinate, ory value, and let time be the abscissax @alue. Let's start with Oliver at the origin.

We are assuming both Oliver and Dawn move with a constant speed—we neglect thekese it ta
them to accelerate—so their motions are straight lines on the graph. Let's maidan Qloler

first, then graph the points. At=0,D=0. AtT=1s,D = 11 m. AtT=2s,D=22m, and

so forth."

He made up a table and filled in numbers for Oliver's record. Then he filled in the numbers
for Dawn's record.

"At T=0, Dawn is already 10 m ahead. TAt 1 s, Dawn has moved another 10 m, so
she is at 20 m, and so forth, adding 10 m each second.

"Oliver, can you locate those points on the graph?" Chris asked.

"Not until | know what the scales are," Oliver replied. "It looks as if the twoseate
going to have to be very different. In fact, to keep everything on the graph, | think | should let
each square along the horizontal axis be 1 second, but let each square along the vertical axis be 10
m. Deciding on scales is usually the hardest part of graphing for me.

"Now that | have some scales, | can find where each point should go." Oliver picked up a
piece of chalk and put atat the origin. Then he moved up 1.1 squareg~® = 11 m, and
moved right, from there, one squarexte T = 1 s, and put anoth&r Another 1.1 squares up
and another 1 square to the right and he put axhmepresentind = 22 m andl = 2 s, and so
forth, until all of the points were plotted.

"We have to keep the second set of points distinguishable from these, so let's put circles at
the points for Dawn," Oliver continued. One circleyatD = 10 andk = T = 0; then another
circleaty=D=20andk=T=1.."

When Oliver had finished plotting the points, Dave pulled out his ruler and had Chris hold
one end while he held the other, as they stretched it along the kise @liver drew a straight
line through those points. Then Dave and Chris held the ruler along the o's, and Oliver drew a
line through them.
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Oliver's Record Dawn's Record
x=T y=D x=T y=D
0 0 0 10
1 11 1 20
2 22 2 30
3 33 3 40
4 44 4 50
5 55 5 60
6 66 6 70
7 77 7 80
8 88 8 90
9 99 9 100
10 110 10 110
11 121 11 120

"The two lines cross at= 110; that means a distance of 110 m. And itis=alO0,
meaningl = 10 s. | guess that shows the bicycles would be in the same place at the same time,
doesn't it?" Oliver concluded.

"Yes, at least they are at the same distance from the starting point,” Chriglatigre
hope there is no collision. You see that this result is exactly the same as we got fatgebhe?
Graphing is sometimes a little more work, but it may give a better picture of whapisrag.

Also, the graph method would still work if one or both of the distance vs. time curves were more
complex, so that it would not be so easy to solve the equations algebraically.

"There is something else we can do with the graphs that may be sort of interesting,” Chris
continued. "Let's subtract all of Dawn's positions from Oliver's positions to give one more
column in our table. I'll mark themD; remember that the Greek capital “d” = deltajs a
mathematical shorthand for the “difference” between two quantities.” He quilkédy/ifi the
column marke¢y = D with values frony = D under Oliver's record minus the values frpm
D under Dawn's record. To avoid possible confusion with the times, he marked each value with
m, for meters.

Chris quickly made up a new set of lines, and marked points to the right of the origin as 1,
2, 3, etc., as before. This time he marked points below the origin as -1, -2, -3, and so on, down to
-10.

"Now my first point on this graph is along the vertical axid at0, but 10 squares down,
aty=D =-10 m. My second point is one square to the right and only 9 squares down, and so
forth."
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Oliver's record Dawn's record Difference 2
Xx=T y=D Xx=T y=D y= D o
0 0 0 10 -10|m

1 11 1 20 -9[m 2
2 22 2 30 -8[m -4
3 33 3 40 -7[m 6
4 44 4 50 -6[m .

5 55 5 60 -5[m
6 66 6 70 4m | T 12345678 9101
7 77 7 80 -3[m
8 88 8 90 -2[m
9 99 9 100 -1jm
10 110 10 110 0|m
11 121 11 120 1|m

After finishing, he turned to Dave and asked him to hold up his ruler again. It was
obvious that these points, also, fell along a straight line. The line crossed the horizental axi
(representing D=0 m) at 10 s.

"That looks as if Oliver was only moving at 1 m/s and | wasn't moving at all," Dawn
observed. "It doesn't seem as if that is the same problem we started with, but | igpadigsist
isn't it?"

"Yeah. That's what you meant when you were talking about absolute speed not meaning
anything, wasn't it?" Oliver added. "You said only the relative speed was important. Hae we
plotting just the relative speed, and it shows | would catch her after 10 s, just like thel eviy
of solving it."

"We could say this is the way the problem looked from Dawn's frame of reference,” Chris
suggested. "She would see Oliver approach her slowly and eventually go by, all at the relative
speed of 1 m/s.

"There is one more thing about these graphs that we should look at while they are on the
board. Do you all know what is meant by the t@nmportionaf?"

"Doesn't that mean that when one quantity increases, the other quantity increases also?"
Rosa asked.

"Not necessarily,” Chris cautioned. "Do you know what is meantliogar equation?"

"That is any equation that gives a straight line," Dawn replied quickly. "You can
recognize a linear equation because it always looky kka x+ b, or can very easily be
converted to that form. There arextory?terms, or products like y."

"That's right,” Chris agreed. "Notice that all of these graphs have just straight IAll
of the equations we were working with were linear equations, because they all carbe=fiRrm
or from a slight modificationDy;,, = Dy + R T, With D, @ndR constant values.

"Proportionality is a special case of linear equations. We say thptoportionalto x if,
when we double, y doubles, and when we tripkey triples, and so forth. It is easy to show that
if yis proportional tok, then the equation is linear. But it does follow that just becausgvs. x
is linear, thay is proportional tox," Chris added.
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"If | remember correctly, whewis proportional to, the straight line has to go through

the origin," Dawn suggested. "That means the equation has to be of the even simpler form
y=ax
The constanb, of y = a x+ b, has to be equal to zero."

"Then that means that wha&nncreasesy increases, t00," Rosa declared.

"No, because the constantould be negative," Chris warnedalfs negative, then y
decreasesvhenx increases, oy increases whexdecreases.

"Proportionality is a very special, and important, condition that you often run into. It is
important that you understand what the term means," Chris declared, as he erasekiltbartlac

"I'm not positive | understand proportionality yet, although this certainly helps," Oliver
commented.

"l have some practice problems on that, somewhere here," Dawn said, as she dug into her
book bag and came up with a sheet that she gave to Oliver, who assured her he would try all of
them and check back later to see if they were right.

"You really should be taking physics this year, Oliver,” Dave commented. "You would be
learning lots of things that could help you with football and other sports, and it would help with
your math, too. Besides, everyone enrolled in a physics course gets Newton's birthday off from
school!”

"That part sounds good," Oliver replied with a smile.

"How did they arrange that?" Rosa asked.

"Wasn't Newton born on Christmas day?" Dawn responded.

"Yes," Chris confirmed, "that's why we get his birthday off."

* * * * *

Practice Problems

1. Mark each of the following statements as true (T), false (F), or uncertain (g stiatement
is nottrue, how could it be changed to make it true?

a. If y is proportional to x, then the graph is a straight line. ___

If the graph of y vs. x is a straight line, then y is proportional to x.

c. If the graph of y vs. x does not go through the origin, then y is not proportional to x.
d. Ifyis proportional to x, then x is proportionaltoy.

o

aT;b U;c T;d T
2. For each of the following equations, indicateetier the relationship is linear (L), proportional
(P), or neither linear nor proportional (N). [Note: Some equationsreguire more than one
letter.]

aA=r
b.C=D
c.x=5+ 3
d. h = -4.09¢
e.v = -9.8t
f.r:B

v —
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3. Atruck is 50 m ahead of a car, and is moving at 15 m/s. The car is moving at 25 m/s. How
far does the truck move before the car reaches it? How long will it take? a.75 m;b. 5s

4. Make a graph of the motions in problem 3 and show from the graph how far the truck moves,
how far the car moves, and how long it takes for the car to catch the truck.

5. Make a graph of positioy &xis)vs.time (x axis) for the following: Mary leaves the loading
dock at 7:00 a.m. and drives at 80 km/h until 10:30, when she reaches a section of highway under
construction. For the next 30 minutes she drives at 50 km/h. After a 15 minute stop for coffee,
she drives at 80 km/h until 12:30 p.m.

6. Pat's restaurant starts with cash reserves of $20,000. The first 6 weeks, |GE2830zAnek.

The next two weeks there is no net profit or loss. The following 8 weeks the restauranamakes
profit of $500/wk. Graph Pat's cash assg@x({s)vs.time (x axis).

7. The speeding car goes past the waiting trooper at 130 km/h.

a. Graph distances.time (in seconds) for the car.

b. The trooper starts after the car 15 seconds after the car has passed. The next highway
exit is 5.0 km away. Determine, from your graph, how far beyond the trooper the car was when
the trooper started, and

c. how fast she must go (average speed) to catch the car before it reaches the exit.

8. A vase falls from a window ledge 5 stories (17.0 m) above the ground and accelerates
downward. The height, at any tintgis h=17.0 m - ¥gt

a. Graph heighis.time.

b. Lew Carl, standing on the grass below, sees the vase topple and makes a dash for it.
How long does he have to get there for a diving catch before it hits the ground?

c. If he was 30.0 m from the point where it will hit, how fast must he run (average speed)
to save the vase?

9. Sketch carefully the form of the graph of positisrtime for a ball that starts at the top of the
track, on the left, and moves toward the right.

10. Sketch carefully the form of the graph of speetime for the ball in each track of problem 9.
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26. The Ball Turns Round

During the summer many students forgot about basketball, and in the fall, football caught
most of the attention. As winter approached, however, basketball became the hot topic of
conversation. With several starters returning as seniors, expectations for thegtéasHigh
School team were high.

Chris seemed to have overcome the knee problems that had limited his activity. He was
ready to play by the beginning of the season. Oliver, Dave, Dawn, and Rosa had arranged to sit
together at the first game, and Chris had agreed to meet them afterward.

The game was typical of season openers, as excellent play, on both offense and defense,
was mixed with mistakes. Finally, it was evident that the outcome hinged on making ahé&ast
free throw in the final seconds, with Chris at the line. He put up the first throw of the
one-and-one, and it was slightly short. It struck the front edge of the rim, then slowly rolled over
the rim and into the basket.

The second shot swished through the net without touching the rim and the victory
celebration began in the stands even before the opposing player fired a desperation shot from mid
court that missed everything.

Later, after they had given their orders for food, Rosa was congratulating Chris. She
added that he was really lucky on that first free throw, that it had stopped on the rim amith falle
instead of bouncing away as so many shots did.

"That wasn't just luck," Oliver suggested. "I know the way the ball is put up has a lot to
do with how it behaves if it hits the rim, although I'm sure | don't understand just what goes on."

"You will notice that most shots come off the finger tips, from underneath,” Chris
explained. "Coach has us work on that all the time. Because of the way we push the bottom of
the ball forward, the ball travels with back spin. That way we at least give it a chance

"If the ball hits the back inside of the rim, the spin will help make it bounce down through
the hoop, instead of bouncing up or against the backboard. If it hits a little too high on the back
rim, the friction of the spinning ball will slow it down so it at least has a chance iafjttiie
backboard low and coming out to the hoop again, where it may be possible to tap it in, if it
doesn't fall.

"If it hits on the front of the rim, like that first shot tonight, the friction of the bafirspig
against the hoop slows it down and increases the probability it will just roll over the etlggsd ins
of bouncing away. | know there was a fair amount of luck involved—there always is—but | did
have to get it close, with the right kind of motion. I'm just glad that one fell."

"Spin is important in passing the ball, too, isn't it?" asked Dave. "I'm thinking of bounce
passes, where someone is guarding closely."

"Yes. If you can put top spin on a pass, it will speed up when it hits the floor, coming off
at a lower angle than it hit with. More often you may want to throw the ball hard but have it slow
down after it has hit the floor. Then you would want to put back spin on it, so it will get past the
defensive player but then come up into the hands of your teammate."”

"l can see there is a lot more to playing basketball than most spectators arefgware
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Dawn commented.

"That is certainly true,"” Chris agreed. "Ball rotation is important in most gamgsool
or billiards, it is called putting 'English’ on the ball, and can change the direction balls maree bef
or, especially, after collisions. In golf, spinning about a vertical axis causes a hookcer a sli
Spinning about a horizontal axis makes the ball stick on the green or run on the fairway, if you
have hit it properly.

"Curve balls from pitchers are talked about all the time, but people often forget that long
hits that curve foul are governed by the same laws. And, of course, a quarterback likes to throw a
spiral. If the ball leaves the quarterback’'s hand with spin, it will keep spinning, in ekactigme
direction, as it travels."

"Does the spin line up with the direction the ball is moving at the time?" Dawn asked.

"No," Chris responded. "The spin axis is completely independent of the path of the ball.
You may recall seeing an occasional stray punt where the ball spins about a vertical axis

"If the quarterback throws the ball spinning about a horizontal axis, that spin about the
horizontal axis is constant while the ball goes up and comes down. If the ball leaves his hand
spinning about an axis that is tilted, the axis will still be tilted the same way wieacites the
receiver."

"That's sort of like a bicycle wheel, isn't it?" Dawn suggested. "I've heard that biayele
easy to ride because the wheels are going around. It keeps the bicycle up, the way a hoop stays
up because of its rotation."

"That rotation seems to be much more important with hoops than with bicycles," Dave
injected. "l saw where someone built a bicycle that had an extra wheel going the opposite
way—mnot touching the ground. The spin of the extra wheel compensates for the spin of the
regular wheel, but it wasn't significantly harder to ride than a regular bike, although it would not
stay upright by itself when pushed."”

"The effect is often callegyroscopicaction,” Chris informed them. "Something like a
wheel that is spinning around an axis is callggrscope A compass can be made by mounting
a gyroscope in bearings that allow it to rotate freely with respect to the platisrmounted on.

The gyroscope is set into rotation at the beginning of a trip and pointed in a specific direction,
such as north. Then it continues to point in the same direction, regardless of how its platform
moves.

"Gyrocompasses are the basis of what is cafledial guidancepr inertial navigation
An inertial navigation system keeps track of how far you have gone, and in what direction, so it
can tell you at any time where you are with respect to your starting point. Ships and large
airplanes now have inertial navigation systems."

Rosa interrupted. "l can't get the top off of this bottle. Oliver, can you loosen it?"

"Are you sure you are turning it the right way?" Dawn asked.

“No, it's hard to remember which way,” Rosa answered.

"There is an easy way to tell,” Dave suggested. "Almost all screws and threadisgire
we call 'right handed'. Rosa, point the thumb of yalht hand in the direction you want the cap
to move."

After a brief false start with the left hand, Rosa held her right hand over the tdbléevi
thumb pointing upward, toward the ceiling. "I want the cap to go up,” she stated.
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"O.K. Which way do your curved fingers point?" Dave continued.

"That way," she said, motioning along the curve of her right hand (counterclockwise from
above).

"Then that's the way you need to turn the bottle cap to lift the cap,” Dave responded.

In the meantime Oliver had reached over and loosened the bottle cap for her.

"Now, if you want the cap to go downward, which way would you turn it?" Chris asked.

Rosa turned her right hand over, with the thumb pointing down at the table. Her fingers
now pointed clockwise, from above. "Will that always work?" she inquired.

"As Dave said, almost always," Chris assured her. "There are some speciaépurpos
screws and nuts that turn the other way. Often they are marked by a notch cut along each corner
of the nut.

"When something is going in a circle it is hard to specify a direction of motion.
Sometimes a wheel will be rolling, so the direction of progress would suffice, andreesieti
clockwise and counterclockwise are adequate, but different observers would disagrethen whe
a bicycle wheel is turning clockwise or counterclockwise. We really need one methodlthat w
work for all turning objects, and not depend on where the observer is.

One observer sees the bicycle wheels turning clockwise;
the other sees them turning counterclockwise.

"The one direction that remains constant for a turning object is the axis of rotation, so we
choose thaxisfor defining the direction. Then we only need to pick one of two directions along
that axis. That is where thighht hand rulehelps.

"We pick the direction of rotation as being along the axis of rotation, in the
direction our thumb would point if the fingers are following the rotational
motion.

"The direction of rotation, defined in this way, is the direction assigned smthdar
velocity"

Rosa changed the subject again. "Chris, | know you are pretty busy during the basketball
season, but I'm going to be in a play next semester. We really need some people to help with the
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scenery and lighting and so forth. | was thinking how great it would be if all of you could work
on it together," she said, looking especially at Oliver.

"l don't think | could be of any help during the basketball season,” Chris advised her, "but
tell us where and when we can find out more about it."

Rosa provided additional details, enthusing about plans for the casting and the set design,
and they all agreed to at least show up for an initial meeting the following week.

* * * * *

Practice Problems

1. If you are looking down at a record on a turntable, the record turns clockwise. In what
direction does the angular velocity point? Down
2. The surface of the earth turns toward the east (toward the "rising sun"). In whadrdirec
does the angular velocity vector of the earth point?

3. A bicycle rider is traveling east. In what direction does the angular velocity vedterfobmt

wheel point? North
4. If the bicycle is moving south, in what direction is the angular velocity vector of the wheels
pointing?

5. The angular velocity vector of a jar top points upward.

a. As you look down at the jar, is the top rotating clockwise or counterclockwise?

b. Is the jar top coming off or going on (moving up or moving down)?  a. ccw; b. off
6. A clock is on the north wall of a classroom. In what direction is the angular velocity of the
hands?
7. If a gyrocompass is set spinning with its angular velocity north as a plane crosses tire equat
in what direction will the angular velocity be when the plane crosses the north pole? Up
8. If a ship's compass is set spinning with its angular velocity east, in what directithre wil
angular velocity point when the ship has sailed halfway around the weagldr¢ém the Atlantic
Ocean to the western Pacific Ocean)?

Stretching Question
Angular velocity vectors follow most of the rules of other vectors (“true” vectors, oar‘pol
vectors”), such as displacements and velocities. A gyroscope is set spinning with atsnest
vertical, with the wheel going counterclockwise (as viewed from above) so that the angular
velocity is pointed upward. Because of gravity, the top of the axis will try to fall, whichscause
very slow rotation of the axis about a horizontal line. This small angular velocity ifotieare
the horizontal direction. If this very small angular velocity in the horizontal direciadded to
the large angular velocity in the (almost) vertical direction, it will have Id@tino effect on the
magnitude of the larger vector. What will be the direction of the resultant vector, or sct?
Is this consistent with what you see when a gyroscope is set spinning and gravity pulls the top of
it downward?

If the top of a wheel, with horizontal axis, is moving away from yog,(toward the
north) and is pushed a little to your right, what effect should that have on the plane of rotation of
the wheel? Does this fit with the expected change in motion of a gyroscope if it trikoveifa
toward the right side?
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The primary angular velocity (and angular momentum) points upward along the shaft. As the
gyroscope tends to fall, a horizontal angular velocity is produced, which adds to the original.
What happens to the top of the shaft?

27. Back Stage

"Our play for this spring is a musical, calle® Knight for Today Miss Wigglesword
explained to the large group assembled in the @uwiih. "This afternoon we begin hearing people
read for parts. We also need some of you to work on scenery, lighting, sound,tigkets,
advertising, costumes, and make-up. Dancers and chorus members can yick tghearsal
schedules. They are here on the edge of the stagey, here—stand up a moment, Larry—Larry
will supervise the backstage crew. He will show yoound in just a few minutes. Dottie, sitting
over here to my right, will work with costume andke-up people. And George, in the back of the
room, will be in charge of tickets and advertising.

"If you haven't signed the list that is going arduplease do that. It will give us an idea of
who we have available for different jobs.

"Now, Larry, show everyone the backstage area gpidia the basic rules. | will be in room
220 in about 10 minutes, ready to hear those whoeading for parts. Dancers will rehearse here
on stage in half an hour."

Nearly everyone followed Larry up onto the stabie showed them the light board, capable
of storing preset programming of several bankgbits$, and to be toucheahly by those officially
designated, he stressed. The lights themselvaessiting attached to long bars at the back of the
stage.

The audio equipment was locked in a separate closet, which he dpestexv them the
portable speakers, various microphones, and thermbarry explained that the mixer board could
change the sound levels coming from any mike apel fhie sound to various speakers, including the
large built-in speakers.

"The ropes over here control the curtains. Thieafebese ropes and pulleys lift the scenery;
as you probably know, we call that 'flying' thersey. Probably the most important back-stage'rule,
he warned, "is 'don't touch the blocks' unlessamauassigned to them and are really sure you know
what is attached. This is where you could loseramax kill someone else. You can't stop a runaway
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line!" he stressed.

Oliver wasn't convinced he wouldn't be able to stggenery bar, especially since he could
see that each line had counterweights attached. He expressé&eéptisisn to Rosa as the
backstage tour was ending.

"Be careful with those, Oliver," Rosa urged. "lheard people can get hurt badly, and there
are lots of close calls."

"But how heavy is the scenery?" Oliver asked. "With the counterweighgkace, the
difference can't be more than 50 or 100 pounds—or should | say 200 to 400 N? Setktage
hands wouldn't be able to lift them. | can hamdé&e weight than 400 N. | could just hang on the
other rope; | weigh a lot more than that."

"Don't forget the effect of inertia for a moving body," Chris mett. "You know that
someone you can easily push backward can knock you over if you are standargidtiey are
coming at you with a full head of steam. Holdir@N up isn't very hard, | agree. In the weight
room we lift a lot more than that. Stopping evetD@ N weight that someone dropped from above
would be quite a different matter."”

"The inertia doesn't depend on how fast it is moving, does it?" Rosa asked.

"No, that's right," Chris confirmed. "The inerisathe same. A 400 N weight has inertia of
about 40 kg whether it is moving or standing stdut remember that we have to look at momentum.
For some reason, that is usually represented by the pett&ihe momentum is the inertim,
multiplied by the speed.,.

p=m
The momentum depends on how fast it is moving, relative to you."

Dave pulled out a pad of paper from among his books. "We have been lookingeat som
problems in physics class involving two weightg"dommented. "For example, suppose there are
two weights, one of 300 N and the other 400 N, lmapgn the two ends of a rope that passes over
a pulley. To keep things easy we can neglectdrniadnd the inertia of the pulley. Then you cam se
that you could keep the heavier weight from falling by exerting only 100 N."

"Yeah," Oliver said. "That would be easy."

"Now suppose you let go. The heavier weight comes down and the lighter weight goes
up,” Dave continued. "We know there is a net force of 100 N acting, but if we want to know the
effectof that force we have to know how much inertia the two weights have.

"Remember that, on earth, each kilogram hagightof 9.8 N.

w=m g=mx 9.8 N/kg
In this problem, we can work backward from the weight to find the inertia, or mass
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w; =300 N =m,; x 9.8 N/kg
for the lighter weight, so it must have a mass of about 30 kg.

_ 300N 300
- »

9.8ﬁ

kg

kg = 30kg

The heavier weight is 400 N, so
w, = 400 N =m, x 9.8 N/kg
It must have a mass of about 40 kg, as Chris said.
m, = 400NN 5 400 kg = 40 kg
9g - 10
kg

So the total mass is 30 kg plus 40 kg = 70 kg.

"Why do you add the 30 kg and 40 kg together?" Rosa asked. "They are traveling in
different directions, aren't they?"

"Yes, they are traveling different directions," Chris agreed. "One is going up and the other
Is going down, but they are both moving with the rope, which is moving in the same direction
along its length; the rope isn't expanding or contracting. The 40 kg can't go down without
speeding up the 30 kg, also, because they are tied together. So we need to find the total amount
of inertia that is affected by the force. That is the 30 kg plus the 40 kg, or 70 kg altogether."”

"You probably remember the equation,

fnet: m a

In this casef,is 100 N; the net force here is tthiéerenceof the two weights, butis the total
inertia of whatever is being acceleratedpse m;, + m, = 70 kg; andhis the acceleration or,
for a problem like thisa is how fast the speed is changing."

"Putting those numbers into

fnet: m a
we have
100 N =70 kg »a

Therefore the accelerationas= 100 N/70 kg, which is about 1.4 ri/s ," Dave explained.

"Using the calculator, and 9.8 N/kg, | find tmats 71 kg andh is exactly 1.4," Dawn
concurred.

"It looks as if the units should be N/kg, but that doesn't sound right for an acceleration,”
Oliver objected.

"l agree that N/kg would be a strange way of expressing an acceleration," Chris agreed.
"But it can be shown, from the definition of the newton, that 1 N/kg is exactly the same &s 1 m/s .
Accelerations are expressed in meters per second squared.”
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fee =W, - W, =400 N -300N =100N
w, . w, _ 300N N 400N

m=m+m,=—+—== » 70kg
g g 9.8k|\£; 9.8L\Ig
f . = ma

net

100 N =70 kg x a
a_lOON_14m

- 70kg S’

“What is a meter per second squared?” Rosa asked. "That sounds strange!"
Dave laughed. "That is just our short-hand way of writing the speed change, in meter per
second, each second.

m

S m
onemeteipersecongerseconél— =1
S S

"What we have found, Oliver, is that because tiseeag unbalanced force of 100 N, which,
as you say, isn't so very much—only about 25 he-tto weights begin to move. Together, they
have inertia of about 70 kg. So they don't spgedany fast; they only increase in speed by 1.4 m/s
each second," Dave continued.

"Remember, however, that means they are travelihgnls after the first second; they are
moving 2.8 m/s after 2 s; and if they continued5aerthey would be moving at5sx 1.4 /s =7.0
m/s. Even with a moderate acceleration, or ratdhahge of speed, the speed keeps increasing more
and more and pretty soon the weights will have a lot of momentum.

"They have inertia of 70 kg, so by the time theyenheen speeding up for 5 s, they have a
combined momentum of 70 kg x 7.0 m/s =490 kg-m/s," Dave pointed out.

"That would be almost like a running back hittir@uygoing full speed,” Chris added. "While
the weights were sitting still, you could easilychthem still with one hand. It only took 100 But
when they have been falling for awhile, they have a lot of momentum.”

"While we are at it, let's do one more calculati@awn suggested. "Suppose, Oliver, you
tried to stop the weights in a distance of halfesen or about half an arm's length, by holding mlow
on the rope with the counterweight. If they wei@v/mng at 7.0 m/s, they would go one meter in 1/7
S, or go one-half meter in 1/14 s. However, if you are slowing th@vn uniformly the average
speed would be only half as great, so it would take 1/7 s to go half a meter.

"What force do you suppose it would take to stop the weights in 1/7 s?" she asked.

"Can we find that from that same equation we used bdfemn &?" Oliver suggested.
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"Yes. Lets call if,,, , SO we won't confuse it with the net force we elated before. If the
speed changes by 7.0 m/s over a time of 1/7 s, the acceleration is

a= 1OMS _ oM 7 4em
1/7 s S 1s S

The mass to be slowed down is 71 kg, so the force is
fior = Mo @ = 71 kg X 49 mA= 3500 N

You would have to exert 100 N just to keep thermfaxcelerating more, plus about 3500 N to slow
them down. The weights you could hold still witb0IN, now you couldn't stop, even over half a
meter, without exerting 36 times as much force, or more than a thadaf of force,"” Dawn
concluded.

"l guess that explains why people have to be chatsiout letting those lines get away from
them,"” Rosa said with a shudder. "Imagine whaorly take to stop one of those pieces of scenery
if it was falling toward someone."

m = 71 kg a:49ﬂ

SZ

total

f = f

total

- 100 N

Oliver

= ma = 71 kg x 49 1 = 3500 N
S

total

"I guess | should have thought of that,” Oliver #@ted. "I know how important it is not to
let a player get up to speed and use his momengamst you. | just didn't think about connecting
that with the problem of stage scenery."

"It is really a rather remarkable property of our univgr€éiris suggested, "that every object in
it is subject to the same rules. Even tiny elexdtythat we can't see, and huge stars, largemotiman
sun, follow the same rules about momentum."

"I guess all football players should be requit@thke physics," Oliver said, laughing a littl&t b
thinking to himself it sounded like pretty sound advice he was offering.

* * * * *

Practice Problems
1. What force is required to give an object withrtia of 2.0 kg an acceleration of 3.0 f/s ?
6.0N
2. If aforce of 20 N acts on an object with inertia of 2.0 kg, what is the acceleration?
3. A bag of cement with inertia of 25 kg is dropped. Neglecting air resistance,
a. what force acts on the bag?
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b. what is the acceleration of the bag? a. 245 N;b.
9.8 m/$
4. A full gallon jug, with inertia of 4.0 kg, is dropped. Neglecting air resistance,
a. what force acts on the jug?
b. what is the acceleration of the jug?
5. A bucket that weighs 200 N is to be lifted t@af top with a rope and pulley, so a counterweigh
of 100 N is attached to the other end of the rope, at the top.
a. What is the inertia of the objects to be moved?
b. What force acts to move them if the rope is released?
c. What force is required on the rope to lift the load? a 30kg;b. 100 N;
c. 100N
6. If the load and counterweight in the previotabfem are releasedd. the rope is released), what
is their acceleration?
7. An elevator has inertia, or mass, of 1000 kg. There is a counterweight with inertia of 900 kg.
a. What net force must be exerted by the lifting motor to support the system?
b. If the cable to the lift motor were disconnected, what would badteleration of the
elevator and its counterweight? a. 980 N ; b.
0.52 m/$
8. Four people, with combined inertia of 350 kg, get onto the elevator.
a. What net force must now be exerted to support the system?
b. If the cable to the lift motor were disconnected, what would badteleration of the
elevator and its counterweight?

Stretching Questions
A block with inertia of 3.0 kg sits on a frictiosie table surface. A cord runs horizontally froma th
block to a pulley and then down to a weight that has inertia of 0.50 kg.

a. What is the weight of the 0.50 kg object?

b. Considering the two objects (block and hanging weight, fastened toggtheord of
negligible inertia), how much inertia must be overcome to accelerate the objects?

c. What is the acceleration of the objects if they are releasethé rope is unclamped)?

28. Safe Grounds

Dave was particularly interested in the variety of lights on the stage. He stopped to pick up
one of the lamps and examine it. The cord from the lamp plugged into a socket on the light bar.

“Something that has puzzled me for some time,"” Dawn commented, "is why cords like these,
and many of those in our homes, have three wires, and three prongs on the plugs. When we were
looking at the wiring on the car we only needed one wire, plus the return 'ground' through the
chassis. Why do these cords need three wires?"

“There are several important differences between this kind of electricait@nd the car
circuit,” Dave answered. "A car operates at 12 V. That isn't much more than a flashéght
camera or the other devices that operate with dry cell batteries. If you hold theamnieg from
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a 12 V battery, you won't feel anything."

“I don't understand why we feel electricity anyway," Oliver injected. "Can anyone explain
what electricity is?"

“Well, | remember from general science that everything is erttegteror energy" Rosa
responded. "Matter, of course, is anything like wood or metal or water or you or me. The
examples of energy the book gave were light and heat and electricity."

“That sounds pretty up to date — for thé"19 century,” Dave injected.

“I don't usually think of electricity that way," Dawn added, "but it seems you could. Is that
right, Chris?"

“Actually, the wordelectricity means different things to different people or at different
times,” Chris responded. “Sometimes people negeIgy sometimes they megower, which is
the time rate of transferring energy. More often we have in mind, consciously or subconsciously,
the particlesthat carry electric charges.”

“Those areelectrons right?” Dawn queried.

“That’s right, as long as we are talking about electricity in wires,” Chris coefirmiBut
sometimes electricity is carried in solutions, or in gases,” he added. “Then thieigles more
likely to be carried by positive charges, but still by particles.”

“But when we get electricity from batteries, that is energy, isn't it?” Ragzedr

"Certainly a battery is a source of electricity," Oliver agreed. “And it seeme that is a
form of energy.”

“We have to be a little careful,” Dawn warned. "We know we can't create energy. | guess
we would have to say that the battery converts chemical energy into electrical endtrggttés
to describe a battery as a source of energy or a source of electricity, or both?”

“Let’s back up just a little,” Chris suggested. “We talk loosely about sources of energy and
sources of electricity, but we can’t ‘produce’ electri@tyenergy (even though that is a
convenient rough description). A battery stores chemical energy. Through a chemiaah reacti
that energy is converted to electrical energy, which means a chemical reaction peoduce
electric field that separates electric charges. The electric fietddauses the charges to flow
through a wire. The number of electric charges cannot change. They continue back to the
electrochemical cell. There is no ‘source’ of electric charges, and nowheedetttat charges
can get losti.e., no ‘sink’ (or ‘drain’ if you prefer). The chemical energy originally stored in the
cell (as reactive chemicals) ends up getting converted to light or to heat or doing work on
something in the surroundings.

“That's why we say the amount of energy doesn’t change, and the ‘amount of electricity’,
meaning the number of electric charges, doesn’'t change,” Chris concluded.

“I always thought we lost electricity when it goes through a light bulb,” Rosa responded.

“That is a very common misconception, that leads to incorrect conclusions,” Davednjecte
"l think your logic is good," he added, “as far as it goes. If you think of electricity as energy, then
the amount should decrease around a circuit. But we can measure the amount ofyelectricit
passing any point with an ammeter. That's what wecaalént When we measure the current
at different points around a circuit we find it is the same everywhere in the loop."

"Electricity is really just another type of matter,"” Chris explained. "The mstathink of
electricity is as particles of matter that carry electric charges.”
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“I guess if we think of electricity as matter, then that would explain why there iarihe s
amount all the way around the loop," Oliver said thoughtfully. "Matter can't escape frontghe wi
or from the bulb."

“But we do get energy from electricity,” Rosa objected.

“Sure," Dave agreed, "and if | throw a ball at you it has kinetic energy that it caitheis. w
We also get energy from flowing water, as you know. The moving charges transmit the energy,
but they don't disappear when they give up the energy."

“So when we 'feel' electricity, is that something like feeling a ball thrown at Us/&rO
asked. “That isn’t what it feels like!”

“Yes, in part,” Chris concurred. “When you get a bad electrical shock you may get burned.
Electricity going through the skin heats it up, just as it heats up the wire in a light bulb or a
toaster. But also, our nerves work with electrical signals, so sometimes tineiglegorks
directly on the nerves, even when there isn't enough to produce a burn."

“What is different about this electricity from car electricity?" Rosated to know. "You
said you can't feel the electricity from a car. If you touch these wires you can gddaint.”

“There are two important differences. The electricity is the same, but thgevidta
different,” Dave replied. “Do you remember that we said you could find the current, or the
amount of electricity flow, through most objects by dividing the voltage, or emf, by the
resistance"

There was a blackboard at the side of the stage that often carried reminders obthengs t
done before a play or had last-minute notes concerning a production. At the moment it was clear,
so Dave picked up a piece of chalk and wrote

=IR so I= /R

“Your body has a resistance that depends on whether you are calm or excited, and in
particular on whether your skin is wet or dry. A typical value of your resistance, however, might
be 10,000 ohms.

“If =12V andR=10,000 ,then

= /R=12V/10,000
so the current is 12/10,000; call it about 10/10,000 = 1/1000 ampere. One milliampere is quite
safe. As | said before, you can't even feel that small a current.

“On the other hand, the wires in the school or in your home carry electricity at 120 V.
AssumingR = 10,000 for you, the current through you would be

| = /R=120V/10,000 =1/100A=10mA
A current of 10 milliampere is enough to be felt. It won't cook you, but it is big enough to get
confused with the nerve signals in your body. As Chris mentioned, nerve signals are electric
currents too. You may recall that when you get shocked, it seems like a rapid pulsing," Dave
added.

“Is that because the electricity is alternating current?" Oliver inquired.

“Perhaps indirectly it is," Dave responded, "but the pulsing is a lot slower than 60 or 120 per
second. The pulsing you feel is your own muscles contracting and releasing. If a current of 10
mMA or more reaches your heart muscle, it can be interpreted by the heart as a signiadb cont
That may be all right, or it may be at the wrong time and cause the heart to begin beating too fast
without pumping blood."
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“That is calledfibrillation," Dawn offered. “It is a derivation frofiber.”

“Because 120 V is much more dangerous than 12 V, the wiring in your house has to be
designed quite differently," Dave added. "There is a second very important differeneerbetw
ordinary 120 V wiring and the circuits in flashlights and cars. As you know, one side of a dry cell
or a battery is marked + and the other side is -. For almost all purposes—except computers,
meters, and alternators—it isn't particularly important which side is positivelracid side is
negative. The electricity flows in a complete loop, anyway."

“Doesn't it also flow in a complete loop in our homes?" Dawn asked.

“Yes, but with an important difference. It doesn't always flow the same direction ahsund t
loop."

“Does that mean the power company sells you electricity, then takes it back agame?” Ol
inquired.

“No, it's nothing that sinister,” Chris laughed. “An analogy might be helpful. Suppose you
were in a village that had no power source, but a mountain stream flowed by. Then some
inventive person could build one or more conduits that would carry water around the village,
where it could turn small water wheels before being returned to the main streher, damwn the
hill. Then each family could have power available at their own home.

“As the village prospered and more families hooked into the water flow, a power shortage
might well develop," Chris continued. "Then it would be up to an engineer in the village to build a
steam engine that would pump water around to the homes, recirculating the water so tltere woul
always be enough.

“Suppose, however, that the only design available to the engineer was a simple engine and
pump that used the alternating piston motion of the engine to pump water first one way, then
back the other way. For some purposes, such as washing clothes, it wouldn't hurt at all to have
the water moving back and forth; the water wheel driving a washing machine would just give the
clothes an oscillating motion. For most purposes, however, each family would have to adapt their
water wheels to take advantage of the water flow that kept changing directions. Having done so,
they could draw power from the new system just as easily as they did from the original one.

“Because the water goes first one way, then the other, the village people called the new
systemalternating flowor alternating currentwhich they quickly shorten to AC. Then, to
distinguish the original system, they called ttha¢ct current or DC."

“That seems like a helpful analogy, Chris," Dave commented. | was just going to explain how
the neutral wire is always about the same voltage as ground. In the lines coming from the loca
power company, one line—always colored white, so it is identifiable—is kept at about ground
voltage. To use a water analogy again, that would be like pumping water with a system like a
teeter totter; as the teeter totter rocks, water flows downhill first ogietiaen the other, but the
center point doesn't change. So if we think of the white wire as going to the center of the
teeter-totter pump, the black wire that goes to either end would sometimes be higher and
sometimes lower than the white wire. Only the black changes its height; the white wir
constant, in the middle. When the black wire is high, water flows in there and out the wjte wir
when the black wire is low, water flows in the white wire and out the black wire.

“In an electrical system, the black wire is calleehotwire. It is positive for a little while, then
swings to negative, then back to positive, andsih f If you touch that, you will get shocked and
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may get a local burn, or worse. The electricity fltaw from the hot wire, through you, to ground.
The white wire is always just about at ground \gdtd he added. "It is called theutralwire. It
is connected to a rod that goes into the ground right outside your home."

“Does that mean | could stick a wire into a wall socket andgebt shock, if | choose the
proper side of the socket?" Oliver asked.

“Yes, if you choose the correct slot," Chris agre&df course, that trick isn't recommended,
because if you choose the wrong slot (or the electrician made a mistake) it could kill you."

Plug Socket

“You have probably noticed that some appliance plugly go in one way," Dave explained.
“Those plugs are called 'polarized'. For example, a televisiorhaages voltages inside to give
several thousand volts across the picture tube. The manufaetarer® be very sure where the
high voltage is in the set and what parts of the set are safe to touch."

“That still doesn't explain the little round prong on the plug,” Rosa added.

“Too many people were getting shocked or evenreleated from home wiring systems,” Dave
answered, "so it was decided some years ago ta #dd wire, called the safety ground wire, that
is not supposed to carry any current. The idea is that iétbong goes wrong, the safety ground
wire will carry current to ground so it will not go through you."

“Appliances and lights and things work just as welbu cut off that round prong; then it doesn't
get in the way," Oliver advised.

“That is true, but not very smart,” Chris responded. "Your carrwillall right without an
emergency brake, won't it?"

“Yeah, but | wouldn't want to be in one that didn't have the emergency brake," Oliver replied.

“Cutting off the safety ground prong is like cugithe cable to your emergency brake," Chris
continued. "Or perhaps it's more like cutting the brake on someonecalsd¥ecause you don't
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know who else will be using the appliance or cord that you sabotaged."
"I never thought of it that way," Oliver conceded.

“How can we tell which of the slots in an outlet is the hoevand which is neutral?" Dawn
asked.

“You can't always be sure, unless you have checked, because outlets ssngetinvired
wrong," Dave answered. "My Dad found lots of astleooked up the wrong way by the electricians
in his new building. Usually, however, they arereot. Notice that one of the slots is shortentha
the other. It may be harder to push somethingtishort slot, so that is the hot side. If yaslip
a pin or wire into the longer slot, ypuobablywon't be electrocuted or get a shock. It is matars
to check by using a meter, of course."

“Why don't they just use 12 volts in homes? That would be much safer, wotdtiRbsa
asked.

“It would be safer,” Chris agreed, "but there wdoddother serious problems. For example, cars
had 6 V batteries for many years, but when moretratal equipment was added, after World War
II, and the engines went to higher compressionsaii was necessary to go to a higher voltage, so
cars now have 12 volts. Even 120 V isn't enouglsdone purposes. Electric stoves, clothes driers,
and many air conditioning units require 240 V. The 120 V line won't supply enough power."

“I thought | remembered you saying that power was calculatedtfierproduct 1," Dawn
responded. "If so, you should be able to get all the power you needafrpwoltage by just
increasing the current.”

“That works for some appliances, up to a point,” €agreed. "However, the heating power
in any resistancd, is equalto I,and =IR,so |=(R)l =12R;itincreases rapidly when the
current increases. That is no problem in a stavady, because you want it to get hot. It is oot s
good in an electric motor, which is supposed to produce motion, not get hot.

“Furthermore, there is always the problem of getting the electricity to the agpliamgour
home, most wires have low enough resistance that they can carry about 15 A without
overheating. You have fuses or circuit breakers to prevent more than that from going through the
wires and possibly causing a fire. If the voltage dropped to 12 V, you would need 10 times as
much current, or up to 150 A, to get the same power." Chris continued. "Because the heating
goes a$? R, depending on the square of the current, an increase of current to 150 A would cause
10 or 100 times as much heating in the wires. Your home would probably burn down in a hurry if
you drew 150 A through the wires for any length of time."

“To carry 150 A safely, every wire in your house would have to be almost 10 times as thick,"
Dave commented, "in order to make the cross-section area of the wire 100 times.'as grea

"l guess the power company has to have really big wires to carry all the current \puseed
all that our neighbors need,"” Oliver observed. "But the wires | see going cross country don't look
big enough to carry all of that.”

“They definitely are not big enough to carry as much current as we draw," Dave explained.
“What people really want from the power compangasver, of course, not current or voltage.

So the power company sends electricity at much higher voltages. It is sent cross country at
thousands of volts, without very much current, and therefore without very much heating of the
wires. Then it goes throughansformersas it gets closer to your home, that change it back to
lower voltages. A transformer converts the relative amount of voltage and current,\vays a
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subject to the limitation that
1= ol
That is, the power, I, remains the same on each side of a transformer."

He continued. “For example, most homes now are wired for at least 100 A and newer homes
for more than that. The power of 100 A at 120 V is 12 kilowatts." He picked up the chalk and
wrote

= 1=120V x 100 A=12,000 W = 12 kW
“That same amount of power can be delivered with a much smaller current. At 480V,

| = - 12000W _

So even if you draw 100 A in your home, that doesn't represent very much current sent cross
country."

“It's easy to see that the power losses from heating of the wires would be a lotheiss," C
added. "For each ohm of resistance, 100 A gives a heating loss of

=12R= (100 A¥ x 1 = 10,000 W

On the other hand, if the power is delivered at 40 kV, so it requires only three-tenths ampere,
then for each ohm of resistance,

=12R=(0.30f x1 =0.09W

You can see the advantage in sending power at high voltage when it has to travel a long way.
That is why we use alternating current. Direct current doesn't go through transformieese $e t
no easy way to change voltage up and down with DC."

Dave picked up the discussion again. “The power company lowers the voltage at a
substation, so the power sent to your neighborhood is at much less than 40 kV. The last
transformer, usually on a pole outside your house, changegaite 240 V."

“One of the transformers on a pole in our neighborhood blew out recently,” Dawn remarked.
“It really made a loud bang."

Dave continued. “The power company isn’t satisfied with just raising the voltage in feeder
lines. They also send the power as “3-phase” current. Right off hand | can’t explain all the
advantages, but I know it means the power company supplies a lot less current than you would
expect.”

“That’'s where they seem to be selling you electricity, then selling the samacéletd your
neighbor, Oliver” Chris injected. “That technology keeps your electric bills way belowyahat
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might otherwise expect.”

Dave continued. “When the power gets inside your house, 240 V is sent directly to special
appliances that need it, but for most of the circuits in your home the 240 V is divided in half, so
each circuit has only 120 V. That splitting is done at the main circuit panel box."

“Is that the gray box with all the little sideways switches?" Dawn asked. "Ourghis
basement."

“Yes," Chris confirmed. "Those switches are tireuit breakers If there is too much
current in any wire in the house, the circuit breaker is supposed to flip off automatidadiy.it T
has to be reset by hand, after the problem is corrected.”

“In some very old houses," Dave injected, "there are screw-in fuses, instead of circui
breakers. They work as well, except that if you draw too much current, so the fuse blows, you
have to replace the fuse. That can be a serious nuisance if you run out of fuses of the necessary
size."

“I had no idea all of that went on with the electricity | use at home," Rosa exclaimed.

Noise on the stage caught their attention and BRddad, "I think the dancers are about ready
to start rehearsing, so | have to go up on st@geyou want to stay and watch for a few minutes?"

* * * * *

Practice Problems
1. A certain door bell draws 5 A at 24 V. How much current does this draw in the 120 V line to
the transformer? 1A
2. New houses may have circuit boxes and fuses or circuit breakers that allow up to 200 A to be
drawn at 120 V. How much current passes in a 4800 V power line to provide this 200 A?
3. If a toaster is to provide 1500 W at 120 V,

a. what current must it draw?

b. what should the resistance of the hot elements be? a. 125Ab. 9.6
4. When you switch an electric heater from low heat to high heat, are you:

a. increasing the resistance in the circuit?

b. decreasing the resistance in the circuit?

c. increasing the voltage across the heating resistance? or

d. decreasing the voltage across the heating resistance?
5. Most circuits in a home have 15 A circuit breakers.

a. What is the maximum power that can be drawn, at 120 V?

b. How much current is drawn by a 1500 W heater?

c. How much resistance should you have in a heater to give 1500 W?

a. 1800 W ;b. 125A;c. 9.6

6. A certain extension cord has developed a resistance of 2 ohms in the plug. How much heating
does this produce if the cord is connected to a hair dryer rated at 1200 W?

Stretching Questions

1. There is one clear advantage to higher voltages; lower current is required for tippwame

What disadvantages are there to high voltages? Why are household voltages generally no greater
than 120 V, or 240 V in special circuits?

3/1/07 AWOP-247



2. As the temperature of a metal increases, the electrical resistaheevddtal increases. Does
that make electric devices, such as lamps, more stable or less stable? r{fpde akéhe voltage
increases slightly, does the current increase by a large amount or a small amount? Why?)
3. Semiconductor devices, such as transistors, decrease in resistance as thtutempe
increases. Why are metallic resistors often connected in the same citcigemiconductors?
4. Why is a circuit breaker more likely to be tripped, or a fuse more likely to blow, when a
toaster is first turned on than after it has been on for awhile?

Activity
Read the identification tags on several appliances in your home.tReptre power ratings.
Convert each of these to current, assuming 120 V.

29. Giving Her a Whirl

"I've never seen Rosa dance," Dawn said. "Let's watch for a little while."

Most of the dancers were practicing foot work in ensemble motharisiour of the girls,
including Rosa, were assigned more flamboyant yeléh cartwheels, leaps, and a unison spin at
the end of the number.

"Rosa is pretty good at that, isn't she?" Oliver commented quiéllyat Was an impressive
spin.”

After a few minutes the observers slipped out efghditorium to attend to other commitments,
but when they met in the cafeteria the followingmaOliver was still interested in how Rosa and the
others were able to spin so fast.

"All I know is that it works," Rosa explained. "¥M@ush off with one foot, with your arms back
a little and extended. As you push off, you swyogr arms in the direction of your spin, then pull
your arms in close and that makes you speed up. When you let yougaousagain, you slow
down."

"If you want to know a little more abowthyit works, there are at least three different wdys o
explaining what is going on," Chris suggested. ctizaf the three explanations emphasizes a different
aspect of the problem."

"l have always heard that it involvasgular momenturiDawn injected. "As your arms come
in you have to go faster to keep the same anguanentum, but | don't really know why that has
to be, or even what angular momentum is!"

"That's a good start, anyway," Chris responded. He pulled out a pag&fand said, "The
ideas are a little bit complicated, so let's start slowly, biniig some terms. In fact, we can
approach angular momentum from two quite diffedamctions, but we'll start with angular velocity.
You remember we defined that with thght hand rule If Rosa is spinning so that she is coming
toward us on the left and moving away from us @ripht, we say, by convention, that aegular
velocityis pointed upward. A bottle cap turning that saimection would actually move upward
a little."

"Rosa doesn't move upward when she spins. Whyedsay her angular velocity is upward?"
Oliver objected.
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"You are quite right. She doesn't really moverig ane direction. Certainly Rosa doesn't move
in the direction of her angular velocity at all," Chris agreed. caRehat the closest thing to a
constant direction for a rotating object is the direction ofakis. Describing a rotation by a
direction along the axis of rotation is the simptsvention for telling someone else which way the
object is turning.”

"Velocity has the same units as speed,” Dawn commented. fisséwe try to measure an
angular velocity in m/s we have problems, because differers phtihe rotating object move at
different speeds. For example, when Rosa startsgie, with her arms out, her hands move a lot
farther than her shoulders, so her hands have to be moving much faster."

"That would be a problem. To get around the difficulty we measugelar velocitiesand
angular speeds Those measure the changamgleper unit of time. In particular, angular speed
or angular velocity islwaysmeasured in units of radian per second,” Chris explained.

"A radius is the distance from the center to the outside of a circle," Rosa courtetredhat
do you mean by 'a radius per second'?"

"I'm sorry," Chris answered, "l should have explained that term. It isradius per second;
it is aradian per secondA radian is a measure of an angle. Instead of measuring angles in
degrees, we often measure angles in radians."

. : iIstancealongarc _ Dx
J =anglein radians= d garc _

radius r
w = angularspeeds changelh an.gle(ln radians) _ DJ
time interval Dt

w = angular vaocity hasvalue=angularspeed= w
w hasdirection alongtheaxisof rotation, with
direction determinedby theright - handrule.
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Dawn picked up the explanation. "To find #mggle in radians, you measure how far an object
goes around the outside of a circle. Then youwldithat distance by the radius of the circle—the
distance from the center of the circle to the oetskbr example, if a race car goes 500 m around
a track that has a radius of 200 m, we would saga&ihndas gone 500 m/200 m = 2.5 radian. A
radian is about 60 , so 2.5 radian is about 15, ltle less than half way around the track."

"O.K. So angular velocity is the angle, in radiagigided by the time, and is pointed along
the axis, even though there may not be any movemeéhneidirection of the axis at all,” Oliver
summarized. "How do we get from that to angular monmeftu

"Next we have to definmoment of inertid Chris resumed, “which we usually represent by
the letter (for inertia). We find the moment of inertia by mulyiimg the ordinary inertiamq, that
we typically measure in kilograms, by tbguareof the radius, or the square of the distancen of
from the axis of rotation. For a single particle,

| =m P
When there is more than oneor r, we sum over all the particles, multiplying the treeof each
particle by the square of its distance from the exeot rotation."

“Time out!”, Dawn requested. “We defined thmmenbf a quantity as that quantity times
the distance to the center point, or the centeotation. Torque is the moment of a force,f.

An average value is the value of a point for wtitod sum of moments is zero. Is this a new
definition of a moment?”

“Yes and no,” Chris answered. “We borrow the teereho refer to what really should be
called thesecond momemf the mass, or inertia. It has become customacglitd the ‘moment
of inertia’, rather than calling it “the second mornehinertia”, even though it does involvé
rather tham.”

"That sounds as if it might be hard to calculategib suggested.

"It can be, for many objects. Fortunately, theesome very simple results for several
familiar kinds of objects, and often those are @lwveed. For example, a hoop has all of its
inertia in the rim at the distanceso for a hoop,

=M R (hoop)
where | wrote capitd¥l as a reminder we are talking about the total ineftiine whole hoop,
andRis the radius of the hoop. If you have a disk with same total inertid, and the same
radius,R, much of the inertia is nearer the center, so theemd of inertia is less. Fortunately, it
turns out to be just half as much, which makes i émsemember.
| =%M R (disk)
Those are the only two examples we have to knowtaight now.

| = moment of inertia = sum of mr? for all mass points
r = distance of masspoint from axis of rotation
For rotation about center axis :
. 1
Hoop : | = MR? Disk : | :EMRZ

where Ris the radius and M is the total mass.

3/1/07 AWOP 29-150



"We have defined two quantities,” Chris continué&dihe first is angular velocity, a vector
guantity, which we represent by the small Greeletetimega, . The magnitude is the angular
speed, , which is the rate at which an anglechanges with time,

DJ

Dt

The angle, , hasto be in radians. The second quantity waeleis the moment of inertig,
which is equal tavl R for a hoop and Y R for a disk.

"For any symmetric object, like a hoop or a dikle, &angular momentum is then just the product
of  and ," Chris added.

“Hold up a minute, Chris,” Dawn requested. “We Wrthat momentum is , and in rotational
problems the moment of inertig,more or less plays the role of mass and we sutesangular
velocity, , for velocity. So it sort of makes sense to tallan angular momentum. But it still
doesn’t look quite right. Maybe I'm just not vergmfortable yet with the idea of an ‘angular
momentum’.”

“Fair enough,” Chris responded. “There is anothay of looking at it that may help. If a mass
particle has a momentum , and it is moving at a distancérom some point, then we can say that
it's motion has anomentabout that point, given by a product times thatagiser — this time it
really is the first moment So the moment of momentdrwould bem r, or lettingp be the
momentum, thenoment of momentuisipr, or betterp xr.”

Dawn hesitated a moment as she made some quick tiea smiled and said, “It certainly looks
different, but it is the same thing, isn't it. Wad earlier that

= r

SO

pr=mr=mr> =|
| think | like ‘moment of momentum’ a little better, bas long as they are the same thing we can
certainly call it ‘angular momentum’.

"What is the symbol for angular momentum?" Dawn asked.

"Several different symbols appear, but one of thetrmosimon is a script L,. Angular
momentum also has a direction, which we take to liee same direction as angular velocity, so we
can write

=
which says that thengular momentum , is equal to the product of tieoment of inertial, and
theangular velocity , and is in the same direction as So we can interpret that as a vector
equation, =1 .”

“That seems like a lot of math,” Oliver observed.oWdoes that explain why Rosa speeds
up as she pulls in her arms?"

"Very simply, as Rosa pulls in her arms and Baslde is moving some of her inertia inward to
a much smaller radius. As the radius gets smatflaf,gets much smaller. For example, if we
treated Rosa as if she were a disk, she would aadius, with her arms out, of close to a
meter. With her arms pulled in, her radius wouldydrd about 20 cm, or 1/5 as great. That
means that Y1 RZ would decrease to about (#5) or 1/25 as much."

"l certainly hope | never look like a disk!" Rosec&aimed.
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"No danger of that," Chris assured her, joiningltheghter. "My choice of shape was strictly
for ease of calculation," he added.

He continued. "Now, there is a principle, as Damentioned, that says that angular
momentum is constant. If we want to be a little maneful, and still keep things very simple,
we can say that angular momentum of any object ist@onr is ‘preserved’ unless we are
twisting the object, or exertingtarqueon it. | is constant, so

L =1
We said that, would be about 1/25 as largelasso , has to be about 25 times as large a®
keep the product, , constant. When Rosa's moment of inertia decreaseangular velocity
increases, to make up for it. Therefore she spistef."

"l guess | can accept that angular momentum shoutdhgtant, although | don't knomhy
itis," Dawn responded. "What bothers me is howcgrespeed up without some force acting.
When we are talking about ordinary inertig,and momenturm , we know that velocity can't
change without a force. We use the equdtigr ma quite often.”

"Let me put that off; we don't have much more time keetbe bell,” Chris suggested. "I will
just say that we are talking about rotating systantsit is often convenient to simplify such
problems by introducing factitious forces.”

“Do you mean fictitious’ forces?” Dave interrupted.

“No. Again, we’ll have to come back to that,” Cheisplained. “Very briefly, something
fictitiousis made up, so it can be anything you want it to Dells and fairies are fictitious, so
different people have very different ideas of whatoll or a fairy should be like. What | was
referring to was something that iatitiousforce, which means it is devised for a special
purpose. In principle, everyone works with the sgpnecise definition of a factitious force. One
of those icentrifugal force which you have often heard about. The otheri@tieeCoriolis
force That is the apparent force that explains whylpendulums change direction and why
winds blow in circular patterns. The Coriolis feralso explains the change in speed of rotation.
That is the second way of looking at her spin."

"It seems that quite often you can explain the sarmegss either with momentum or with
energy. You have explained the change in speeddwring that the angular momentum should
be constant. Could we also explain it by sayirad Bosa's energy of rotation is constant?" Dave
asked.

"No, but that does raise another good point, aedhhd way | suggested we could look at
the problem. Although | won't try to prove it righdw, the energy of rotation looks very much
like ordinary kinetic energy, except we substitoi@ment of inertial, for ordinary inertiam, and
we substitute angular speed,for ordinary speed,. Then it can be shown that for any mass
moving in a circular path,

KE. = %am 2 = %] ?
That is, the kinetic energy of rotation isl¥22

"You can easily see thatlif is constant,theh 2 =( ) cannot be constant. As Rosa
speeds up, she is gaining rotational energy. \Wbes it feel like as you are first pulling your
arms in, Rosa?" Chris asked.

"It is sort of hard to pull them in," Rosa repliett feels as if something is trying to pull
them out. | guess that is the centrifugal force yawe talking about a minute ago."
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"In order to speed up, Rosa has to pull her armsoirshe is exerting a force through a
distance. In other words, she has to supply tkiah @nergy herself. But then, remember that
she also had to supply the energy to start spinfmpgushing herself off with her leg. As she
supplies energy, by pushing off or by pulling hensin, she goes faster, and has more rotational
kinetic energy," Chris concluded as the bell rang.

Dave decided there were some things Chris had meuwtittvat hadn't yet been explained. He
looked forward to a chance to hear more about sortteos€ ideas, but thought it would be a
good idea to go back to the library to read abouotesof them before then, also.

Practice Problems

1. When atop is spinning counterclockwise ¢dserved from above), in what direction is the

angular velocity? up

2. To rotate a nut so that it moves toward yown{frthe end), should you turn it clockwise or

counter-clockwise?

3. What distance does a car move on a circulaxk taf radius 300 m if it goes over an angle of

2.0 radian? 600 m

4. A runner moves 500 m around a circular trackithad®00 m in circumference. Through what

angle, in radians, did the runner move?

5. A model train goes around a circular track5i0 seconds. What was the angular speed of

the train? 2 /S rad/s

6. A motor is designed to rotate at 3450 rpm diegions per minute). What is the angular

speed of the motor?

7. Arod (of negligible mass) 1.0 m long has a snedid ball with inertia of 1.0 kg at each

end. What is the moment of inerfiaif the rod rotates about its center? 0.5 kg-m

8. What is the moment of inertia if the rod of pehl7 rotates about one end?

9. What is the moment of inertilg,of a hoop that has inertia of 3.0 kg and ausdif 0.50 m?
0.75 kg-m

10. What is the moment of inertia of a disk that Iraertia of 3.0 kg and a radius of 0.50 m?

11. If the hoop of problem 9 rotates about its axi$0 rad/s, what is the angular momentum of

the hoop? 7.5 kg|m /s

12. If the disk of problem 10 rotates about atas at 5.0 rad/s, what is the angular

momentum of the disk?

13. What is the rotational kinetic energy of tleop of problem 117 375

14. What will be the rotational energy of the hafops rate of rotation is doubled?

30. Branching Out

Oliver had agreed to help Dave in setting up ligghtor the play, emphasizing that he didn't have
much experience in working with lights or electiydout was willing to learn. Their first task was
to check all the wiring for safety before mountihg tights and inserting the colored gels.

“I've been bothered by some of what you were ggllia about electrical circuits, Dave,” Oliver
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commented as they started. “It seems that songethirst have been left out. Let's take an example
of a 60 W bulb in a 120 V circuit. If | remembearcectly, thepower, 60 W, is equal to the product
of theem{ , and thecurrent 1.” He wrote on the blackboard,

= | watt =volt x ampere

“That means that 60 W =120 Mixso | = %2 A. We also figured that the resistancetbad

be

R=— =22 —pa0n
I 0.5A

So every 60 W bulb must have about 24€esistance, at least when it is glowing hot,” @tiv
continued.

“That's right,” Dave agreed.

“Now, what bothers me is, if | turn on a second 6®ub, that is 480 . But

so there would be less current than before. Tloaldvmean each bulb should be less bright. In
fact, using
=I’R

each bulb should now have a power of (0.25 A) x 24915 W, so two bulbs would be 30 W.
Two bulbs come out to be only half as bright aslaub. | know that actually you get twice as
much light from two bulbs as from one, not half as mudéfhat am | missing?”

Dave smiled and replied, “Everything you have samdiM be correct, but there are some
hidden assumptions we did not discuss. First, lesmosv you that if we connect two 60 W bulbs
in line across 120 V they will be very dim, as yealculations suggest.”

Dave loosened some screws in outlet boxes and mowved wires so the bulbs were
connected “in series”. The electricity had to gmtigh one, then through the other. When he
plugged the circuit into the wall outlet and fligpa switch, each bulb glowed, but very weakly.

“We can treat the two bulbs as resistors, whichusigally represent as saw tooth lines, like

PR - =

this,

Dave explained, as he drew the circuit on the hodfdve had a cell supplying the emf we

would represent it by two parallel lines, of di#fat lengths and thicknesg- ; when we have an
AC supply, we usually represent it by a sine wawa circle, © . What | have hooked up here is
two bulbs in series.
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The total resistance is the sum of the resistarsceis, this case it would be

R=240 +240 =480
just as you had figured. The current you calcdlagealso correct (to the approximation that we
can neglect the effect of temperature change ohuhy.

We can see that the bulbs are not very brighteeidhe of the bulbs would give more light by itself

“Now let me change the wiring back the way we uguave it". Dave flipped the switch off,
pulled the plug from the socket, and again loosegeelws and moved wires. "l am putting the two
bulbs ‘in parallel’, so the electricity can go thgheitherone bulbor the other bulb.

That way, there is 120 V acrosachbulb. Each bulb gets 120 V/(24Q = 0.5 A, so the power
in each bulb is
=1?’R=(0.5A¥ x240 =60W

Together, the power is 60 W + 60 W = 120 W."

When he plugged the circuit in again and flippesldtvitch, each bulb returned to its normal
brightness.

“We hadn't talked about the difference betwsenesandparallel circuits,” Dave continued.
“If we want devices to behave independently of eattier, we connect them in parallel. Turning
on one light shouldn't affect another light or te&igerator or toaster.

“When we want one device to depend on another,omeect them in series. This switch is
in series with the two bulbs,” and Dave modified diigawing to show the switch in the circuit.

“There are two wires going to each bulb and tostiéch, but you only have one of the
wires going through the switch in the drawing.thiat correct?" Oliver asked.

“Yes. You can see in the electrical box here thatblack wire—remember that is the hot
one—aqgoes in one side of the switch and out therpsio to speak. That is, the black wire is cut
in two and the two ends are attached to the twevscof the switch. The white wire goes past
the switch, without being connected.”

“Wouldn't it be safer to have both wires go throagswitch?” Oliver persisted.
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“Actually, that would be somewhat dangerous. Remertitzithe white wire is neutral,
close to ground voltage. If we broke the whiteJiwith a switch, without breaking the hot line,
the 'neutral’ line would become hot. To avoid fiagsibility, the rule is to always avoid breaking
the white line.”

“If we have two or more bulbs in series, | can fthd total resistance by just adding the
resistance values. Isn't that right? That obJyodsesn't work if resistors are in parallel. Isit
any way of knowing the resistance then?” Olivereask

“It is almost as easy, but not quite,” Dave repliéBor resistors in series,

R=R +R,+R;+ ... (Series)
but when the resistors are in parallel we add ¢grocals.

1_1,1 .1, 4xparalel
R R, R, R,

“Why do we add them upside down like that?” Oliveanted to know.
“When there are two or more bulbs in parallel, edr@ws the same current as if it were
alone. The total current is the sum of the curremédl of the bulbs, or other resistors.

=1, +1, +1; + ... (Parallel)

Now, becausé= /R,

| = — = + + + x
(Parallel) R R, R, R,

The emf is the same (for example, 120 V), so we eatof it out'. We write

1 1 1 1
| = — = —+ —+—+ x

R R R, R
The quantity inside one pair of brackets must baktmguthe sum inside the other pair.

i + — + — + x (Parallel)
I:zl RZ R3

1
R
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“See if you can find the resistance when therevaoe60 W bulbs in parallel,” Dave
concluded.
“O.K.,” Oliver began. “We know each one has as&siceR=240 . So we write

1 .1 _ 2 _ 1
240W  240W 240W 120W

1_
R

Does that mean the resistance is only 1/120 of am?ofithat seems too small.”
Dave smiled. “You got left standing on youatgOliver. You found

1 1

R 120 W

and then you forgot to turn it over.”

“Oh, | see,” Oliver laughed. “It says tadt 120 . We can see if that is reasonable.

“It says the resistance for both bulbtessthan for either bulb. That seems just a bit strange
but | suppose it does make sense because if tretevaupaths, it is easier for the electricity to
get through, which means less resistance,” Oligaticued.

“Let's calculate the current,” he added. “Tti&l current is

That says the two bulbs, together, draw one ampEnatdoesmake sense because we had
found before thagachbulb draws %2 A. As you said before, we add theenis.”

Just then Rosa came by on her way back fronmeed@hearsal. “What are all thasembers
about?” she inquired.

Oliver decided the best way to see if he ustded it was to try to explain it, so he reviewed
quickly what they had just gone through. “If tteeree electricity has to go through both resistors,
they are said to bia series Then the resistance is the sum of the resistaalces,
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and the current is cut down.

“If the electricity has a choice of going thgh oneor the other, they ara parallel. Then
the total current is the sum of the currents, sa¢lestances add as reciprocals.

1 1
R R,

1
+
R1
The resistance is less and the current is gre&ach resistance gets the same current it would

have gotten if it had been there by itself. WHentvo resistances are the same, the current is
twice as great as for either one.”

“Wait a minute!” Rosa demanded. “Let's suppose léetgcity comes in here at the left.
Now if there is just one bulb or resistor or whateyou call it, all the electricity should go
through that one. But if there are two bulbs, thalf the electricity should go through the top
and half through the bottom, so each should getasafthuch as before.”

“That conclusion would be correct if it were trinat there was a fixed amount of
electricity,” Dave confirmed. “Actually most sourcalsemf act, in practice, as if they could
supply much more electricity than the circuit willcaV to flow.

“It may help to switch to one of Chris’s water argaés. Of course, we have to be careful
with analogies, because there are always diffeeebhetween the analogous systems, but think of
a mountain lake that feeds several streams at diffémeations around its edge. The flow in one
stream will probably not depend on the flow in atiyeo stream. Of just think of turning on a
faucet to get water at home. Turning on a secomcetawill usually give the same amount of
flow, independently of the first faucet. Electtycivorks that way. Turning on one bulb that
takes 1 A doesn't prevent a second bulb from algmgel A, or prevent a toaster from getting 8
or 9 A.

“Of course, it is possible to make the lights dinebyi if you turn on a very large motor or
something else that draws a lot of electricity faeaond or two,” he added. “That would be like
momentarily opening a sluice gate to a large streaivoleich could temporarily drain water
from the other streams until the level readjustedudlly, however, one appliance has no effect
on other appliances, even in the same room.”
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“Is there anything more on these light bars we rieatheck?” Oliver asked as he finished
examining the last string.
“I think they are ready,” Dave answered. “Wen't put the gels in—those are the color
filters—until we know a little more about the ligig plan for the play.”

Reminder : = IR P= | =I°R=

Practice Problems
1. Three 60 resistors are connected in series with a 12 \ébatt

a. What is the effective resistance of the thez@s resistors?

b. What is the current in the resistors? a. 180 ; b.0.067 A
2. Four 50 resistors are connected in series with a 24 V eonfce.

a. What is the total resistance?

b. What is the current?
3. The three 60 resistors are connected in parallel and the 1attely connected across this
combination.

a. What is the effective resistance of the pdredlgstors?

b. What is the total current?

c. What is the current achof the resistors? a.20 ; b.0.60A;c.0.20
A
4. The four 50 resistors are connected in parallel and the 2m¥/seurce connected across
them.

a. What is the effective resistance of the pdredlgstors?

b. What is the total current?

c. What is the current achof the resistors?

5. How much power is drawn by the three 6@esistors in series (problem 1)? 8 W.

6. How much power is drawn by the four 5@esistors in series (problem 2)?

7. How much power is drawn by the three 6@esistors in parallel (problem 3)? 7.2W
8. How much power is drawn by the four 5@esistors in parallel (problem 4)?

9. What is the resistance if a 3and a 6 resistor are connected in parallel? 0 2.
10. What is the resistance if a 2and a 4 resistor are connected in parallel?

Stretching Questions

1. One test for series or parallel bulbs is to negre bulb. Explain how this could give you
information about how the bulbs are connected. Wilmatld happen if the bulbs were in series?
What would happen if the bulbs were in parallel?
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2. A schematic wiring diagram for part of a housee@esented.
a. ldentify which combinations of outlets, lssppnd switches are in series.
b. Identify which combinations of outlets, laanpnd switches are in parallel.

31. Around the Rainbow

“Are the other colors of gels stored somewhereVélinquired. "l only see red, yellow,
and blue here."

“That's all we need. With those three colors we ca
make any shade we want," Dave explained. He stepped
over to the blackboard and drew a large circle ctvie
then divided into six parts. Starting wigy for red, he
labeled the other®, Y, G, B, andV, in succession, for
orange, yellow, green, blue, and violet.

Simple version of a color wheel. When colors

are added, an intermediate color is obtained
(e.g., yellow + blue = green). If a color is
subtracted, the opposite (complementary)

color is obtained (e.g., green from white gives)red
Color names and wavelengths are approximate.

“This is only a rough representation,” he commeritedt it is adequate for many purposes. At
least it is good enough to understand some simplerements that demonstrate how colors add."
He threw some switches that darkened the room, thea pright red spot on the wall and added
a yellow spot next to it. Then he moved the spastteer so they overlapped.
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“That combination gives orange,” Oliver observed.

“That works for other colors, too,”"Rosa offeredBIte + yellow = green, for example. We
learned in art class that any two colors give thleran between.”

Dave separated the red and yellow spots again atral [plue spot next to them. When he
overlapped the yellow spot and blue spot, he predacgreen light on the wall, confirming
Rosa's prediction.

“What if the colors are opposite?” Oliver asked.

“Let's start with all three colors,” Dave suggestaslhe combined the red, yellow, and blue
lights into a single spot.

“That isn't colored any more!” Oliver exclaimed. 'Sljust as if you put on a white light!”

“That's what we expect from the diagram,” Dave exydi “Any three non-adjacent colors
can be considergatimary colors. They add together to give white. Usuallyahoose red,
yellow, and blue, for the easiest description,eaitcould equally well use orange, green, and
violet, or red-orange, yellow-green, and blue-viole

“A more accurate description must take into consittamahat the filters we have available
don't give us sharp, single colors. For examplmmercial filters are often chosen as ared, a
yellowish green, and a blue-violet, which are commaalled red-green-blue, or RGB, for
television sets and computer monitors. For othepgaes mixtures of these RGB primaries are
chosen. They are known as magenta, a mix of thedndeed which is a purplish color, cyan, a
mixture of the blue and green, and yellow, a mixofrthe green and red that is centered about
yellow. | don't think we need to worry about thakstails today.

“Now let's look at your question about oppositeocs)’ Dave continued. He again
separated the three lights to show red, yellow,ldund spots. “If | combine yellow and blue, we
get green,” as he overlapped the two colors. “Ndwat would | get if | added red to the green?”

“That's what you just did before,” Dawn observédhat gives you red + yellow + blue
which is white.”

“That's right,” Dave confirmed. “Red and green gwiaite. Colors opposite each other are
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calledcomplementary-that's spelled with a& meaning that thegompleteeach other.
Complementary colors add to give white.”

“But that's not what we learned in art class,” Robgected. “If we put red and green
together we get something that is closer to blaak thhite!”

“Yes, but that's a different experiment,” Dave reg@ipicking up some filters. “You can see
that this filter looks red, and if | put it in thehite light beam, we get red light. What would |
have to add back to the beam to get white again?"

“Green,” Oliver answered immediately. “That's wha showed just a moment ago.”

A filter that subtracts green passes red, in a ezbgam.

“Good. You see the filter looks red becausabi$orbsthe complementargolor.” He
removed the red filter and inserted a yellow filtethe white light beam, producing a yellow spot.

“I would need to add violet to this yellow to gehie.” Then, replacing the yellow filter with
a blue filter, to get a blue spot, he added, “Angblld need orange to go with this blue light to
get white; the filter looks blue because it remoweghge.”

“l think | see what would happen,” Dawn inserteblut' let's try it anyway. Put all three
filters in at once.”

Dave started again with white light, then put ia tked filter greerabsorbing) to get red
light. Then he put in the yellow filtevipletabsorbing) and the red spot turned orange. “Yeu se
with only two colors, we seem to get the same priesiahether we add or subtract,” he noted.
“The red filter plus the yellow filter gives orangdthough it is green and violet that are being
absorbed. You can think of the green and violetcasl to blue, and removing blue leaves
orange.

“Now what will happen when | add the third filter the orange beam?” he asked.
“Remember that the third filter appears blue.”

“If it appears blue, that means it is absorbing geghOliver answered, “and if you take
orange away from orange you shouldn't have anyteiig

Dave inserted the blue filter and the spot disapgzkas predicted.

Rosa looked thoughtful as Dave brought the roomtdiglack up slowly. “That's a little
tricky when you subtract colors, but | guess |\wbg it has to work that way.”

“Maybe it will help to think of it as parallel arskries paths for the light,” Dave suggested,
making some sketches on the board. “Subtractingigreen one beam gives red; subtracting
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violet from a parallel beam gives yellow; subtractorgnge from a third parallel beam gives blue.
Now the three beams together give red + yellow € blhich is equivalent to white light—at
least if we have picked the right shades and iitieagor each of the beams.

“By contrast, paint pigments subtract colors fromtevtight. If we subtract green, violet,
and orange from a single beam (in series), nothiteftis

“Let's do one more experiment,” Dave suddenly sugglesHe took the room lights down
again and put a bright red spot on the wall. “&asicentrate on the spot for a minute,” he
instructed the others.

A minute later, he added, “Now look away,” and heéd off the red spot. As he was
bringing the room lights up again, each of the atlexclaimed over the green spot they were
now seeing.

“It goes wherever | look,” Rosa remarked.

“Color vision is pretty complex,” Dave suggestedyt'think of the eye as having chemical
detectors for three primary colors. When you conmegaton one color, that chemical gets
temporarily used up and we see the complementary.tolor

“It's fading now, thank goodness,” Oliver laughé&wVill that work with any color?”

“Yes. You always see the complementary color whangfose your eyes or look away,”
Dave confirmed.

“You said at the beginning that the color circlemy an approximation,” Dawn reminded
him. “It seems to work pretty well. What is approxtsmabout it?”

“In the first place, for careful color measuremer tircle gets changed into a distorted
circle. Then, as | mentioned, because names likamddlue aren't very specific, they are
replaced with names that are more sharply defined.”

“The colors you show on the color wheel are aika the rainbow colors, aren't they?”
Oliver observed.

“Yes,” Dave agreed, “although there is traditiopahother color name included in the
rainbow. That may be in part because seven wasatisidered a very 'special’ natural number,
and in part because the blue and green labelsshéted a little more toward what we might now
call blue-green and yellow-green. The 'deep hlas calledndigo. At any rate, it is easy to
remember the colors of the rainbow if you remembeivibed VIBGYOR Or, if you prefer, just
think of the fellow whose name is Roy G. Biv.

“l think that's about all we can do now on theghts,” Dave added. “If | get more
information about how we should set them up for tlag pll let you know tomorrow at lunch.”

* * * * *

Practice Problems
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1. The color wheel gives a closed-cycle pictureaddrs, but the actual frequencies vary from
red, at 4x18 Hz, to violet, at about 8¥10 Hz (cspanding to wavelengths between about 800
nm and 400 nm). Beyond the red is the infrared regial beyond the violet is the ultraviolet.
All substances absorb somewhere in the ultravielgion. As otherwise transparent organic
materials become oxidized.@.by aging) the absorption tends to move more and nowrart
the visible region. From the color wheel, what caloould you expect such materials to acquire
as they age? yellow
2. High frequency radiation is typically scatteradch more strongly than low frequencies. (The
scattering typically depends on the fourth powetheffrequency.)

a. What color(s) should therefore be most strosgattered from sunlight by molecules and
dust in the atmosphere?

b. What color(s) should the residual (unscatteradiation exhibit?
3. Plants often look green because of the chlgidbfirat absorbs light to drive the photosyn-
thesis process. What color light would you exmétbrophyll to absorb most strongly? [R]

Stretching Questions

1. Is “not adding” green really the same as “sultitng” green? What effect do you expect from
filters that pass more than one band of color, lmarad that is wider than one color? What effect
Is produced by varying intensities of differentifpary” colors, without changing the bands? Can
you turn yellow bananas to green bananas by chgmglative intensitiese(g.,on a television set
with color adjustment controls)?

2. Some laundry products contain fluorescent dyasabsorb near ultraviolet radiation (just
outside the visible region) and re-emit the enegyyisible light. If you were developing such a
laundry product, what color would you want the netéed radiation to be, and why? Why are
the products often advertised as making shirts #mel @lothing look especially "white"?

32. Sparks

“Ouch! That hurt!” Rosa exclaimed as she reachea fdoor knob and drew a spark.

“It helps if you have a key or something else metaldur hand,” Dave suggested. He
walked across the carpet, holding some keys indmsl htouched the door knob, and drew a
spark between one of the keys and the knob.

“Didn't that hurt?” Rosa asked.

“No, | could see it and hear it, but | really didig'el it at all," Dave responded. "The key
took the jolt. There isn't enough current in thark to hurt my hand when it is spread out over
the relatively large surface area of the key."

“I never have understood why friction causes sphbkksthat," Oliver commented. "l know
it works much better in the winter time than in summaed it depends on what kind of surface
you are on and what kind of soles you have on gboes. But that doesn't tell mwéayit
happens.”

“Those are good observations, Oliver," Chris remark& ou get bigger sparks in winter
because generally the air is drier in winter. dhby place | would differ with your summary is in
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attributing the effect to friction. We learnedghysics that’s a very common misconception."

“I've always heard that friction causes the steliarge buildup,” Dawn objected. "Certainly
you get static charges on balloons, for exampleubping them on a wool skirt or sweater; then
the balloons stick to walls and such."

“l didn't mean to say that rubbing wouldn't helgZhris elaborated. "What | meant was that
the process doesn't depend on friction."

“I guess | don't follow what you are saying," Damgected. "If it isn't friction, what does
cause the effect?"

“To explain that, | have to say something abouteleetrons in materials. 1 think you all
know that all substances consisatdms which have positively chargeuicleithat are
surrounded by some negative charges, callectrons so that the whole atom is neutral. In
solids, adjacent atoms interact with each othet iso't possible to say that a certain electron
belongs to one atom rather than another.”

“But if an electron moves from one atom to anothem'ooth atoms be charged?" Oliver
objected.

“That would be correct, if that was all that happefi Chris agreed. "On the other hand,
perhaps another electron moves the other direcebmden the same atoms, or an electron from
a third atom takes the place of the missing electhen you have billions of billions of atoms,
many changes are possible, including some that segenulikely for any particular atom or pair
of atoms."

“Can an electron really wander very far away from étom it belongs to?" Dave asked.

“That depends on the substance,” Chris explairnad,the point is, really, that electrons in
solids don't 'belong’ to any one atom. It's aelikit like asking what classroom you belong to in
high school. At any given time, you are probablgidassroom, but a little later you may be in
another.

“In copper or silver or othezonductingmaterials, any given electron may move anywhere in
the solid. Of course, there are always other glastmoving around too, to prevent unbalanced
charges. Imonconductingubstances, such as glass or rubber, electronstaaowe around
very easily, so it is possible to build up chargesome part of the solid, especially near the
surface, by adding or removing a relatively few #lmes—perhaps a few billion."

“That doesn't seem like a very small number," Olieeighed.

“No, it isn't a small number by our everyday standdr@hris agreed, "but that still amounts
to a small charge as we measure it with ordinarypegent.”

“What does happen, then, when you walk acrossufp@r rub a balloon against a sweater?"
Dave inquired.

“A few electrons move from one object to another,ti€answered. "But even if a billion
electrons move, that leaves almost all the electrdrese they were; less than one in a billion
have moved.

“How can you tell how many electrons have moved?" Dagked. "We can't see them, so
it's obvious we can't count them. Even if we coukljre wouldn't want the job of counting a
billion or two!"

“You are right about that!" Chris agreed. "We cotlnem indirectly, by measuring the total
charge. The charge on an individual electron waasored near the beginning of thé"20
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century, and much more accurately since then. Haclren carries a charge of 1.6x0
coulomb"

"That sounds small, but what is a coulomb?" Olivéeds

“You're catching on, Oliver," Chris responded. ETiumber doesn't mean anything without
knowing something about the unit. Let me answer go@stion in three different ways.

“First, because we have never observed any obgectiog a charge smaller than that of a
single electron, we can say that the smallest dirmharge that might be carried by any particle,
whether it is a dust particle or microscopic pagtict even smaller, is the electron charge. That is
the 1.6x103° coulomb | just mentioned. So you cartisgtea coulomb is quite a lot of charge
compared to an electron or to the very small chasgetust and so forth. We represent the
coulomb by a capital C, incidentally.

“Second, if we send charges through a wire, we miealecurrentin coulomb/second; that
unit of current we also call aampere A 60 W bulb draws %2 A, which means %2 C of charge
passes through the filament each second.

“Third, if you try to put charge onto an object buas a metal sphere, you find it gets harder
to add charge as the amount of charge already asptiexe builds up. For a conducting sphere,
the voltage required to push a small amount of change the sphere depends on the chagge,
already on the sphere, and on the radR®f the sphere.

V =9x10@
R

whenV is in volts,q is in coulombs, an®is in meters.
“For example, even on a huge sphere that is twemneicrossR =1 m, a 12 V battery could
only push about one billionth of a coulomb onto spiere.

_ 12V x1m

—=13x10°C
9x10
It would be hard to store a coulomb of charge onsghere of reasonable size.”

“Those numbers are so big, or small, that | havebleograsping them," Oliver admitted. "I
do know, though, that a billion is a big number. &Salllionth of a coulomb would seem like a
very small amount. Still, I think you said that wablile a lot of electrons.”

“Yes," Dawn agreed. "Chris said each electromiy @.6x10" C. That means a charge of
1.3x10° C is about 8x20 electrons, or 8 billion &l@gs. It seems surprising that we can get
even as large a charge as we do onto a ballooglasa rod."

“It is helpful," Chris suggested, "to imagine a ddhat consistenly of the positively charged
nuclei. We have to imagine such a solid, becauseowkin't actually make one; the nuclei would
push each other away.

“Now, if we added a few electrons to our solid,ytweould be grabbederystrongly by the
nuclei. It would be something like stones fallirfahigh cliff; the stones, or the electrons, go t
much lowerenergy statethan they had originally, or to a much lovpatential which we
measure for the electronsvunlts The next few electrons go to energy statesatetlmost as
low, but not quite, because the electrons all repeh other.
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“l suppose you could compare it to dropping thoseest down a pipe, or into a conical
bucket, from the top of the cliff. The first ones gl the way to the bottom, but then they keep
later stones from reaching the bottom. As we coetamading electrons, we would eventually
reach the point that we had as many electrons &s llael been positive charges. The solid is
then electrically neutral," Chris pointed out.

“Does that mean the last electrons wouldn't 'fdlkleé cliff', to use your analogy?" asked
Dave. "When the substance is electrically neutiaah, the last electron be added or removed
without any change in energy?"

The first electrons added to a solid fall to the
lowest energy state. The last electrons have
relatively very high energies, with values that
depend on the particular material.

“No, it doesn't work quite that way," Chris cautsmh "Some kinds of nuclei grab and hold
electrons much more strongly than other kinds ofeiucfhat means that even the 'last’ electron
may be held at a fairly low energy, and that solil twen be inclined to add even a few more
electrons and become negatively charged. Otheslaohduclei hold electrons less strongly, so it
may be easy to steal the last electrons away froradin

“Imagine adding marbles to glasses of different segdgehris went on. "Even though you
add the same number of marbles to each of two glassesiarbles may fill one glass to a higher
level, or a higher potential, than the other.h# tharbles in the taller glass are near or above the
level of the top, then without tipping either glaissnight be easy to shake some marbles from
one glass to the other, but the marbles would ndtagé with more shaking.

“Now, suppose one of those substances is rubbethanather is wool. Then, if the rubber
and wool are brought into contact— by rubbingimpy by pressing them together—some
electrons move from one substance to the other. |[&aats both substances charged, one
positively and the other negatively. Both are momtucting, or insulating, materials, so the
charges cannot move away. That's why the balloohasged and sticks to other objects, like the
wall," Chris added.

“Wait a minute!" Rosa cautioned. "You said the wgets charged and the balloon gets
charged, but how did the wall get charged? QGwafwall isn't charged, why does the balloon
stick to the wall?"

Chris laughed. "I guess | did leave something didi)'t I? Consider what happens if you
bring an object that is charged near an unchargpgst without letting them touch. Charges in
the uncharged object are attracted to, or repéyethe charged object. If the uncharged object
Is a conductor, the charges can move freely, buisfa nonconductor, the charges cannot move
very far. Electrons can only be pulled to one siflan atom or molecule, or the molecules get
twisted around to bring one end closer to the dthabject and the other end farther away."

"Isn't that the effect that is callpdlarization when charges get 'lined up' but can't move very
far?" asked Dave.
"Yes. The average displacement of the postharges relative to the negative charges may
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only be a tiny amount, perhaps an angstrom or [€kat would be a tenth of a nanometer, or
10'° m. But there are so many atoms in a solid theiéh one has a charge displaced by even
half an angstrom, the result is the same as if hifliof charges had been separated by the length
of the solid. The solid acts as if it carries aipee charge at one end and a negative chardeeat t
other end. We call such a sopdlarized"

To the extent some charges are moved
in @ nonconductor, the material is said
to have become polarized.

“Only the electrons actually move, though. Isrettthght?" Dave suggested.

“Not quite," Chris answered. "l was reading amcégtabout electrical effects in solids last
week. Several things can happen.

“In metallic conductors it is a good approximatiorstty that only the electrons move. In
nonconductors, neither electrons nor nuclei can neagdy, so the amount of movement of each
may be comparable. | think | mentioned that in sonidsthe molecules are asymmetric and can
rotate; the end that is more negative moves one waye end that is more positive moves the
other way. In other solids, it is only the motidretectrons within the atoms or molecules that is
important,” Chris explained.

“Can we ever tell which is happening?" Dawn ingdire

“Actually that is quite easy," replied Chris. "Nimrts of electrons within atoms and
molecules happen very fast; adjustments are madeint 46'° s. That's about the time for a
visible light oscillation, or a little less. Roi@ts are much slower; they may take as long & 10 s,
or about the time for a radio wave oscillation.

“If we put the insulating material between two ptagand charge the plates, with opposite
charges, the electrons in the solid are pulledveeneand the positive nuclei are pulled the other
way. Then, if we reverse the charges on the ext@lates, it is easy to measure, with the proper
equipment, how fast the charges in the solid folllbezchanges in the electric field. If they follow
when the field changes faster than abodt 10 timesem®nd, it must be just motion of charges
within the atoms or molecules, callatbmic polarization Any additional polarization effect
when the field only changes at®10 times per secorst beia consequence of reorientation of the
molecules."

“Even 10 times a second seems awfully fast. Howycanfollow something that fast?"

Rosa asked.

“Recall that radio frequencies are that high amghér,” Chris replied. "Radio waves change
electric fields that fast.

“Now look at the polarized solid,” Chris suggesté@n the average, the positive charges
are nearer one end of the uncharged solid andetlpatine charges are nearer the other end. The
charge on the charged object is closer to the elsdtdikes, and farther from the charges it
doesn't like, in the polarized object. Thereforharged object always attracts uncharged
objects.”
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Chris pulled a loose piece of paper with raggedesdgpm a notebook and stripped some
small pieces of paper from the ragged edge. Therpapees fell on the table together, neither
attracting nor repelling each other. Then he @alomb from his pocket, ran it through his hair
quickly a few times, and brought the comb near teegs of paper. The paper stood on edge and
then jumped upward to the comb.

“I've noticed my comb attracting things," Rosa comment# guess | just attributed it to
electricity and never understood why there wast&adcion."

“I've heard that records collect dust becauseaticselectricity. Is that what they mean?"
Oliver asked.

“Yes; if you don't keep cleaning phonograph recdahdsy collect dust in the grooves,
attracted by static electricity like paper to tlend. Then the needle grinds the dust particles into
the surface, damaging the record. That's anotlasorewe can be thankful for new technology,
like CD’s and electronic memory systems, that donviehdust problems.”

“Dust is a problem for photographers, too," Dave retad them.

“Early in the last century,"” Chris commented, "it veiscovered that dust particles stay small,
and suspended in the air, because they carry staiges. All of a given kind of dust particles
are likely to carry the same sign of charge, sqtrticles repel each other, instead of coming
together to form larger particles that would settle If the charge can be removed, the dust
settles out quickly.

“A man by the name of Cottrell invented an easy veagl¢ar the air of dust. He put some
wires, charged one way, between plates chargeotiiee way, and passed the air through. The
dust was attracted to the wire or to the platest,ite charge, and fell to the bottom. Industry
usesCaottrell precipitatorsto clean air and recover valuable materials thagrettse would go up
the smoke stack. Even many air conditioning unitelen electrostatic precipitator to clean the
air."

“I've certainly heard of those," Dave agreed. hihk there is one on the school air
conditioning."

“Quite often you can hear sparks jump across suith, @specially as they begin to get
dirty," Chris mentioned. "They operate at high &gk, so if a large dust particle gets between
the positive and negative surfaces a spark jummpsaa@nd makes a 'zapping' sound."

“I wondered what caused that noise," Oliver commentédo by the air conditioning unit
quite often. | used to hope that noise meant twaesomething wrong in the system and they
would have to let school out,"” he laughed. "Ndmbw | don't have much time to get ready for
college and the college entrance exams, so | hapsctioolwon'tclose down. Last summer |
worked after school on street repairs. | decidheah tfor sure, | want to get to college and get a
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better job than that!"
“Good for you," Rosa thought to herself, but sh#nttisay anything.

* * * *

1A=1Cls lelectron=16x10 C
For a spherical conductor of radids
V (in volts) =9 x 16 g/R
I1W=1Vx1A

Practice Problems
1. One ampere is one coulomb per second.

a. How many electrons must pass a point per secoagual 1 A?

b. How many billions of electrons must pass the f{goén second?

c. How many billions of billions? a. 6x80 ;Bx1C;c. 6
2. How many coulombs per second pass through

a. a75W bulb?

b. a 100 W bulb?
3. How many coulombs of charge can be stored omdumbing sphere of radius 1.0 cmif 1
volt? 1.1x162
4. How many coulombs of charge can be stored omdumbing sphere of radius 10 cnMif 50
kV?
5. How many electrons can be stored on a condusphgre of radius 1.0 cm\f= 1 volt?

7x10

6. How many electrons can be stored on a condusphgre of radius 10 cm\f= 50 kV?

Stretching Questions
1. When positive and negative charges are sepatagimportant measure of the strength of
the effect is called theipole momentequal to the product of the amount of charge €eith
positive or negative), and the distance of separatian,
dipole moment

One gram of silver contains about 6 ¥410 atoms. B#wim is roughly 1 A across (1 A =0.1 nm
= 1x10* m). If one electron in each atom could be rd@mreaverage distance of 0.05 A = 5 x
10*? m, what dipole moment (sum, over atoms, of chargstartte) would be produced?
2. A1 g cube of silver is about 2 mm across on sai

a. Assuming each silver atom occupies a surfacecfred x 1 A, how many silver atoms
are on one face of the 2 mm x 2 mm cube?

b. How many electrons on one surface of such a @itie the same number of positive
charges on the opposite face) are required toaylipole moment of 4.8 x 0 C-m?
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33. A Close-Up View

At the lunch table, Dawn was excited about some pietures she had taken of flowers.
They were striking in part because they were silm$eeup shots, enlarged, yet in very sharp
focus.

“When | put my camera quite close to something, | getta blurry picture,” Rose injected.

“Yeah. My camera won't focus on anything closenthbout a meter," Oliver commented.
"What kind of camera did you use to get these pesteit

“It's a pretty ordinary camera," Dawn respondedut'#®r these pictures | put on something
they call a macro adapter. It doesn't look likethmg but an empty ring, but it lets me focus on
objects very close to the lens."

"I've heard about those," said Chris. "As gay, they seem to be primarily just a spacer."

"If there's no lens or anything, how do thetyHer take enlargements like that?" asked Oliver.

"l haven't really analyzed how they work,"&s@lhris. "Let's see if we can figure it out.”

He pulled out a sheet of paper and drew aigaif a thin lens that bulged out slightly in the
middle on both sides. "A good camera lens is delyihot a thin lens, but we can treat it as if it
were, to see how the macro adapter would changgsthin

"First of all, if we have rays coming from thensor a star, the lens brings them to a focus at a
point onefocal lengthfrom the lens. That is the definition of the folmigth. The rays come to
a point along the center line; I'll draw the ceditee with dashes and dots. It is called dip¢ical
axisof the lens. "Now, if we bring a point source @it closer to the lens, you can see that one
ray still comes to the lens parallel to the axisl gaes through the focal point on the other side as
before, but the other rays come to the lens at gleamoving away from that first ray. The lens
may still be able to bend those other rays enoughatke them all meet somewhere, but it has to
be farther from the lens."

"l guess that explains it already,” Dawn reredtK'Somewhere behind the lens is the film, and
| want to bring all the rays from a point on theafer to one point on the film. When | focus on a
near object, | turn something on the camera; do¢sbae the lens away from the film?"

"Yes," Chris agreed. "Consider an object sohew in front of the lens, and look at the rays
coming from some one point on that object. Therassgne distance behind the lens where
those rays can be brought back together to formrd po theimage
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"That distance, where the rays come togeth&nadgs called thémage distance With a
camera, taking a picture of that object, you waatfilm to be at that image distance so the image
is formed on the film," Chris confirmed.

"Now, if | try to focus on an object that is tolmse,” Dawn continued, "l guess the best | can
do is to produce an image somewhere behind the fdrhnsed to move the film back farther
from the lens than the camera normally allows. Iswheat the spacer ring does?"

"That looks right," Chris agreed.
"Why does that magnify the flower?" Rosa asked.

"The farther the image is from the lens, thgdathe image is," Dave offered. "It works the
same way with a lens as with a mirror in a telescope.

"Suppose we know where tbjectis, that the light is coming from," Chris suggesté|
represent the object by an arrow pointing upware ba the left. And assume we have also
found where th@nageis. It would generally be upside down, over hardle other side of the
lens, so I'll represent it by an upside-down aromvthe right when we find out where it will be. |
will also draw in theoptical axis or the center line. It is a convenient refereinoe

"To find where the image will be only requiteswing the paths of two rays, because the
intersection of two lines defines a point. It sually a good idea, however, to draw three rays,
and there are three that are easy to draw. Bimgtray traveling parallel to the optical axis is
treated by the lens as if it came from infinitely &avay. It gets bent and goes through the focal
point,” and Chris drew the first ray from a smalttarat the top of the object.

"To find the second ray, we note that all payhs are completely reversible. If that first ray
had come back through the focal point, it would &the lens traveling parallel to the axis. Let's
look at a second ray, coming from the object, thasgbrough the near focal point. Then it gets
bent by the lens to leave it traveling parallefite optical axis,” Chris continued. "That already
shows us where the image is. The point of the okl which those two rays came, gives a
corresponding point of the image, where those reyssc

"Now the third ray is especially easy to dralvis the ray that goes through the center of the
lens. We can draw that from the tip of the arropresenting the object to the corresponding
point, the tip of the arrow, for the image. Notihat the two arrows, the center line, and the ray
that doesn't bend, form two triangles, one on eatethaf the lens. It is also easy to show that the
narrow angles here in the middle are equal; any timoeestraight lines cross, they form a pair of
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equal angles across from each other. Any two thenidpat have a right angle in each, as these
do, and have one other angle equal, as theseawhat we calsimilar triangles, because they
have exactly the same shape."

"That means that the sides of one trianglgpewportional to the sides of the other triangle,"
Dawn added.

"Right," Chris agreed. "So if I let be the height of the object, andliebe the height of the
image, and led, be the distance of the object from the lensai the distance of the image
from the lens, theh/h, =d/d,. So the greatet is, compared td,, the greateh will be
compared td,. As Dave said, the farther the image is from tihe,léhe larger the image will
be."

"We work with upside down images like thatth# time with astronomical telescopes," Dave
offered. "It is convenient to call an image 'heighat is downward, like the one you drew, a
negative height. Then the equation is exactlystimae except for one minus sign, and we only
need one equation for magnification, for any kindhaf lens or mirror. We write

|\/|:hi:-di
h d

(0] (0]

Now if the magnification turns out positive, the ineag right side up, like the object. If the
magnification is negative, as it is in the sketchmi€trew, then the image is upside down."

"That looks easy enough, if we know the twatahces. Is there an easy way to find those?"
Dawn asked.

_____________________________________________________________________________________________|]
heightof image _ h _ -d
height of object " h
d, =imagedistance d, = objectdistance
M is positive if imageis erect,

"Magnification" =M =

M is negativeif imageisinverted.

"Yes. Again there is one equation that fitshan lenses and simple mirrors," said Chris.
"Before | write it down, though, let's be sure welarstand the terminology and conventions.

"When | drew the diagram before, | started waittobjectthat the light came from. That
could be something like a star giving off light,aflower that simply reflects light. In any case,
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we are interested in the light coming from the obgtt in where that light goes. You may have
noticed that it was only necessary to considemarég/s, coming from just one pint on the object.
As a reminder, | draw a small circle on the obje¢hatpoint | plan to use.

"Next | draw the lens. We assume the leniiis tThat simplifies the problem a great deal,
and it is good enough for many practical problemse aAé also assuming that the lens, or mirror,
has a spherical surface, which is the usual satnatnd, perhaps most important, we assume that
the rays are all close to the optical axis."

"Does that mean the method doesn't work forgellens or mirror?" Oliver asked.

"No. What it really means is that we are nwihg to deal with a marble as a lens, or with a
hemispherical mirror. The thin lens approximationssiaat the distance of any ray from the
center line is very small compared to the focal lepigChris explained.

"After the rays leave the lens or mirror," Gheontinued, "they have been bent so that they
meet to form the image. So the standard order is:

a. rays leave the object

b. rays reach the lens or mirror

c. rays arrive at the image, and also

d. if rays come from infinitely far away, so they ail
parallel to the optical axis, they are brought grggle point, on the optical axis, one focal léngt
after leaving the lens or mirror.

"If this is the order, then all of the distasare taken as positive distances. The distaoge f

object to lens we label,. The distance from lens to image we ladhelAnd the focal length we
labelf. Then the

equation is

Thin lens equation: for lenses and mirrors
f = focal length di = image distancedo = object distance

Sign convention:

Follow direction in which light travels.

If object comes before lens (or mirrod),is positive.
If image comes after lens (or mirrod),is positive.
If parallel rays are brought to a focus after #wesl
(or mirror),f is positive.
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1 1 1
_ = — 4 —
f d, d,
This one equation works for all thin lenses and ongr’
"That looks a little bit like the equation fi@sistors in parallel,” Oliver observed. "I'Meato
be careful with this one that | don't get left slisng on my head!"
That required some explanation for Rosa, Damd, Chris, who had not been around when
Oliver tried to find the equivalent resistance ffiesistors in parallel—and forgot to turn his answe

right side up at the end. They all agreed it whazard to be avoided.

* * * * *

Practice Problems
[Assume all the lenses may be approximated as theeseh
1. A person 2.0 m tall stands 3.0 m from a camera |€hg film is 50 mm from the lens. How
tall is the image of the person on the film? (-) B8n
2. If the same person, at the same distance, isgtagthed with a wide-angle lens, so that the
film is 30 mm from the lens, how tall is the image oa film?
3. Aflower is 10 cm from a lens with focal length5® mm.

a. How far from the lens is the image?

b. What is the magnification? a. 10cm;b.-1
4. Avase 30 cm tall is 15 cm from a lens with a féeagth of 50 mm.

a. Where is the image?

b. What is the magnification?
5. A mountain peak is 10 km from a telephoto lern®cél length 200 mm.

a. Where is the image?

b. What is the magnification? a. 200 mm: Bx10°
6. The human eye has a focal length, when relafeahout 20 mm.

a. How far from the lens (on the front surfacehef ¢yeball) is the image of an apple that is
2.0 m from the eye?

b. If the apple is 4.0 cm tall, how high is the ir@ag

34. Converging Rays

"One thing | still have a little trouble witlDave commented, "is locating an image by just
drawing the rays. | know you showed us how. Gaunnemind me how it works, Chris?"

"Sure," Chris answered. "Let's go back toftlrelamental definition of the focal length. You
remember thaanyray approaching the lens parallel to the opticéd gets bent toward the
optical axis and crosses the axis at the focaltpoire focal length from the lens. For the thin
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lenses we are considering, there is a focal pairdach side of the lens, at the same distance from
the lens.

"Optical ray diagrams are reversible. Thaifiwie draw a ray coming from the left, passing
through a lens, for example, then we could interpxerctly the same line as the path that would
be taken by a ray coming from the right. That mehasany ray that passes through a focal
pointbeforereaching the lens, ends up traveling away fromehs parallel to the axis."

"Is that the way you can produce a parallanbef light, from a flashlight or searchlight?"
Oliver asked.

"Well, almost. You can approximate a beam oélbelrrays—we call it aollimated
beam—but you can't ever really produce a parallel bbacause we don't have any sources that
are mathematical points. We can only get paralie by having our source infinitely far away, or
with the special optical arrangement of certainras®ut that's more picky than we need to be
right now. If we have a source that is approxinyagepoint source, then yes, we get a beam with
rays that are approximately parallel.”

Rays coming from the focal point emerge parallel to the optical axis.
Rays from a nearby point on the source travel in a slightly different direction.

"I have noticed that flashlight beams, seagtttilbeams, and even spot lights aren't really
parallel rays," Dave concurred. "The beams alwaysaspout.”

"Yes, that's an example of what | mean," Chgieed. "Now let's go back to the standard
kind of diagram we looked at before. I'll start wikie thin lens and mark the two focal points,
one on each side, a distarideom the lens along the optical axis. Then I'll dramvobject. Let's
put it on the right, this time; it doesn't make aiffedence which side it's on. | represent the
object by an upright arrow, but we must rememberanig the tip of the arrow head that we use.
so | put a small circle around that one point. Tiverlook at several rays coming from that
point."

“Let me be sure | understand what you are gay@liver injected. "We want to consider
several rays coming from one point on the object.ek®er those rays come back together is the
image of that point?" Chris nodded.

"How can we be sure theyll meet at a single point if there are more than twe?apawn
asked.

"That is a very important point,” Chris respedd "The best way to answer it is to say that we
have no assurance at all that even two rays wélt be brought back together. But for thin
lenses and mirrors we know thiatwo rays meet, theall rays meet at that same intersection.
Also, we know from experience, or from calculatiathsit certain arrangements of object and lens
will give an image where the rays meet.

“In practice, we can go ahead and draw the aaygl see whether they meet or not. That tells
us whether we get our regular kind of image or notidentally, we call such images "real"
images."
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"I think I'll hold my other questions. You Wirobably answer most of them, anyway," Dawn
added.

"Now, remember the problem,"” Chris continued.e"Méve a lens with its two focal points
marked, and we have selectatk pointon the object. We want to see whether the raysropmi
from that point meet, and if so, where.

"Because all the rays will meet if any two loémn do, we might as well choose the simplest
rays to follow. One very simple ray to construabine that starts parallel to the optical axis."

"That is just like a ray coming from infinitysn't it?" Rosa exclaimed. "From the way we
defined the focal point, that ray has to go throtighfocal point."

"That is exactly right," Chris agreed. "tHlaw our first ray coming from the top of the arrow,
which is circled. The ray travels parallel to thgical axis—that is, horizontal in our diagram,
and then the lens bends it so it goes down thrahigHocal point on the left.

"I'll just start the second ray, and let y@ufe out where it goes. It comes from the same
point on the object, of course, inside the litilele, but this time we draw the ray that goes
through thenearfocal point. For an object on the right, we dréwe tray through the focal point
on the right."

"You said before that it doesn't make any dififee which way light is actually traveling along
aray. If I understand what you meant by that, tisray that passes through the focal point on
the right could just as well have been a ray corfriogn the left that got bent through that focal
point," Oliver reasoned.

“Then it has to be one of those parallel rays weewalking about!" Rosa burst out.

"That's right,” Chris laughed. "If it had corinem the left parallel to the axis, it would be ben
by the lens and go through the focal point on ihletr So, if it goes the other way through the
focal point on the right, it is bent by the lenslaoes toward the left, parallel to the axis."”

Chris added the second ray. It crossed the fssta the left of the lens, beyond the focal
point on that side of the lens.

"That seems pretty easy," Oliver observedyudss we could draw a little circle around that
intersection and then draw an arrow that has pheftits head in that circle. Is that right?"
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"Exactly so," said Chris. "You see that jil#se two rays show us where the image is, and
even how large it is and whether it is right sigheor upside down."

“That's the same information we get by solving theagign,” Dawn remarked. "The
equation is likely to be more exact than drawingliies and measuring them, but the ray
diagram shows better what is happening.”

“Didn't you start by saying we would draw 'severays?" Oliver asked. "It seems that two
are all we need, and these two must be the easidsaw."

“Redundancy is a wonderful thing," Chris respondéddo you know what redundancy
means, Rosa?"

“No, but | thought it was something bad," she repimth a laugh.

“Redundancy is having more information than you neédight be having two people
count a stack of bills to see how many there areu &pect them to get the same answer. Or
suppose you were selling tickets. You could cduavt many tickets you have left, subtract from
the original number, and multiply by the price pekét. That would tell you how much money
you should have in your box, wouldn't it?" Chriggasted.

“Yes, but | would certainly want to count the mon®&g, to be sure it was all there,” Rosa
responded emphatically.

“Good," Chris replied. "That is redundancy, andlesrn to use it when we can. For optical
ray diagrams, it is so easy to add a third rayweatlmost always do so.

“The third ray is the one that goes straight thfotige middle of the lens. In the
approximation that the lens is thin, that ray dddsemd at all.”

Chris added the straight line, from the little crelt the tip of the arrow on the right, through
the very center of the lens, to the little circlbere he had since drawn the tip of the arrow on the
left.

“The three rays we have drawn," Chris added, "aliea the 'principal’ rays. Thapsa |

principal, meaning 'chief', or 'important’ rays. yhmeally aren't any more important than any
other rays, of course, except that they are eadyato and therefore they are especially important
to us in figuring out where the image is."
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The three principal rays, coming from the object on
the right, forming a real, inverted image on the left.

"Now | remember,"” Dave exclaimed. "The same idésswork for a mirror." He proceeded
to sketch a mirror, with its single focal point teetleft. He put an upright arrow to the left oé th
focal point. Then he drew one ray, from the tiphaf arrow, traveling horizontally to the mirror
and being reflected back through the focal point.

He drew a second ray, starting from the samat pgoing through the focal point first, then
hitting the mirror and bouncing off, traveling backthe left, horizontally.

"The third ray is almost like the third ray fotens. It goes to the center of the mirror, ut o
course it can't continue in a straight line. Itaflected backward by the mirror, with the angle of

incidence equal to the angle of reflection. Theglambove the optical axis is equal to the angle
below the optical axis," he explained.

Principal Rays for Positive Lens or Mirror
From the selected point on the object (outside dbalflength) draw
1. Parallel to optical axis, through lens or toromythen through the
focal point.
2. Through near focal point, through lens or toramirthen parallel
to optical axis.
3. Through center of lens, undeviated; or throcegyhter of curvature
of a mirror.

"For a spherical mirror, we can show that thete&eof curvature is exactly twice the focal
length from the mirror,” Chris added. "That is, & Wwave a sphere of radiBsthe focal length is
f=R/2. So there is a fourth ray that is easy to dadsg."

Chris marked off twice the focal length and nearkhe center of curvature of the mirror.
Then he drew a ray from the little circle at the ¢dphe arrow representing the object, through
the center of curvature, to the mirror. He als@eded the same straight line backward. It met
the other three rays inside the second little ejnepresenting the tip of the image arrow, which
was below the optical axis.
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"That looks easy enough. | think I'll makesgme sample problems and see if | can solve
them with the equation and also with the diagramivédlcommented. "I'll see if | get the same
answers both ways."

"That's an example of redundancy," Rosa sattl, assmile, "and that's good."

* * * * *
Practice Problems
1. Draw a thin lens with an object twice the fdealgth from the lens. Draw the three principal
rays, from a single point on the object, to wherytmeet at a single point of the image.
Estimate, from your drawing, the image distance aad#ight of the image relative to the object.

[Compare problem 33.3
2. Draw a thin lens with an object three timesfdsal length from the lens. Draw the principal
rays, as in problem 1, and estimate image distancevage height, relative to the object.
3. Draw a concave mirror with an object twice tbedl length from the mirror. Draw the three
principal rays, as in problem 1, and estimate imag&udce and image height, relative to the
object. (Omit the ray through the center of curvaiu
4. Draw a concave mirror with an object three tithesfocal length from the mirror. Draw the
four principal rays and estimate image distance aragje height, relative to the object.

35. Virtual Images

"I've got a problem,"” Oliver declared at thedh table. "I made up several practice problems,
as | said | was going to do, to see if | understwbdt we were talking about with lenses and
mirrors. First | would draw a lens and its focaims, then put in an object and draw the rays to
see where the image was. Then | would solve thateguand see if | got the same answer.

"Everything worked quite well, until the lastample. | can't figure out how to draw the three
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rays—the two | can draw don't ever come togethad the equation doesn't help much. It
gives a negative value for the image distance."”
"l think 1 know what you did," Chris responded. htsv us where you put the object.”

Oliver pulled out some papers, shuffled throtigdm, and then laid one out on the table. "It
was this one, where | tried putting the object lestwthe focal point and the lens," he explained.

"That's what | thought," said Chris. "Actyaljou have almost solved the problem. Here's
the ray that starts horizontally and is bent byléms to go through the far focal point. | will
extend the bent part backward, as a dotted liné itdasad come from somewhere to the left of
the object.

"Here is the ray that goes straight throughdbnter of the lens. It doesn't meet that fingt ra
anywhere on the right of the lens—they are getanthper apart, as you noticed. So let's extend
that one backward, as a dotted line, too. Youts#ees cross that first ray when both have been
extended backward."

"l can see that, although | don't see why meiaterested in an intersection over there," Qlive
replied. "But the third ray | couldn't draw at.alt is supposed to go from the object, through the
focal point, to the lens, but the focal point ihipel the object.”

"That really isn't a problem,"” Chris assureah.hi"We draw the same line, through the object
and the near focal point, even though they arevense order. That is still a ray coming from the
focal point, so it is bent by the lens to go honiadly. Again, we extend that horizontal section of
the ray backward, as a dotted line."

"It looks as if all three of the dotted lineget at a point,” Dawn observed. "That is probably
significant. Itis sort of like an image, but itdiareally be an image because the rays don't ever g
there."

"It is called an image, and in fact it lookstjlise an ordinary image if you look through the
lens. That s, if you are standing over here enright looking through the lens at the object, it
appears to you that the object is back here, wiherdotted lines meet.

Chris continued: "It is very much like lookinga mirror. When you look at your face, your
face appears to be behind the mirror, but you krimarays can't get behind the mirror. We call
images like thavirtual images. The kind of images we have been lookingfaire, where the
rays actually do meet, are callehl images."

"l guess you had said something about convesifior positive distances the other day,"
Oliver commented. "Does that convention have somgtiaro with why | kept getting a
negative value for the image distance in that proldievas working on."

"That's right,” Chris agreed. "In your pramlevith the converging lens when the object is
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between the focal point and the lens, the imagevidwal image that is on the same side of the
lens as the object. It is not where it is suppdeduk, according to the simple convention, so the
image distance is labeled as negative."

"Here are my calculations," Oliver offered.a4sumed a focal length of 20 cm. | guess that is
a positive value, because | didn't put a negaiye @n it, and | assumed the lens was an ordinary
converging lens. Then | put the object at 15 crm. S

1 1 1
_ = — 4 —

f d, d,
R
20cm 15m d

1 1 _3-4 _ -1

- 20cm ) 15cm  60cm  60cm

When | turn it right side up, that gives= - 60 cm. | guess that means the image is on the sa
side as the object, but farther from the lens."
"Yes, and remember you can find the magnification,” Dave reminded him. "The
magnification is
M _ -4 __-60cm _
20cm

So the virtual image is three times as large ashiexb Also, the magnification is positive so the
image should be right side up."

“Virtual images are the kind we get with a negatess, aren't they?" Dave asked.

"Yes, they are," Chris confirmed.

“What is a negative lens?" Rosa exclaimed. "Dafl'inbe you can have less than no lens!"

“That isn't what it means," Dave assured her. "§atiwe lens is a lens with a negative focal
length. But | guess that requires some explanationdoesn't it?"

“Yes, it does," Oliver replied.

“Do you remember how the focal length was defined&ébegan. "If we have parallel rays
reaching the lens, they are bent toward the akikere they meet, we call the focal point. If the
rays come from the left, the distance to the focaitpan the right of the lens is called a positive
focal length.

“Suppose now we have a lens that is thinner imtluglle than at the edges. Then rays
arriving parallel to the axis are bent away fromadkes. Theydiverge The rays never meet, but
we see that if we extend the bent rays backwatdoits as if they all came from this one point on
the axis. That's the point we call the focal pdantthis kind of lens. But because the focal poin
Is on the 'wrong' side of the lens, we call thisaldength negative. If the lens has a negaticalfo
length it is called aegative lensif it has a positive focal length it is calleghasitive lens
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“Does a negative focal length really mean anythargs it just a convention?" Dawn asked.

“It really is just a convention," Chris answerebdut'it is a necessary part of the convention if
we want to use the same equation for diverging ketiss we use for converging lenses."

“How would you draw the rays from object to image dadiverging lens?" Dawn asked. "l
don't think you said anything about those rays."

“The idea is very much the same as for a converging,! Chris explained, "but there are
some differences, as you probably guessed.”

“We start with a ray parallel to the axis, comingnirthe little circle at the tip of the arrow
representing the object. The lens bends it awaw fiee axis, so it appears to have come from the
near focal point. Our dotted line is thereforekolrough the focal point.

“I'm not at all sure | followed that," said DawnLeét's try it again. With a converging lens,
one ray starts horizontal, then goes through théotal point. With a diverging lens, that ray
would start horizontal, theseento comefromthe nearfocal point. Is that right?"

“Yes, that's a good way of describing it. Insteaddoing through the far focal point, it
seems to come from the near focal point,” Chris cordd.

“The second ray is the one, from the same point eHject, thatvouldgo through the far
focal point, except that the lens bends it paradiehe optical axis," Chris continued. "The dotted
line this time is a horizontal line, or a line péehto the axis, extending backward from where the
first line reaches the lens."

“O.K.", Dawn responded. "I think | follow. Foranverging lens, one ray goes through the
near focal point, then leaves the lens horizonBalt for a diverging lens, we could think of the
ray as trying to go through the far focal point{ lmaving the lens horizontal. Is that right?"

“Exactly," Chris agreed.

“O.K. And for both rays, we have to draw dottatkk backward to show where the rays
appear to be coming from, don't we?" Dawn added.
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“Yes. | think you have it down pretty well now.h@ third ray is still the easy one, because it
goes through the center of the lens and doesntiegdt Just remember,” Chris reminded them,
"that a diverging lens, or negative lens, caninfarreal image by itself. Therefore, for each of
the rays, it is necessary to draw the dotted loeekward to see where the rays seem to be
coming from.

‘In that respect, negative lenses are like a ptameor or a convex mirror. They form only
virtual images, so the images are located by dradaitpd lines backward, opposite the direction
the light rays actually travel," Chris added.

“How does a flat mirror form an image?" asked Rosa.

Chris drew a diagram, showing an object in fronthef plane mirror, with rays coming from
the object and reflecting off the mirror surfaces@ding to thdaw of reflection angle of
incidence is equal to angle of reflection. Thereknded the reflected rays backward, with
dotted lines, and showed that they seemed to comredrpoint behind the mirror. They could
see that the image was just as far behind the nastine object was in front of the mirror.

"How do those mirrors in stores work that letiysee so much at once?" Oliver asked.

"Those areonvexmirrors,” Chris explained. They are shaped likegpleerical mirrors we
have already drawn, but the reflecting surfacenithe outside. The other spherical mirrors we
have looked at are more like caves; they are catb@davemirrors.

"A convex mirror takes a bundle of parallelgsand spreads them out. Therefore it can also
take rays converging from many directions and make tm@re or less parallel, so they reach our
eyes. The same kind of mirror is used in automobalegiou probably know. By making the
image smaller, they let you see much more of whathsbdeyou, but that also makes things look
farther away, so a warning is added at the bottothemirror."

"Yes, I've seen those little signs on reawwmeirrors,” Rosa agreed. "l didn't know why those
mirrors made things look farther away than the othierors."
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Principal Rays for Virtual Images

All rays pass through one selected point of thedbj
All rays are extended backward from lens or mirror.

Positive lens: Object between focal point and l@msirror.
1. Draw ray parallel to optical axis, to lens ornoi, then
through far focal point. Extend back.
2. Draw ray through near focal point, then throsglected
point of object, to lens or mirror, then parallelojatical axis.
Extend back.
3. Draw ray through center of lens or center a¥ature of mirror.
Extend back.

Negative lens
1. Draw ray through lens or to mirror, then throdigthfocal point.
Extend back parallel to axis.
2. Draw ray through near focal point and objeotteins or mirror.
Extend backward.
3. Draw ray to center of lens or mirror and extbadkward.

*1f object is inside focal point, ray goes from the near focal point to
the selected point on the object, then to the lens or mirror.

“It does seem a little strange,” Chris agreed. “irhage is closer, which makes the object
appear farther away, because we judge the imagedym®t by distance.”

“If we draw the principal rays for a convex mirro€Ghris explained, "we start by recognizing
that the only focal point is behind the mirror. @yrcoming in horizontally is bent outward, as if it
had come from the focal point. A ray headed forftieal point is reflected back horizontally.

And a ray that strikes at the center of the miraurxes back with equal angles above and below
the optical axis.
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“If we draw in an object, then draw the three pipat rays, we see that the image is closer to
the mirror than the object is and therefore appgaler. Cars look farther away in the curved
side mirror because they appear smaller.”

* * * * *

Remember that

Practice Problems

1. Draw a thin positive lens with an object orafhthe focal length from the lens. Draw the
three principal rays, from a single point on digect, to where they meet at a single point of
the image (extended backward if necessary). masti, from your drawing, the image distance
and the height of the image relative to theadb)

2. Draw a thin positive lens with an object twardls the focal length from the lens. Draw the
principal rays and estimate image distance and hewglhative to the object.

3. Draw a concave mirror with an object one-hadffical length from the mirror. Draw the
principal rays and estimate image distance aighheelative to the object.

4. Draw a concave mirror with an object two-dkirthe focal length from the mirror. Draw
the principal rays and estimate image distandenaight, relative to the object.

5. Draw a diverging lens with an object (minus)dsvithe focal length from the lens. Draw the
principal rays and estimate image distance and hewgjhative to the object.

6. Draw a diverging lens with an object (minusgthrtimes the focal length from the lens.
Draw the principal rays and estimate image distamceheight, relative to the object.

7. Draw a convex mirror with an object (minus) wvithe focal length from the mirror. Draw
the principal rays and estimate image distandenaight, relative to the object.

8. Draw a convex mirror with an object (minus) threemes the focal length from the mirror.
Draw the principal rays and estimate image deggamd height, relative to the object.

36. Acceleration

“Chris, can you help me straighten out this snabout acceleration?" Dawn asked.
“That shouldn't be so bad," Oliver responded. t'thisk of what the accelerator pedal does
on acar. When you step on the acceleratoigahepeeds up. When you take your foot off,
the car decelerates, or slows down."
“That is pretty much the way | was thinking aboyt iDawn replied. "But my book gives
the following statement:
If an object changes its speed, it is accelerated.
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The book says that is always true. Then it sagsthtement:
If an object is accelerated, it changes its speed.
IS not necessarily true or false; it calls it unaer."

"I don't understand that!" Oliver retorted.

“The problem is largely a misunderstanding of wdrdshris explained. "People often
take the wordaccelerateto mean 'increase speed’, or even, as Oliver stggje¢s hold down
the gas pedal. However, in sciengegeleratehas a very special meaning that is different in
several respects. First of all, if you driveauptraight hill at constant speed, you aoé n
accelerating, even though your foot is on the galap Second, if you slow down, that is a
deceleration, but it is included in the meanihgaxeleration. Acceleration may be speeding up
or slowing down, but it doesn't have to involvéheitone."

“Now | think we're all confused,” Dave addeliYyou had better explain what you mean."

“O.K.," Chris began. "Let's back up one stdpo you remember that we were very
careful to distinguishvelocity from spee@”

“I remember you said they were different," Rosa adjré®ut | don't recall quite what the
difference was."

“Velocity is a vector and speed is a sgalaDawn contributed. "So velocity has a
direction; otherwise it is the same as speed.”

“Good," Chris responded. "We can represent lacitg in terms of itcomponentsor
with a speed plus a direction. We might say ahalane has a velocity of (300,-300) km/h,
which means it is going 300 km/h east and, at the same, 300 km/h south. The same
velocity could be represented as a speed of ##4 ln the direction southeast.

“Let's take an especially simple example. A velo@f 3 m/s eastisn't the same as a
velocity of 3 m/s west, is it?"

Everyone agreed the two motions were quite differeven though each motion involved
the same speed.

“So if a ball is thrown at 3 m/s toward the eadtikes a wall, and rebounds at 3 m/s toward
the west, did it change its velocity?" Chrisitioued.

“Yes, the velocity change was 6 m/s, toward the tWwd3awn responded quickly.

“Whoa," said Rosa. "Where did 6 m/s come from?"

“Let's treat it as an arithmetic problem, withctor components,” Dawn suggested.
"Originally, the velocity was 3 m/s east. That Wbhe written (3,0) m/s. Is that part all right?"

"Yes, that makes sense," Rosa agreed.

“Then how would we write the final velocity of 3 snivest?" Dawn continued.

“As | remember, everything was expressed in termssif &d north, in that alphabetic
order. West was considered the negative sif €a0 3 m/s west would have to be written
(-3,0) m/s," Rosa reasoned.

“Good," said Dawn. "Then to find thehangein velocity, remember we takmal minus

initial. So we would write (- 3,0)
- (3.0)
(- 6.0)
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because -3 minus another 3 is -6. That (-6,0) méethangen velocity is 6 m/s west."

“O.K.," Rosa agreed, somewhat reluctantly. "What wle do with that 6 m/s, or -6 m/s, or
whatever?"

Chris took up the argument again. "We said t#hdball thrown at 3 m/s toward the east
undergoes ahange of velocityof 6 m/s, toward the west, if it bounces off allwand
rebounds toward the west at 3 m/s.

“Now, the technical definition cdiccelerations that it is the time rate of change of velocity.
Expressed more simply, it is tkbange of velocitdivided by theime interval Remembering
that acceleration and velocity are vectors, weenthat

So that means that a car moving at constant speed oincular track is constantly being
accelerated."

“I guess that explains what the book means, theawrbsaid thoughtfully. "It said, first,

If an object changes its speed, it is accelerated.
Of course, that's true, if speedingapslowing down is called acceleration. That is aalygust
a question of definition, as you said.
"The second sentence was
If an object is accelerated, it changes its speed.
Of course, that is uncertain! An object might beederated because it changed its speed, but it
might have just changed direction. As long as wéutte that as an acceleration, then the second
sentence could be either true or false, so it cetain."”

“Do we have to modify our equatiof,, = mato fit the broader definition of acceleration?"
Dave asked.

“No," Chris answered. "Quite the contrary. We oae the equatioh,=ma onlyif we
interpret acceleration in this broader sense, inaglanychange of velocity."

“Think of a car on a track," Oliver suggested. 'Ete car to move at constant speed on a
straight track certainly requires that you hold gias pedal down. But you say that doest
involve acceleration?"

“That's right," Chris confirmed. "Remember the equatsnotf = ma, but ratherf .= ma.
The car must overcome friction to move at constargapd here is friction within the tires as
they are constantly being deformed. There is mitidn. There is friction in the wheel bearings,
and so forth. So the engine has to supply justgmdorce, through the drive train, to overcome
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all that friction. That means tmetforce on the car is zero, and the car is not cheigs
velocity."

"But if the car goes around a corner, it tgkes about the same amount of gas," Oliver
objected. "And you said then it is accelerated.”

"How would you make a stone go in a circle?" Chsikeal.

"I would probably just tie a string on it,” Oliveeplied.

“And why do you need the string? Does the strixgrea force on the stone?"

“Yeah. The string pulls on the stone," Oliver r@sged. "But there aren't any strings tied to
the cars on the track."

“O.K. What happens if the track is slippery?" Ghaisked.

“I see. You are saying there is a frictional foecerted by the track on the car, aren't you?
So there is an extra force,” Oliver added, rememferimat he had read earlier about friction.

“But I'm not sure | could say exactly what directitiat force acts. Is it toward the center,
like the string, or forward or back, or some combore?"

“There can be several different frictional forcesforce components. The one we are
interested in is exactly toward the center, just the force exerted by the string on the stone."

“I'm not sure | see why the acceleration is towaldenter, if the object is going in a circle,"”
Dawn commented.

“It may be easiest to use the geometric representafigelocities,” Chris suggested.
"Remember that such vectors have a length, or magniaurdl have a direction, but don't have a
fixed location in space, so we can slide them arouhde draw a velocity vector of some length
tangent to a circle, and then another velocity seaf exactly the same length, tangent to the
circle at a nearby point, the two arrows have #meslength but slightly different directions. To
find the acceleratiorg, we find

"One way of finding is from the equation

= 5t
Thatis, is the vector we add to the initial vector to det final vector.

"We have two vectors of exactly the same lengi slightly different direction,” Chris
continued. "The question is, 'what vector must de t@ the first of those so that the sum will be
the second vector'. What we must add is a shotbyeat least approximately perpendicular to
the first. Then the two long vectors and one shector form a closed triangle, with arrow heads
meeting in one corner.

"The short vector, , we add is essentially perpendicular to both efltmg vectors. Itis
along a radius of the circle. It points toward teater."

"That certainly goes along with what you woakpect from the example of the stone on the
string," Dave observed.
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"Is that what is calledentrifugal forc@" Oliver asked.

"No. The centrifugal force is a fictitiousrée,away fromthe center, that we may introduce
sometimes when it makes a problem involving rotati@ssee to understand. This force is a real
force, that results in a real acceleratiowardthe center. It is calledentripetalforce. That
means it is a 'center seeking' force.

"The centripetal force exerted by the stringloe stone is very real. If the string breaksreh
Is no longer a centripetal force and the ston@iknger accelerated. If we neglect gravity, the
stone moves in a straight line."

Dave was reminded that there were questiongtamgular velocity and angular momentum
he wanted to look up in the library. He decidedMoeild try to do that soon.

* * * * *

Practice Problems
1. Four forms of the sentence relating acceleratmhchange of speed are given below. Mark
each sentencg F, orU.
a. If an object is accelerated, it changes itedpe
b. If an object changes its speed, it is acceddrat
c. If an object is not accelerated, it changespeed.
d. If an object does not change its speed, itcglarated.
a.U;b. T,c. F;d. U

2. Four forms of the sentence relating acceleratia change of speed are given below. Mark each
sentencd, F, orU.
a. If an object is accelerated, it does not chatsggpeed.
b. If an object changes its speed, it is not &ta&td.
c. If an object is not accelerated, it does mainge its speed.
d. If an object does not change its speednbtsaaccelerated.
3. If a plane has the velocity (-200, 200) km/h,

a. what is the speed of the plane?

b. what is the direction of the plane? a. 283 kpidh NW
4. A sailboat is moving with velocity (-5.0, -5.Kkn/h.

a. What is the speed of the boat?

b. What is the direction of the boat?
5. A ball moving with velocity (0, -2.0) m/s strikasvall and rebounds with the same speed,
along the perpendicular to the wall.

a. What is the final velocity?

b. What is the change of velocity? a. (0, + 2.0) m/s ;b. 4.0 m/s north
6. A ball is dropped and strikes the ground witrebocity that may be represented as -5.0 m/s
(taking upward as positive). It rebounds with aexpof 4.0 m/s.

a. What is the final velocity?

b. What is the change of velocity?
7. If the bounce in problem 5 takes 0.050 s, wh#te (average) acceleration? 86 m/s
8. If the bounce in problem 6 takes 0.10 s, whdteqaverage) acceleration?
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37. Kinematics

Basketball kept Chris occupied through the wintenths. He was not able to help with the
play, but he did keep in touch with the othersgeesgly during their lunch period.

“Didn't | see you in a new car, yesterday?" Oligeked Chris one Friday at lunch.

Chris smiled. "I certainly wouldn't call it new, tudid just get it," he answered. "My old
one just gave up and died."

“This one looked as if it might be able to move ottty fast,” Oliver remarked.

“It does all right," Chris confirmed. Then it occed to him he might be able to make a
point. With a twinkle in his eye, he added, "l Ba¥ really timed it, but | figure it can probably
accelerate about 20,000 nfi/h ."

“That's crazy!" Oliver replied.

“No carcould do that!" Rosa agreed. "That sounds moeedikpace rocket."

Dawn pulled over a paper napkin, jotted down aesbers, then laughed and said, "Are
you willing to let the skeptics time you, Chris?"

“Sure," Chris replied. "Could any of you do it tommv morning?"

Oliver and Rosa agreed to meet Chris at the sclav&ing lot in the morning at 9:00.

“Do you think you can find a safe place to make yaun?" Dawn asked, smiling.

“I think I know just the place," Chris answered.

By this time Dave strongly suspected that Chris@aan knew something he did not, but he
agreed to be there with the others in the mornind,raentioned that his wrist watch had a good
stop watch function they could use.

Saturday morning was clear and cold. By the time Damwived on her bicycle the others
were all there, except Chris. Soon they saw himednto the parking lot in a sporty looking car,
with an engine that sounded reasonably smooth hunitedy on the weak side. As he pulled up
in front of them they saw he was wearing an imitabba pioneer aviator's outfit, including
leather jacket, leather helmet, and goggles. A hettered sign in the rear side window read:

20,000 mi/R
orBUST

Oliver laughed. "Looks like a 'bust' today," hé&lsa

"Maybe so," Chris replied. "We'll see. Dawil] you ride with me. | figured the easiest way
to time the car is to use the speedometer, alongatre's watch. If you can watch the
speedometer and signal Dave when to start and sapeltich, | can pay full attention to driving.
Just as an added check, | have a heavy piece & c&e'll mark the starting point here,
alongside the window. Then, as you signal Dave,gan throw the chalk at the ground and we
will have distance and time as well as the speedomedding.”

"Are you going to do it here in the parkingdbRosa exclaimed.
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"Sure. | think there's enough room here. @&lseax good 100 meters. That should be plenty
far enough to get up to speed and slow down again."

Rosa and Oliver looked incredulous. Dave tageek at the calculations he had done the
night before and agreed with Chris. "Just don'¢ talo many chances," he said with a smile.

Dawn and Chris conferred very briefly as slmaleed into the car. Then Chris revved up the
engine, Dawn waved and shouted, "Go!" and the egaib to move.

The car had only moved about 30 m, and wasetangving at all fast, when Dawn's arm
waved and she called "Time!" as she threw the dlaltnward onto the pavement. Chris
stopped the car and he pulled off his goggles andeDawn walked back to the others.

"What went wrong?" Oliver asked.

"5.0 seconds," Dave announced. "That's falstar you needed.”

"What do you mean?" Rosa asked with some besnielet in her voice.

Chris held up the large pad of paper he haddht from the car, and Dawn pulled a calculator
from her jacket pocket.

"We timed the car from rest, or a speed of zex@0 miles per hour. Dave says it took just 5
seconds. Let's see what that acceleration waltis @rote

mi
30 - 0)—
o Go-o)
Dt 5s
mi
, _ 0
h 2 5s

"We need to convert the seconds. I'll dbdt ¢autious way, in two steps.” He added factors
to the right side to make the equation read:

mi
mi_ 307" 60s _60min
— = X — X
h? 55 1min 1h
_30x60 x60 mi
5 h?

and then, after checking the number from Dawn's tatloy added
= 21,600 mi/A

“That's more than 20,000 mf/h ," he declared.

Oliver turned to Rosa. "l think we were set ug"dommented.

“l don't understand,” Rosa complained. "You newrajpse to 20,000 mi/h. You said
yourself that you slowed down when you reached 38.mi

Chris laughed. "I certainly didn't promise to drR@000 mi/h. That's about 25 times the
speed of sound. What | said was that this cardcactelerate at 20,000 mi/h . And, from our
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measurements, it actually accelerated at about 2h@08, for 5.0 seconds.
“Remember that

SO =a t. Inthis case,

1h
3600 s

30 ™ = 21,600 X x 5sx
h h

| would have to maintain that same rate of accelamndtir 6 minutes, or 1/10 hour, to reach
2,160 mi/h, or for a full hour to reach 21,600 mifbviously, | wouldn't expect this car to
maintain that rate of acceleration very long."

Rosa still looked a little dubious, but she hadgoee that the numbers Chris wrote down
looked right.

“What was the point in marking the distance, as aglthe time and speed?" asked Oliver.

“It provides another check on our measurement oflexa®n, because the distance traveled
from rest is half the acceleration multiplied by time squared. Let's measure the distance and
I'll show you where that comes from," Chris replied.

He and Dave each paced off the distance betwedk rizaks.

“I got 40 paces," Dave announced, "which would beua 36 yards, or 108 feet. What did
you get?"

“Thirty four paces,"” Chris answered. "That's jalsbut 34 m, which is about 37 yards, or
111 feet. We can average and round off to 110"feet

He wrote the numbers down on his pad of paper. Tleesxplained.

“We know speed is distance over time,

E Dx

R=— or = —
T Dt

Therefore, to find the distance, we multiply ratetinye.
D=RT or x= t

For example, if | had driven at a constant spee&Dahi/h for 5 seconds, | would have traveled

Dx =30y 5g x 2N -30XS 1
h 3600 s 3600 20
How many feet is that, Dawn?"
Dawn put
MX 5280
3600
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into her calculator and answered, "220 feet."
"In the same way," Chris continued, "accelerats a change in velocity over the time interval,

D

and for straight-line motion, the change Dt
in velocity is just the change in speed. Lgdbe the initial speed, which was zero in our casd, a
¢ be the final speed. The change in speed is
= (- ;= ,when ,=0,and =a t,
so (=a t

"Now, let's combine the two equations. If #oeeleration is constant, the average speed is
half the sum of initial and final speeds. We usugitlicate an average by putting a bar over the
top, but sometimes we enclose the variable in angpudankets.

—=(ye i

In our measurement, the initial speed was zero, so

— f

2

"Remember, also, that the average speed measpdbd that would give the same total
distance in the same total time, so if the speetasging, the equation

Dx = 7 Dt
gives the right distance.
“Now we combine equations. Substitute

- a Dt into Dx="Dt

f

N |-

-1
2

to get
Dx = %aDt Dt:%a(Dt)z

We usually measure time from the start of the motibimen we can write the equation

sziat2
2

It says that, if
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1. an object starts from rest (when 0), and
2. the acceleratiom, is constant,
then the distance covered in a titng equal to

szlat2
2

“Let's check it out for our measurements. A car oamave a constant acceleration, because
of carburetion, gear ratios, and so forth, but iyrna fairly close to constant. The distance
covered in 5.0 s was about 110 feet, so we write

1 1
110ft=  a(5syf = ax25¢
2 2
Multiply both sides by 2 and divide by 25 s , andfine
_2x110ft
a = —
25¢°

That looks like a little less than 10 ft/s ."
“It comes out to 8.8 ftfs ," Dawn confirmed, readingnfi her calculator.
“Let's convert the units," Chris continued. He tero
mi ft
h = 8.8 5_2

?

“We want to convert the feet to miles, and the sdsdn hours, but we must use the second
factor twice." He wrote

. . 2
oMi _ 3 ft Imi 3600s

f— = O. X
h? s*  5280ft 1h

“That comes out to 21,600 mt/h ," Dawn reported, gfteshing a few more buttons.

“That exact agreement is fortuitous," Chris suggkdteen seeing a dismayed look in Rosa's
eyes, he added, "That means accidental (although peapde confuse it with the word
‘fortunate’).

"Do you see what happens in that equationZoméinued. The greater the acceleration, of
course, the greater the distance traveled. Thandis is proportional to the acceleration.

szlat2
2

But also, as the time increases, the average spéectéasing, so the distance increases rapidly
with t; the distance is proportional to the square otitne."

"0.K.," said Oliver, "you win. | was certayntonfusing speed with acceleration. If | had
thought more about the units | would have recognikati20,000 mi/h can't mean the same as
20,000 mi/h. If you kept accelerating for a fullunpyou really would be moving fast, wouldn't
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you?"

"Yes," Chris replied. "I promise | won't try to dei that fast. This car doesn't have room for
everybody, but | can take one or two. If thoséikes can follow me over to George's Grill, I'll
treat you to sundaes," he offered.

Rosa climbed in next to Chris and the others folldwe

* * * * *

Definitios: _=D— =
D
Derived Dx="D D =D
D<=%at2 (,=0 t=0

Practice Problems
1. Neglecting air resistance, what is the speeadfafling object after 3.0 s?
29.4 m/s
2. Neglecting air resistance, what is the speedfafling object after 6.0 s?
3. If a sprinter can reach full speed of 10 m/8.itb s, what is the (average) acceleration of the
sprinter during this time? 67
m/s
4. A certain type of car advertises it can acegéefrom rest to 50 mi/h in 5.0 s. What is the
acceleration, in mfs ?
5. Neglecting air resistance, a falling body aecsks at 9.8 mfs . How far will a lead ball fall in

3.0s? 44 m
6. How far will a lead ball fall in 6.0 s?
7. How long does it take a lead ball to fall 1.8 m? 0.6s

8. How long does it take a lead ball to fall 3.6 m?

38. Melting Ice and Ice Cream

Chris and Rosa arrived at the Grill first and foanghble. When the others arrived they came
in laughing about the near spill Dave had expegdralong the way, when he hit a very slippery
patch of ice just at the point he tried to brakelike.

“You should have seen the elegant 360 spin Davatdidat stop sign,” Dawn remarked.

“That was a patch that didn't get sanded or saltethything, except maybe polished," Dave
exclaimed.

“I know sand helps keep you from slipping on ice ibalso makes you slip other times,"
Rosa observed. "Why does it do both?"
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“On hard pavement, sand patrticles just roll,” Oliggplained. "Even though they are pretty
jagged, rather than round, they give you somethiegrblling friction. When the sand is
embedded in ice, or anything else that preventsiit frolling, it gives a rough surface that
prevents slipping. What I'd like to know, thoughwhy salt melts ice."

“Salt lowers the freezing point of water," Dawn gagted. "You know you add salt to ice to
make it colder if you want to freeze ice cream. Ttiensalt-ice-water mixture is cold enough to
make the ice cream mixture freeze."

“Yeah. | know that,” Oliver replied. "But | doriive any ideavhyit lowers the freezing
point.”

“It has something to do with the properties of saldl water, but not very much," Chris
suggested, enigmatically.

“You had better explain that for us," said Dave.

“O.K. I'll tell you what little | know about it,Chris replied. "First, not everything lowers
the freezing point of water, but anything thatatuble in liquid water and insoluble in ice lowers
the freezing point."

“Even if it's only slightly soluble?" asked Dawn.

“Actually, the only requirement is that it must be magpluble in liquid water than it is in ice,
at the freezing point. However, if the substanasoisvery soluble, then the change in freezing
point cannot be very large.

“The second point," he continued, "is that it ddeszally make any difference what the
substance is that is dissolved in water. The chamdreezing point only depends on how many
molecules of the substance have dissolved in a guesunt of water."

“It doesn't depend on how big the molecules arendnow much they interact with the
water?" Dave asked, somewhat incredulously.

“No," Chris confirmed. "However, | should add tham really talking about the initial
effect, when a small amount of other substance hes déded. Any differences that depend on
the particular substances show up at higher corateonts."

“That certainly changes the question," Dawn remarkiedtead of 'why does salt do it?', the
question becomes 'why will almost any substance?lo it

“And that's a little harder, but I'll try," Chrioolunteered. "First, we should look at why
things dissolve in the first place. For examplét, saeaning ordinary table salt, called sodium
chloride, is best thought of as consisting of twalk of particles, callesbns That name comes
from the Greek word meaninig ga because of the way ions move around in solutioentthere
are electrodes in the solution.

“Each ion carries an electric charge. Sodium iathearry one positive charge, because
they have lost one negatively charged electronor@ie ions each carry one negative charge,
because they have stolen the electron from the isodiu

“As you can imagine, sodium ions and chlorine iongallg stick pretty close to each other.
Opposite charges attract, and the ions carry ofgpoksarges. They form a compact, hard crystal,
as you know." Chris reached over and shook a &tcsystals onto the table, then illustrated
that they can be split, but do not easily crushhe'crystal form is the lowest energy state," he
continued. "You have to heat salt to 800 C to g&t melt. What is that, Dawn? About
1200 F?"
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“Closer to 1400 F," Dawn reported a moment later.

“Water must attract the ions pretty strongly, thenget the crystals to dissolve," Dave
observed.

“That doesn't necessarily follow," answered Chfgou know that air molecules don't
attract each other significantly."

“That's right. It's hard to turn air into a liquidut what does that have to do with salt and
water?" Dave countered.

“I'll get to that in just a moment. If you fill a b@on with air, the molecules of air are still
quite far apart, so they have plenty of room. Waadairly easily crowd them into a space
one-half, or even one-tenth, as large. Yet if yeease your grip on the neck of the balloon, the
air rushes out and doesn't come back. The escap#uoks not have any more energy than it had
before, so it can't be an energy difference thiaedrthe process," Chris explained.

“Then what does make the air rush out?" asked Dawn.

“Let's use an analogy," suggested Chris. "Youogthé county fair with a dozen
six-year-olds. What is likely to happen if youriyour back for a minute?"

“They probably would wander away," Rosa answerdt wilaugh. "l used to do it, and now
| see my young cousins do it when we go anywhere."

“That's typical,” Chris continued. "Now, when thegve wandered away, they might actually
prefer to be back with the person who brought thamthey might even want very much to be
back, but they are likely to not come back right wwksn't that right?"

Everyone agreed, from their experiences, that oocesene was out of sight, getting back
was not a very likely event, without some exterredph

“It's simply that there are so many places the atald go, that when the child does go
somewhere, it is very probabtptwhere the group is,” Chris explained. "It is theng way with
air molecules. An air molecule really doesn't canetier it is in the balloon or outside, but it is
always going somewhere, moving at a few hundred mp&rsecond. In fact, the higher the
temperature, the faster the molecules go, withounlgaany particular goal. Once a molecule
gets outside the balloon, it is just not very kg wander back inside, because there are so many
other possible places to go. Even if it does hapgpeo back inside the balloon, it is very
unlikely that its companions would return at the sanegnent, so the amount of air inside the
balloon does not go back to its original value—hwitt external intervention."

“But sodium chloride isn't a gas, or a group of dtgh," Oliver objected. "You haven't
answered Dave's question about how the analogyuslanything about salt dissolving in water."

“The point is that if energy of interaction is notportant, then sodium ions and chlorine ions
and air molecules—oxygen and nitrogen—all behawe much the same way. Itis very much as
if the sodium chloride had simply expanded, like g, gato the much larger volume of the water.
Then the ions just never find each other agaieform the crystal, because they are moving
around too fast."

“The water must play some part, though," Dave obskeri®odium chloride doesn't expand
into air or vacuum."

“Yes, of course the water is important. It is rattdissolving in water is going to a lower
energy state, but simply that it is not a signifitahigher energy state than the crystal.

“If the solution is a lower energy state," Chrisitoued, "the solution gets warm as it is
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formed. Sodium hydroxide— which you may knowyas—is an example. If the solution is a
higher energy state, a crystal may still dissolvg,the solution turns cool. Sodium thiosulfate, or
what photographers cdilypq is a good example.

“In the case of sodium chloride and water, the smhutloesn't get warm or cool, so we know
the energy difference is not very large betweersthation and the crystal. The attraction
between water molecules and the ions just about makés the lost attraction between the two
kinds of ions," Chris added.

“When we started, you were going to explain whyiaddalt to ice makes it melt and get
colder,"” Dawn reminded him. "You have explained whit dissolves in water, but also that
adding salt to water does not make it wanneold, so that doesn't answer the original question.

“Good point,” Chris responded. "Remember | saidasmit particularly easy, but we are
almost there.

“Let's apply the same model, now,ite in contact with liquid water. At room temperature,
we know ice melts, as if the water molecules wereaaamg from the ice crystal into the liquid
water. If we lower the temperature, the moleculesemwore slowly, so they are not as likely to
wander away from home, so to speak. At 0 C, the nutebeing is equal to the number finding
their way back, so the ice doesn't melt and thevaitesn't freeze. Below® C, the energy
difference between liquid and solid is more importhan the gain or loss of freedom, so the
liquid molecules collect into ice crystals," Chrantinued.

“I guess freedom has its price, and if the prideigh enough, the molecules give up their
freedom," Oliver laughed.

"That's about right," Chris agreed. "Now sogpthe liquid water isn't pure. Here we will use
a very rough picture, but one that gives the ragigwers. If, for example, the liquid was only
90% water, then the number of water molecules thatdueave the ice at ® C wouldn't be
affected, but the number of water molecules gettaklio the ice by random wanderings would
only be 90% as great as the number leaving theTibe.result would be that some of the ice
would melt.

"You remember it takes energy to get ice to th€lyis continued. "The only place that
energy can come from is the kinetic energy of the ouddss. So, to satisfy their wanderlust, the
molecules borrow energy from their neighbors. THegnave a little more slowly, which shows
up as a lower temperature reading. When the temperdtaps enough, the number of molecules
leaving the ice decreases to just equal the nundming back from the salt solution. So we have
equilibrium again, but at a lower temperature, withtke less ice present. A saturated
salt-ice-water mixture is in equilibrium at about °@0or slightly below 0 F."

"That's really a very nice picture, when yau p all together,” Dawn exclaimed. "It sounds,
though, as if the fact we are talking about ice saltlisn't very significant. Just about any [dir
substances should do the same thing, it would seem."

"That is correct,” Chris confirmed. "Adding iomgy that goes into one phase more than the
other always favors the impure phase. The liquitena the impure phase, so when we add
more salt, we get more liquid solution, and that eauke temperature to drop.

"In fact, we can extend the same argument terddinds of phase changes. For example, if
you heat the salt solution to the boiling point,jethphase is less pure, liquid or gas?" Chris
asked.
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"Sodium chloride doesn't evaporate, so thepbase is pure water vapor, unless air is
present,” Dave declared.

"Good. Because the same amount of air is tletiee time, we can forget its effects. That
means if you throw salt into boiling water, the watdl stop boiling. To get it to boil, you have
to heat it to a higher temperature,” Chris continued

"That is certainly what happens,” Dawn agre&halt water boils at a higher temperature than
pure water."

"Going back to the ice and water," Oliver otgd, "is there a difference between a freezing
point and a melting point, or are they the same?"

"That's a good question, too," Chris respondé&ar pure ice and water, they are exactly the
same, although it isn't nearly as easy to measune sleparately as you might expect. To
measure them, we usually prepare a mixture of icenatelr, stirring it to keep it well mixed, and
that temperature is called the freezing pamtithe melting point.

"The other extreme would be something like itescream that has gotten rather soupy while
I've been talking," Chris continued. "If you pullé out of the freezer and measured the
temperature when it first started to melt, that wdidch fairly low temperature. If we warm it a
little more, then put it back in the freezer and meashe temperature at which it first starts to
freeze, that would give us a significantly highemperature.

"If we draw a picture, or graph, of the positompositions of a nearly pure solid phase and
an impure liquid phase, for various temperaturesetlgea forbidden region, or gap, between
them. Therefore the temperature at which the matsaals to melt, or freeze, is different from
the temperature at which it finishes melting, or Zieg.
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"Impure substances melt, or freeze, over a rahtgEmperatures,” he explained. "A sensitive
way to determine whether a substance is pure dsnotmeasure how sharp a melting point it
has. If you call the temperature at which a sulsgtatarts to melt, the melting point, and call the
temperature at which it starts to freeze, the freepoint, then the melting point and freezing
point are different for an impure substance. Howemat is really comparing the freezing-
melting point of one concentration of impurity witketfreezing- melting point of a very different
concentration of impurity. It is probably misleaditaggive the two temperatures different labels,
as if there were a different freezing point and mglpoint for the same material.”

“That's a lot more explanation than | expected,V&licommented as they all stood up to
leave. "It really gives me a feeling | can underdtavhat is going on. Your analogy between
molecules and little children seems like a good ofteey really do wander around and get lost.
And the more other kinds of people, like adults,iaréne way, the less likely the children are to
get back.

“Now I'd better show I'm not a lost child or wanadhgyimolecule. | have to get home to get
some work done there," Oliver laughed.

* * * * *

Practice Problems
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Which phase is less pure in the following exaspl
Sugar is added to liquid water + ice.

Sugar is added to liquid water + water vapor.
Gasoline is added to liquid water + water vapor

cooPRE

a. l; b. I;cv
2. Predict the effect (raised or lowered) on theildorium temperature in each of the following
examples.
a. Freezing point, when sugar is added to water.
b. Boiling point, when sugar is added to water.
c. Boiling point, when gasoline is added to water.
d. Boiling point, when water is added to gasoline.

Activity
Measure the temperature of ice-water solutions,

a. with pure water (tap water).

b. after adding a measured amount of salt.

c. after adding a measured amount of sugar.
Measure the boiling points of water and of the saaleand sugar solutions.

Convert concentrations to molarity (by dividiegncentration in g/L by 58.45 g/mol (NaCl) or

by 342.3 g/mol (¢, H, Q, )) or to mole fraction (multiplyolamolarity by 55.5) for comparison
purposes.

39. The Amusement Park

When Rosa's alarm went off it was still dark outsides her mind began what seemed like a
very slow process of orientation, she realizedasBaturday, and she almost rolled over to go
back to sleep. Then she remembered this was thed8gtshe was going to the amusement park
with Oliver, Dave and Dawn, and Chris.

She bounced out of bed, dressed quickly, ate bmeglkdnd was out of the house in near
record time. During the ride to the park, she wasylplanning which rides she especially wanted
to go on, including the "free-fall" drop and the Iooller coaster. Dawn reminded her of the one
that whirls around—then the floor drops out. Thgyeed that was a bit frightening, and fun.

“Do you remember how high the "free-fall" drop isBesasked Oliver.
| believe it's 30 meters, or about 7 stories," lspoaded.

“How fast does that make you go, at the bottom?" Rosdéinued.

Oliver thought about passing that question alongidecided he could handle it. "Let's work
it out,” he suggested, pulling a small notebook apencil from his pocket. "It will give you a
chance to practice that algebra you've been legrnin

“There are two equations that describe motion ad@ylihat is being uniformly accelerated.
One is written to show the position, the othergpeed. First, you remember of course hat
R T or x= t when the speed is constant. The distabce, X, is thechangen position, so
it is often helpful to write x = x - x,, wherex, is the starting position, at zero time. That makes
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D = RTlook like

X-%= t
or

X=X+ t
Now, if vis not constant, we must use the average spe&e can use the initial speed, and
add a correction term for the change in speed. cohection term id2a t> You may
remember Chris showed how to get that from the avesjpged.”

“It looks familiar, but I certainly don't remember hdw got it. Anyway, let's assume that's
right,” Rosa responded.

“O.K. Then the equation is

X=x,+ f+%at
If an object starts from rest, = 0 and so
X=X, +%at
We could solve that equation to find the time, thed speed fromra= / t and therefore =
a t. Butlthink the other equation will be easidrg’' observed, after a moment's consideration.
"We can come back and find the time it takealidater. Let's find the speed first," Rosa
urged.
“The other equation gives the square of the spédad.
2= ?+2a X

That is, the final speed, squared, is equal toritial speed, squared, plus twice the acceleration
multiplied by x, the distance traveled. That looks more helpfibve assume you start from
rest, with , =0, then

2=2a x
If we assume the cab of the ride falls freely, itederates at 9.8 nf/s . Over a drop of 30 m, it
acquires a speed of

2=2x9.8m/$ x30m
600 m/3$

So all we have to do is take the square root of"8Dlver concluded.

“How do we do that?" Rosa asked. "I don't have algwdator with me."

Dawn came to the rescue. "You can break it dowm iix 100, so it is ten times the square
root of six. Of course, that isn't too much helpati don't remember the square root of 6, but at
least it is easy to see that 6 is between 4 asd the square root has to be between 2 and 3. If
you try 2 % you'll find that's pretty close; wedkmthat 25 x 25 = 625. So the square root of 600
has to be a little less than 25."

"Then that means the final speed is a litths llnan 25 m/s,” Oliver inserted.

"l think my math book showed a way to get a sguaot exactly, without a calculator, but |
don't remember the method," Rosa admitted.

"That's all right,” Dawn assured her. "I doemember it either. In practice the best way is to

try a few numbers. Is there space on that page smohe calculating, Oliver?"
Oliver quickly volunteered his notebook and @kmurging Dawn to use
additional pages if necessary.
"We probably won't need more than this," Dawsuasd him. "Remember if we
knew the square root, then dividing 600 by that numiamuld give the square
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root as the answer. Let's see how close 25 is."

“We knew 25 was too big. When we divide by 25,ge¢ 24. Next we try the average, or
24.5," and she wrote

"We can see that 24.5 is still a little bit toogey but very close. When we divide by 24.5 we
get almost 24.49. The next guess would be the geeb24.5 and 24.49, or 24.495. That
should be extremely close to the square root of'600.

“That was pretty fast,” Oliver admitted. "It woalivays work out that easily, will it?"

“If your first guess is not as close, it may takeeatra step,” Dawn conceded. "But as soon
as you get close, it narrows down very quickly."

“Our 600 nf /$ was an approximation, so 24.5 m/s, ené86 m/s, is a good enough
approximation for the final speed,” Oliver assured h

“25 m/s doesn't sound very fast,” Rosa commented.

“Let's see,” Oliver responded, and he wrote

?MZZSEX Imi 36008

X
h s 1600m 1h

“That simplifies by dividing top and bottom by 108et by 4. We get

o5y 2 Mt

4 h
25/4 is a little more than 6, and 6 x 9 = 54, sausst be about 55 mi/h."

“That soundsa lot faster,” Rosa admitted. "But we don't actuhit the ground that fast,”
she added.

“Thank goodness we don't!" Chris exclaimed, joinihg conversation. "What Oliver has
calculated for you is the speed you would reasfoif fell straight down for 30 m, with no air
resistance or other braking. If you look at thparptus when we get there you will see that the
cab does not go straight down; it follows a cuhe is initially quite steep but ends along the
horizontal. | don't know how much braking is apglier where, but you know before you reach
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the end of the track you will have stopped. Withany braking you would continue traveling at
55 mi/h across the ground.”

“You just said the track isn't straight all the wdgwn. So even without braking, you
wouldn't ever get going that fast, would you?" Reessponded.

Chris laughed. "It's a little more complicated, dotesimpler, than that. It turns out that, if
there is no retarding force along the track, itatdiemake any difference what shape the track is.
It could have hills and valleys, like a roller ctesor it could even include a loop-the-loop. Any
speed you lose when you go up, you gain back wbarcgme down again.

“You can look at the problem either of two waysislbnly the part of the force that is in the
direction the cab is movingiongthe track that makes the cab gain or lose speed.fdkoes
perpendicular to the motion don't change the spékxvever, calculating the final speed by
looking at the changing forces would be difficulthe easier way to solve the problem is by
considering the energy.

“May | use a page of that notebook, Oliver?" Clasked.

“Sure," Oliver replied, and motioned to Dawn to palsg the notebook and pencil.

Chris began, "Oliver used the standard equation,

2= ?+2a X
Let me show you how we can get that equatwthoutconsidering energy. Then I'll show how
you can derive it with energy.

“Start with the simplest equation,

. . D=RT or Dx=" Dt
where with a bar (or with
brackets), you recall, represents the average speed

if the acceleration is constant. Also, the final gpedhe initial speed plus acceleration times
time,

So
x=%(,+[,taf)t
Do you follow that notation and substitution, Rd'sa?
"l think so. You are letting represent the final speed, aren't you? Api initial speed and
tis the total time?"
"That's right," Chris confirmed. "We could leawrittent ast - t,, but we usually let, = O.
Now, the square brackets don't do anything. Werearove them, to get
X=% (,+ ,+tapt
and remove the parentheses to gat= t+% at? or
X=X+ f+%at
The final positiony, is the original positiornx,, plus the distance the object would have traveled
at the original speed,t, plus a correction, ¥a t%, for change of speed."
"That's the first equation you used, OlivdRysa said delightedly.
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"Yeah. That's where it comes from, althoughaésier to just remember what the final
equation tells us," Oliver acknowledged.
"Now let's back up just a little,” Chris sugtgrl. "We have the equatiom=% ( ,+ )t
andalso = _+ator
()

t

If we multiply each side of the first equation b thcceleration we get

-

O.K. so far?" Chris asked.

“Yes, | think so," Rosa replied. "The tws, representing times, on the right cancel. That
leaves (- )( + ). |recognize that as a special product, fromlaige It is equal to - 2
isn't it?"

“Right," said Chris. "So you see we have the dqunat

a x="% ( 2- 02)
or
2= ?+2a X
It isn't hard to derive, but it takes quite a feeps."

“l can follow it when you do it," Rosa agreed, "bwtouldn't want to have to derive it
myself."

“Then look at the energy equation, which you hdsge aeen before," Chris suggested. "The
cab starts with potential energyg hat the top, when it is at a heidht That potential energy is
converted to kinetic energy, i 2 when it falls. As long as no energy of motioifoist along
the way, the total energy afterwardsni2 ., + m g h, is equal to the total energy before, or
Yamv?>+mgh. Thatis,

Yam jJ+mgh =%m ?+mgh

Dividing out the massn, and multiplying by two, we get
s+2gh = 2+2gh, or ;= [2+2g(hs-h).

“For a freely falling body, remember the forcé sw=m g Also, fromf_,=m a it follows
that the acceleratioa isg, or 9.8 m/$ , if there are no other forces, sudhnietson, acting. If we
substitutea for g, and let x = (h, - h,), we get the equation we wanted,

2= j2+2a X
It is derived for a special case, but gives theaiqn we need.”

"That does seem like an easier method to rementbkver agreed. Then, looking up, "Isn't
that the park ahead? What happened to that logsgithe?" he added with a smile.

* * *
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|
X=X, +Vt+Yat
vi=v?Z+2a X
|

Practice Problems
1. Divide by 5, as a first approximation, to fitetsquare root of 24.
4.899
2. Find the square root of 12,

a. starting with 3 as a first approximation.

b. starting with 4 as a first approximation.
3. A box falls from an initial height of 6.0 m. Wthaill be the height of the box (neglecting air
resistance)

a. after 0.50 s?

b. after 1.0 s? a. 48m;b. 1.1
m
4. A ball is thrown upward, from ground level, wih initial speed of 10 m/s. What is the height
after 0.50 s?
[Suggestion: Lehand , be positive; thea=- 9.8 m/$ .]
5. When will the box, of problem 3, reach the gmb({m= 0)? 1.1(87
6. When will the ball, of problem 4, strike the gnal again?
7. What is the final speed of the box, of problerju8t before it strikes the ground?  10.8 m/s
8. What is the final speed of the ball, of probkenust before it strikes the ground?
9. If the box, of problem 3, has inertia of 5.0 kgw much kinetic energy does it acquire as it
falls?
294 J
10. If the ball, of problem 4, has inertia of OKgf)

a. what is the initial kinetic energy?

b. what is the potential energy at the top ofrtizgion?

c. what is the final kinetic energy, just befarestrikes the ground?

Stretching Questions

1. Many inexpensive calculators can add, subtragttiply, and divide but do not take roots.
We know that 2 = 8, and therefore the square rb8tig a little more than 2. Try dividing 9 by
22, then adjusting the trial number, 2, dnye-thirdof the difference. Does the method converge
quickly to give the square root of 9 (as testealying your provisional answer)?

Does the method work for a number that is ndeao close? Try finding the cube root of 12.
[Suggestion: Because the neglected terms arelglighger than for square roots, undercorrect
slightly. For example, 12/4 = 3, so subtract OtBeathan 0.33, from 4.]

Expandd + b)? and @&+ b)>. Can you see whiyalf the difference was added for the square
root andone-thirdthe difference for a cube root?

2. Accelerations of the head greater thang(ite. 400 x 9.8 m/$ ) are considered likely to lead
to brain damage (or 2a9 for as long as 2 ms or 15Jor as long as 4 ms). Assuming optimum
conditions of uniform deceleration (constahtwhat is the minimum distance over which a head
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must be decelerated to avoid brain damage keepa 3920 m/$ ) if the initial speed is
a. 10 m/s (= 22 mi/h)
b. 25 m/s (=56 mi/h)
c. 50 m/s (=112 mi/h)

Activity
Make measurements of the following.

a. Distance from the outside of the skull of a we&o the inside of the hard helmet shell, for
one or more styles of protective head gear.

b. Compressible distance (without damage) of a ashlabard.
Compare these values with the minimum stopping distamterarious speeds, to avoid brain
damage.

c. What is the function of a seat belt in an aect@
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