B. Mechanics

7/27/07 PT-B- 37



7/27/07 PT-B- 38



Chapter 4. Linear Kinematics

Chapter Introduction
A. Why?

As Galileo wroté in 1636, “There is, in nature, perhaps nothing older than motion,
concerning which the books written by philosophers are neither few nor small”. Kinematics, or
the study of how things move (distance, direction, and time) may still be considered the most
fundamental problem of physics (even though it was solved for special cases by Kepler and by
Galileo in the early 17 century). It will be required by students in various practicatiens
such as finding how long it will take to travel from home to some other location, and is the
foundation for later problems in physics.

B. What to Look For

After a false start, Galileo discovered thate of travels the key. For any part of a motion,
the rate of travel is the distance divided by the time interval required to cover thatdjso the
time interval must be found if it is not given.

Addition of speeds is a very simple conceptual problem, which many students find difficult
initially. Is there any limitation to this simple method? Why, or why not?

C. Pre-test for Prior Comprehension

1. What is the difference between kinematics and dynamics?

2. If you walk at 3 mi/h for 20 minutes, then walk at 4 mi/h for 15 minutes, what is your average
speed?

3. If you walk forward at 3 knots on a ship moving at 5 knots, what is your speed with respect to
the water?

4. Is it possible to define a speed at a point?

5. How, if at all, can you determine whether two events, in different locations, occur
simultaneously?

6. If a nucleus moving at 2x40 m/s (relative to the laboratory) emits a particle invieedor
direction moving at 2x10 m/s (relative to the nucleus), what is the speed of the paatities

to the laboratory)? (The speed of light is 3%10 m/s.)

7. A state high-school syllabus published a few years ago listed, as a major topic, “the study of
motion.” Why is this a bad joke?

D. Inquiry Question

Galileo had no reason to question that a length such as a meter (or cubit or any other
“standard” length) would be different in his laboratory as compared to any other laboratory, nor
that a “second” would have a different meaning in different laboratoag¥Vas this a

! Galileo Galilei, “Dialogues Concerning Two New Sciences”, transl. Henry Qnew a
Alfonso de Salvio, 1914, Dover; Third Day [p. 190].
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Short Answers to Pre-Test Questions.

1. Kinematics is a description of relative motions; dynamics considers the caubasgés of
motion.

2. The average speed is (1 + 1)mi/[(20 + 15)/60 h] = 24/7 mi/h = 3.4 mi/h.

3. 3+5=28knots.

4. The limiting value of speed, for small time intervals, is well defined.

5. The meaning of simultaneity of events in different locations depends on the (relatios) ohot
the observer.

6. The speed is 4x10 /(1 + 4/9) = 2.7(7)%X10 m/s (section 4.9).

7. An entirely equivalent description would be “the study of being at rest,” or, more broadly, “the
study of objects at rest as seen from a reference frame in motion.” The intentegaitdy; was
“the study of relative motion” (linear kinematics) and, especially, “the study of changesion”
(see Chapter 5).

meaningful assumption (could it be checket)AVas it a valid assumption?) Would it make
any difference if the assumption weret valid?

HiHHIH

Galileo struggled to make sense of a world in which very little was understood of how or

why objects moved. It was only when he set aside the questamyaibjects move, or change
their motions, and concentrated lmow objects move, that he was able to make a substantial
contribution. We follow his lead by concentrating firsthmw objects move, and how we can
describe those motions, before tackling the causes of motions or changes of motions.

You may recognize kine (or cine) as a Latin form denoting motion. Kinematics is the
description of motion. We begin with motion in a straight line, or along any fixed path. Because
the path is predetermined, it requires only one number to specify the position of an object as it
follows that path (which need not be a straight line). Such a number is catleddaate Often
we will let x represent that position coordinate. In a notation you will recognize from
mathematics, we letx be the change ixi then x =x; - x;, the change in position is the final
value,x;, of x minus the initial valuex; , of x.

4.1 Distance, Rate, and Time.

Everyone has a pretty good idea what is meant by speed. It is that@&oémotion.
Piaget, in studies of children, has shown that speed is a quantity that is directly pert&ave
recently, studies of vision have shown that rate of motion is (qualitatively) directigteet
confirming the prehistoric importance to our well being of knowing how fast objects are moving.
Nevertheless, we will find some interesting quirks when we look at speed morelgareful

The distance travele®, in a timeT, is given by the equation

distance = rate x time
D=RT
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whereR is thespeed Thus we may define speed as the fatio of distance traveled to the time
interval required,

R:R
T

If you drive at 100 km/h for half an hour, you will travel a distance of 50 km. If you drive 20 mi
in 2/3 h, your speed is 20 mi/(2/3 h) = 30 mi/h.

4.11 The Models We can represent a car moving at constant speed in a straight line in at
least four ways, as shown in Figure 4.1. In Figure,&alphotograph gives substantial detail
about a particular car, but this picture gives no information aboumdtienof the car.

Figure 4.b is moreschematia@and more descriptive. It provideg@ometric modedf the
motion. Because the motion is in a straight line, it might seem more appropriatetdthsecle
reference point along the line of motion, but then lines representing different segmhbats of t
motion would fall on top of each other. The motion is independent of the reference point, so we
choose a point that gives maximum clarity. The slanted lines, labetgdetc, serve as markers,
or pointers, to successive positions of the moving car, at equal time intervals — as shown by the
small one-armed clocks. The horizontal segments, lalbgldd,, etc, show the distances
traveled in the equal time intervdlg T,, etc.

140
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l = : B & Lo
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C 0 10 15 20 25
Figure 4.1 d

a. Car (Photograph) b. Drawing of motion c. Algebraic equatidn Graph of motion of car

The third representation, in Figure d.is an algebraic model. Here we represent the
distance traveled b; the speed, aiate of travel, byR; and the time interval, during which the
motion occurred, by.

The fourth representation, in Figured.is a graph. If we plot values of positidh, on the
vertical axis and values of timg, on the horizontal axis, the points for successive valuBs of
andT form a line slanting upward to the right. T¢lepeof the line,D/T, is thespeed

2 Note thatrate andratio are closely related words. They are also relatedtional.
The ability to understand ratios (or rates) has been shown to be one measure of what has been
called “adult-like” thinking. See B. Inhelder and J. Piagiag Growth of Logical Thinking
Basic Books, New York, 1958.
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Examples 4.1
A. Which of the four models, or representations, in Figure 4.1 gives the most
information about what is moving?
B. Which of the four models, or representations, gives the most quantitative
information?
C. What important information is missing from all four representations of the
motion?
*kkkk
Challenge Problem
The rules of a certain road race require that a stretch of 10 mi should be driven at a 8peed of
mi/h. Murphy had car trouble during the first half of this stretch. When he reached the 5 mi
mark, he calculated his average speed to that point was 15 mi/h. At what speed would he have to
drive the second half to arrive with an average speed of 30 mi/h?
*kkkk
4.2 Operational Definition of Speed

Operational definitions were the critical step in moving from classical physaiscussed by
Newton, to more modern physics, explored by Einstein and others. Even speed requires attention
to its definition.

The definition of speed assumes we know how to measure positions and times. That is an
assumption that may need examination except in very limited circumstances. We mdst cons
guestions such as:

a. When we measure position, we measutstance but where do we measure from?

b. How is the measurement of position affected if the point we want to measure is moving
relative to us?

c. How is the measurement affected if we are moving relative to the point?

d. When we measure the initial time, where do we stand?

e. When we measure the final time, where do we stand? Does it make a difference?

f. Does it make a difference in measurement of time if we are moving relathes point,
or points, to be measured?

The simplest scheme would be to have a fixed reference point from which all length
measurements are made, and to make each time measurement standing next to théhebject a
time to be recorded. But a moment’s reflection should reveal that we may have difficult
knowing whether our reference point is really fixed. Is the lamp pole on the corner stationary, or
is it moving at nearly 1000 mi/h, or 1600 km/h, because of the rotation of the Earth and moving
even faster because of the motion of the Earth about the Sun? Will that make a diffdfenee
are at the starting point of the motion with our stopwatch, then we cannot be at the end point of
the motion with our stopwatch unless we can move much faster than the object we are timing.
Does that make a difference?

Quite obviously, we can avoid such special difficulties by making measurements in multiple
locations, then sending signals — for synchronization and conveying results of measurements —
between measuring stations. But that method breaks down when the time for signaling is no
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longer negligible compared to the time intervals being measured. Thus we must be gensitive
problems arising for long distances and short times, or simply for higher speeds.

Especially, we must be careful about our egocentric point of view. If the motion of the test
object is important, themh must be considered unique. The motion we are examining could very
well be under examination by others, who are moving relative to us. That should be a warning.
Will they get the same values?

We are not prepared to answer these questions yet. When speeds apgroach.&) m/s (
close to the speed of light, 3 x¥10 m/s), we must be very careful about such details. The
observers, including ourselves, aia unique. Thus it is safer to ask whether we are moving with
respect to the test object, than to question whether the test object is moving withtoegpec
The answer would be the same; it is only the relative motion that is important. Yet tstander
what is happening, this seemingly trivial distinction between moving object and moving observer
turns out to be helpful, and may be critically important to those of whom we ask the question.

For very slow speeds, characteristic of turtles, cars, airplanes, and bulletgjubssons do
not cause any difficulties in our measurements. Temporarily, we will limit ourdemasions to
such slow speeds.

If you found a speed for Murphy of 45 mi/h, you are not alone. If you calculated 60 mi/h,
you have company, also. But neither value is correct. You may want to look again.

4.3 Average speed

In practice, we seldom travel at a constant speed. (Try cruise control on an interstat
highway and watch how other traffic changes speed relative to you.) Nevertheless, we may for
the present assume constant speeds for segments. From such calculations, eéovilltee
take into account changes of speed, to obtain average speeds.

Consider a trip such as the following:

A bus travels 50 km at 80 km/h. Then it travels 40 km at 100 km/h. What is the average
speed of the bus?

The geometric model is shown as a graph in Figure 4.2, iihesethe distance traveled in
the timeT, andD, is the distance traveled in the time interal The
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Figure 4.2. a. 50km @ 80 km/h b, 40km @ 1002 ="
km/h C- 90 km @ 80 then 100 km/h 0 :. A 7 1N 12 18 140 99 28 729 21 A 7 AN

[Time axes are marked in (1/40)h units.]

total distance traveled in the tinie=T, + T,isD =D, +D,
We define average speed by
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Answers 4.1

A. The photograph gives the most information, but this may not be helpful if
you want to apply information acquired to motion of another object.

B. The algebraic representation gives the most quantitative information. The
graphical representation is equivalent except there may be some inaccuracy in
reading values from a graph.

C. Speed is unknown. Without knowing the value of two of the state
variablesD, R, or T (or units forD andT on the graph), it is not possible to find
the value of the other variable. By separating the model and the specification of
the state variables, we make the same model readily applicabig pooblem of
uniform motion in a straight line. Then we can add values of the variable to fit a
specific problem.

*kkkk

total distance
total time interval

average speed =

or for this example,
—_ Dl + D2
ave -I—l + T2
The total distance traveled is 50 km + 40 km = 90 km. We must calculate the times for each
segment.

50 km 50 km
or T =

=80km/h = =
R T, ' 80km/h

soT, =5/8 h. Similarly,

40km 40km
or T,=——F——
T, 100km/h

soT,= 4/10 h. Thu®, + D, =50 km + 40 km =90 km, and + T, = 5/8 + 4/10 = 41/40 h.
Therefore the average speed is

R, =100km/h =

90km km
= =87.(8)—
Rue 41/40h ® h
Notice that the average speeait the simple average: R 1 %(R1 + RZ) =% (80 km/h

+ 100 km/h) = 90 km/h. The average speed is not equal to the average of the speeds unless equal
times are spent traveling at each speed. More time was spent at the lower siecayvesaye
speed must be closer to the lower speed.
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The principle is the same for any such trip composed of two or more segments.

*kkkk

Examples 4.2
A. A bicycle travels 10 km/h for 10 min, then 30 km/h for 10 min. What is
the average speed?
B. A motorcycle travels 30 km/h for 10 min, then 50 km/h for 20 min. What
is the average speed of the motorcycle?
Remember to find the total distance traveled and the total time required. Then ditadeedisy
time to get rate, or average speed.
Examples 4.3
A. A car travels 60 km/h for 10 km and 100 km/h for 10 km. What is its
average speed?
B. A plane flies 300 km/h for 10 km, then 500 km/h for 20 km. What is its
average speed?

If we have plotted position, on the vertical axis, against time, on the horizontal axis, the
average speed is the slope of the straight line from the origin to the end point.

If you have not already done so, find the total time for Murphy to go 10 mi at 30 mi/h, then
find the time for Murphy to go 5 mi at 15 mi/h. From this you can find the time available to go
the last 5 mi, and hence the necessary speed.

It is customary, in physics, to represent distances by letters suar ag (or s), rather than
D, and to represent time intervalstoyr t, rather thal. Also, we will represent the speed by

, but please dootcall it “velocity”. Bothvelocityandspeedare technical terms, with distinct
meanings. The meaning here is speed.

It is important to remember that a speed is alwajiff@renceof positions divided by a
differenceof clock times. This is illustrated by Table 4.1, which represents (idealized)
measurements of positions and times for a ball rolling down a track. For each tiwa,imter
have found the distance traveled (difference in measured positions) and the timé interva
(difference of clock values). We divide distance(= D) by time t (=T) from which we get
speed, (=rateR).

Table 4.1
position, X: | 0.00 0.50 2.00 4.50 8.00 12.50 18.00|m
time, t: 0.00 0.50 1.00 1.50 2.00 2.50 3.00]s
_X 0.50 1.50 2.50 3.50 4.50 5.50 m
t 0.50 0.50 0.50 0.50 0.50 0.50 S
speed, m/s

Example 4.4
Find the speed for each interval in Table 4.1. Is the speed constant?

*kkkk
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Answers 4.2
A. T, =T,=10 min = 1/6 h. Therefore the distances are

D, =RT, =108Mdh=%m  and D, =RT, =30 h=%m
h 6 6 h 6 6

and the average speed is

10+30

D,+D, g

Rave: 1 2 - 6 6 km 4O>Gk_m_20k_m

T, +T, } + 1 h 6 h h

6 6
B. The distances are
D, =RT, =30""% =5m  andd, =R, =505Mx2% = 1%,
h 60 h 60 6

and the average speed is

D 5+167 km km
&ve

o433
T 30/60 h h

*kkkk

Answers 4.3
A. The distances are given@g= 10 km and, = 10 km. We know the
rates, but must find the times.
_ D, _ 10km _1h T_D2_10km _1
R, 60km/h 6 R, 100km/h 10

and therefore the average speed is

D 10km+10km 20 km 75k_m
T 1/6+1/10h 16/60h h

&Ve

B. The distances are given@gs= 10 km and, = 20 km, so the times are

10km 1 20km 1
,=————=—hand T,=———=—
300km/h 30 500km/h 25

and the average speed is

_ 10+ 20 km km
= =409
ave 5+ 6 h 09 h
150
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or an average speed of 410 km/h.
Answer 4.4
The speeds are the ratiox/ t, and are therefore 1.0 m/s, 3.0 m/s, 5.0 m/s,
7.0 m/s, 9.0 m/s, and 11.0 m/s. The speeds are increasing steadily as the ball rolls
down the track.
4.4 Average Speed and Displacement
For motion along a straight line, the distance from start to finish is just the sum of the
partial distances. A bicycle that travels 10 km/h for 10 min goes 10 km/h x 10/60 h =
100/60 km. If it travels 10 km/h for another 10 min in the same direction, it goes another
100/60 km, and is then 2 x 100/60 km from its starting point (Fig. 4.3). However, if the
first leg is toward the east and the second leg toward the south, the end point is

2

2
@km + @km =4/2X @ km
60 60 60

from the starting point.

The odometet function of a traditional speedometer measures distance traveled, without
regard to direction. Often we are interested in the distamddirection from home, or from the
starting point. Thelisplacemenis the distance and direction from starting point to end point
along the shortest path, which is a straight line connecting the two points.

If a car travels 10 km east and then 10 km toward the northeadisptecements as
shown in Fig. 4.4. There are various ways of finding this distance, but for the moment we may
break the second leg into two parts,

%(1Okm)2 = /50 km north and %(1Okm)2 =/50km east.

Then the displacement is 10 km %0 km north and 50 km east, so the total is

\/(1o+\/§))2 +(V50 = 200+ 20750 34 )4 km=18.(5)!

We will look at other methods of solving problems such as these in chapter 5.

*kkkk

® Odometer, from Greek o , means to measure the “way”. Compare “exodus” (going
out) or “electrode”, the path or “way” followed by electricity.
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Examples 4.5
A. A motorcycle travels north at 30 km/h for 10 min, then travels west at 50
km/h for 20 min. What is the displacement of the bike from its starting point?
B. An airplane flies 100 km west, then 300 km southwest. What is the final
displacement of the plane from its starting point?

*kk*k

4.5 Adding Speeds

Galileo is remembered in part for his observation that (slow) speeds can be added. togethe
When the question arose of how we could tell whether the Earth was stationary (farstote
geocentric universe) or rotating and moving about the Sun (Copernican heliocentric model),
Galileo explained that if a ship is moving, the top of the mast is moving at the same speed as t
deck, so a ball dropped from the top of the mast should hit the deck at the base of the mast.

In the same way, he argued, if the Earth is moving, an object dropped will fall straight
downward, just as if the Earth were stationary. Thus there is no simple observationmakea
of objectson the Earththat will tell us whether the Earth is moving or fiot.

As part of his analysis, Galileo gave us an equation for adding speeds. If the conductor on a
train is moving at the speed relative to the train and the train is moving atelative to the
platform, then the conductor is moving at+ ,relative to the platform.

= 1 +
It is often helpful to write such addition problems with subscripts, showing that the spbed of t
conductor relative to the platform is the speed of the conductor relative to the tralmepdpeed
of the train relative to the platform.

+ =

c,t t,p c,p

The middle subscript, disappears.

Galilean addition of speeds works equally well whether the speeds are in the satiendire
or opposite directions. If one speed is in the opposite direction, we simply assign a negative val
to that speed and add, or equivalently, we subtract speeds. Then the sign of the sum tells us
whether the net motion is “forward” or “backward”, according to our chosen sign convention.

The geometric model for Galileo’s method of adding speeds relies on the assumption that the
two speeds represent (different) distances traveled wathetime interval. Thus, as shown
in Figure 3.5, , = x/ t;and ,= XxJ/ t, where itis only theatio of distances to times that is
important. Thus we may lett, be thesametime interval as t,. Then we simply addx, and

“Galileo was not able to recognize thaiiational motion is different from motion in a line
in this respect. There are observations we can make on Earth that will detecttbealot
motion of the Earth (see chapter 10), but these effects are small and did not bother him or his
listeners.

® The addition of speeds along the same direction is such an obvious result that it seems
surprising many students have difficulty with this concept. On the other hand, it may be surprising
to the rest of us that it isn’t really true, except as a limit for low speeds. Gem <e9.
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X,, the distance measured from a starting point of the first motion and the disignce
measuredrelative to the end ofx,, to get

Dy, +Dx,
=t =
D

with t t, = t,(e.g,if t;isfrom 2:21 to 2:22 p.m., ther, is also from 2:21 to 2:22 p.m.).
*kkkk

Examples 4.6

A. A train moves at 60 km/h toward the east and the conductor moves
forward, in the train, at 5 km/h. What is the speed of the conductor relative to the
platform?

B. If the conductor moves toward the rear of the train, at 5 km/h, what is the
speed of the conductor relative to the platform?

*kkkk

4.6 Speed at a Point.
If we let a ball roll down a track, the average speed over some time intérsal

X

t
If we let x be the full length of the track, and divide by the correspondinge will get one
value. If we take x to be half the length of the track, antcorresponding, we will get a
different value, which depends on where we choose the half track length. Speed for thé first hal
of the track will be different from speed for the middle of the track or speed for thalasf the
track.

Suppose we agree to centerabout a selected fixed point on the track. Then we make
smaller and smaller, witht also becoming smaller.

Question: Defining speed in this way, does the ball have a spésel chosen poift If so,
what x do we divide by whatt ?

The paradox was recognized about 440 B.C., in somewhat different form, by Zeno. It was
satisfactorily resolved by Newton, employing reverse arguments. It is quite appatrémes thell
rolling down the trackloeshave a speed, and thus it must have a speed at each point. (We can
see that.) Therefore the ratiog t, must have a reasonable value even wherand therefore

t, have become vanishingly small (or “infinitesimal”).

Since that time, others have revisited the question and shown, with more elegant arguments,
that the ratio does approach a specific value in such a problem, so thatsp@etis well
defined for each point along the track, as Newton had argued. The mathematical technique for
describing such a speed is caltkflerentialcalculus As a reminder that we have let, and
therefore also t, become infinitesimal.g., smaller than any number you may pick beforehand),
we write the relationship as

_ X
dt
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Answer 4.5

A. If the motorcycle travels north at 30 km/h for 10 min, then west at 50
km/h for 20 min, the firstlegis x = t = 30 km/h x 10/60 h = 300/60 km
north, the second is t =50 km/h x 20/60 h = 1000/60 km west, and the final
point is

2 2
£q<m + @%m =174km
60 60

in a direction between west and northwest.

B. The second leg is at%45 from the first direction, so it may be broken into
two equal parts, each X times the length of the leg (300 km). Therefore the
total journey is 100 km + 3002 km west + 300/2 km south, or

100+2= + J(319% +(219% =377%m

300", 300" _
NCRNG:

*kkkk

Answers 4.6
A. If the train moves at 60 mi/h toward the east and the conductor moves
forward, in the train, at 5 mi/h, then the conductor moves east at 65 mi/h relative
to the station platform.
B. If the conductor is moving at 5 mi/h toward the rear of the train, the
motion relative to the station platform is at 55 mi/h toward the east.
*kkkk
and interpret the right hand side as the limiting value of the ratiot, as t approaches zero.
However, it is very important to recognize that after we have so defiddtiwe can then
(for reasons justified by other mathematicians) intemgixéttas a ratio of two infinitesimal
guantities, which are then callddferentials We can then treat these as ordinary mathematical
terms, obtaining such expressions as
dx= dt

Be careful, however, in writing such expressions. Each side is (practically) eqesd.tovou
must be sure that if there is a differential on one side, there is a differenti& othér, to keep
the sides equal.

4.7 Preview/Review of Relevant Mathematics: Differential Calculus

Calculusis an old term focalculations It is now applied to the methods of mathematics
developed by Isaac Newton and by Gottfried Wilhelm Leibniz. (Their efforts were probably
independent, although Leibniz started later and had access to Newton’s work, which he letaime
did not read. The uncertainty led to a bitter argument between Newton and Leibniz). This brief
treatment is not intended to replace a course in calculus, as taught by mathemadticiaesger,
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for present purposes, only a few ideas from calculus are necessary.

4.71.Functional Notation Whenever the value of one quantity, or variable, depends on the
value of some other quantity, or variable, the first variable is said tdunetzonof the second.
This is often writtery =f (x), read asy equald of X”, or y is equal to a function of, to indicate
that the value ok determines the value gf* For example, the ared, of a circle is a function of
the radiusy. We write thisA =f (r), wheref (r) = r% The symbof () may be considered a
“mold” into which the variable is placed. Thatisf{f) = r? thenf(x) = x4f(= Z% and
f(@ = a% Iff(x)=3x*-2+5,thenf () =32-2z+5.

Note that we often build in mnemonic devices. For example, even tlaoegmay be
considered as a variable in a particular problem, we represent akeaHoythermore, we let such
symbols do double duty by labeling functions in the same way. Thus we may write
A=A(r) = r? lettingA represenboththe variableareaand thefunctionwhose value gives the
area.

4.72 Theory of Limits Zeno ¢a. 488-425 B.C.) posed the problem of Achilles and the
tortoise. Achilles could run ten times as fast as the tortoise. If the tortagaitialy 100 m
from Achilles, then when Achilles has run 100 m, the tortoise has moved only 10 m. When
Achilles has run 10 m, the tortoise has moved 1 m. Each time Achilles runs the distana@to whe
the tortoise “is”, the tortoise will have moved to a new location, ahead of Achilles AtHilles
ever catch the tortoise?

The problem, or paradox, posed by Zeno deals with limiting values, taking smaller and smaller
intervals. We can solve Zeno’s problem by requiring that Achilles and the tortoise bsanthe
point at some time, That is, at time,

Xa=Xoat AU=Xp =Xr + 1t

and the initial values are related by

Xor = %o + 100

Therefore
Xa=Xoa t Al =Xr = X5 +100 + +t

SO

At=100 + ;t
and because

A=10 1

we find

9 ;t=100m

from which we can find when and where Achilles will catch the tortoise if we knpar , . (It

® There are many situations where one valuerofly correspond to more than one value
of f (x), or the same value 6{x) may arise from more than one valuexofWe are assuming at
present thaff (x) =y is asingle-valuedunction ofx; that is, for each value &f there is just one
value ofy =f (x).
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would require an infinite number of mathematistdpsof the type initially described, because each
step is 1/10 as great as the previous step and therefore the steps become infindesioyaf
Elea = Velia, Italy and later of Athens, raised a number of paradoxes based on the meanings of
infinity and infinitesimals.)
Less trivial (in terms of algebraic solutions) is the question of the valu@ -o#)/(x - 2) at
the pointx = 2. Wherx = 2,x?- 4 = 0 and - 2 = 0, so the ratio is 0/0, which is an indeterminate
form.
We know thatX - 2)(x + 2) =x?- 4, so it appears “obvious” that® ¢ 4)/(x - 2) = K + 2).
And a graph of? - 4)/(x - 2) gives a straight line identifiable xs 2 as we approach= 2 from
belowor from above. Because the limit is the same, as we approach from above or from below,
we can feel comfortable with saying that timeiting valueof (x?- 4)/(x - 2) at the poink = 2 is
simplyx + 2 = 4, as expected.
In the following discussion, we can assume that the limits discussed are alllveeiéte In
most instances, no difficulty arises at the specific values of interest. Eviawifad them are not
readily evaluated at a particular point, provided they appear well behaved on approaching that
*kkkk
Example 4.7
From the definition of the sine of an angle, we know that sin for very
small values of (expressed in radians). It follows that sigoes to zero as
goes to zero. Can we draw any conclusions about the ratio/ sinas goes to
zero? Try a spread sheet apprdach : make the first entry of the first cotufiyn
then each subsequent value equal to the previous value minus 0.01; make the
second column sixf with x from the first column; make the third column si.
Then let the spread sheet make a graph of each cotartire first column §).
*kkkk
point from below and from above, we will be justified in evaluating the limits by standard
methods.
4.73 Derivatives An equation usually relates two or more variables, showing the values
assumed by one quantity as the other variable, or variables, take on different possible walues. F
example, the pressure, volume, and temperature of an ideal gas are related by the equation

PV =nRT

in whichn is the number of moles of gd®js a universal constant (8.3144 J/mol-K, independent
of which real gas is being considered, to the approximation that the real gas follows this
equation), and the temperature is an “absolute” temperature, usually on the Kelvin scale

”If you have no experience with spread sheets, you can simply fill out a table by hand with
a hand scientific calculator to provide values of sirBut then experiment with a computer
spread sheet, letting the spread-sheet program do the subtractions, evaluation of andwers
plotting of the graph. A spread sheet is smart enough to go get a numerical value from its storage
location €.g., B2% and insert it into a current equation. “Help” will give you a list of functions,
such as sin( ) or @sin().
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One of the important questions that can be answered from such an equation concerns the rate
at which one variable changes with changes in another. For example, we may ask how the
volume changes with changes in temperature, for a fixed pressure. We can write

nR
V1: F T1

and

and therefore

nR nR
DV=V,-V,= F(TZ-T1)= - T
or
OV _nR
DT P

It can be seen from Figure 4.6 that this ratio is the slope of the line of volume plotted against
temperature. It can be written

A derivative may always be interpreted as a slope (in this instan¢esof).

Now suppose we are interested, instead, in how volume changes with pressure, at a fixed
temperature. The curve is a hyperbola, shown in Figure 4.8. Clearly the slope is no longer
constant. Proceeding as before, we may write

V,; =nRT(1/P)

V, =nRT(1/P,)
and subtracting, we obtain

DV=V,-V, = nRT —- L = "RT(R- P)_ - P
P, P PP PP
or
DV _- nRT
DP PP,
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Answer 4.7

From the little information provided, sin/ would have to be considered
guestionable because it approaches the form 0/0, which is indeterminate. Like
other examples we will encounter, however, the ratio can be shown to be well
behaved and approaches the value onega®s to zero. This is shown by the
spread sheet graph, or by expressing the sine as an algebraic sexiesx(siV/3!
+X°/5! - X/7! + ..., whereis in radians and! = n factorial =n(n - 1)(n - 2)(n - 3)
...(n- (n- 1))). Dividing byx then gives the series (siiYx = 1 - terms of ordex?
or smaller.

ol 1
0.98 | IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII|||!I||||
: IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII ailII

Il
0.96 | IIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIIII i
' I lII |IIIIIIIIIIIIIIIIIIIIIIII [THHCA R

x 0.94 -
2 0.92 -
0.9 |
0.88 -
0.86 -
0.84 ¥

Fig. 4.7. Limit for sink)/x. Your spread-sheet
solution should give a graph such as the figure shown.
*kkkk

This calculated value is not the slope of the curve at dithér, orP,,V,; it is the slope of the
chord connecting these two poinksd, Figure 4.8). Thus the slope depends not only on where
we start P,,V,) but also on how far we go. If we want the slope at the ppi¥t — that is, the
slope of the line tangent to (touching) the curve at this point — we caRjalaser and closer
to P,. If P, is sufficiently close td,, we can write the equation in the form

Vv _ nRT

P __._ p2
P=R =P,

This says that the slope of the line tangent to the cug\atdepends oR, as it should by
inspection of the curve, but not on any other pressure value, which is also quite reasonable.

The slope of the line tangent to a curve is calledidresativeof the curve, and is written in
the formdy/dx(or in this exampledV/dP. When we need to be more explicit (which is not very
often) we write
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That is,dy/dxis the ratio of y/ xas x becomes vanishingly small.

These derivatives cannot always be found as easily as for the two examples considered
above, but for present purposes only a very few formulas are required, and these few are given in
Table 4.2. From these few basic expressions it is possible to obtain many others. A fee of the
are listed in Table 4.3. You should check each of these yourself, by applying the formulas from
Table 4.2, to be sure you see how the process works.

Table 4.2. Basic Derivatives

Function Derivative
y=u+yv dy/dx = du/dx + dv/dx
y=Xx dy/dx = n&*

y=Vv dy/dx = n¥! dv/dx

y=uv dy/dx = v du/dx + u dv/dx
y=Inx dy/dx =1/x

y=¢ dy/dx = & dv/dx

y = a(constant) dy/dx =0

One word of warning. If you want the derivative at a particular point or for specific values
of the variablesgo notsubstitute values of the variables first. Find the derivative, in terms of the
symbols thensubstitute numbers for the symbols, as required.

Although derivatives are customarily represented by notations subtidigproposed by
Leibniz, the short-hand notation of Newton is often preferred. Time derivatives a@ady
the dot above; derivatives with respect to position by a prime. Thus

d . _ d
=Yy =Y

Y= 7 T

Second derivatives are represented by double dots or primes.

dy_dy

"4t g Y dx d¥

dt dt?’

4.74 Differentials Although the derivatives are defined as the limiting value of a ratio, as
the bottom, and therefore the top, approach zero, it is also possible to interpret deiagatives
ratio of two infinitesimal quantities -- that is, two quantities each of whicmaler than any
number you may select beforehand. When interpreted in thisdywapddx are called
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differentials
In the notation of differentials, we may write equations such as

(P constan} dv = %Q dT
(T constan} dv = - nF;T dpP
P

Table 4.3. Additional Derivatives

Function Derivative
y = ax dy/dx = a
y = ax dy/dx =2ax
y = a/x dy/dx = - a/x
y = ax" dy/dx = -nax¥"*V
y = ulv dy/dx £1A)du/dx -(u/?) dvdx
= (INA[ v du/dx - u dv/dx
y=¢e™ dy/dx = a &
y = xIn x dy/dx =In x+ 1
V =nRT/P dVv/dT = nR/P(P constant)
E=%m? dE/d =m
V = nRT/P dVv/dP = -nRTA(T constant)
f =q,q,/r df/dr = - 29,0, /P
v, =V +2as dy/ dx=1/2(v? +2as) **(2a)
=al V2 +2ax
dA=2prdr
d
dy = 5{ dx
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4.8 Measuring Time and Simultaneity

You are familiar with the delay between a lightning stroke and the aural signal provided by
thunder. It takes about 3 seconds for sound to travel 1 km (or 5 seconds per mile), so the
thunder clap is heard well after the flash. But it also takes a while for the lightashgd reach
you. For short distances the times are very short but not zero. A surface eruption on the Sun is
observed only some 8 minutes later, and explosions of stars will be first seen on Earth msany yea
afterward. There is no way to transmit a signal instantaneously between two points.

Consider now the question of how we decide whether two events occur simultaneously. We
might start with a train moving along fixed tracks, but there is a conceptual trap. Remti@ahbe
the tracks move also (the Earth is not standing still). We must not make the falaptamsthat
the reference frame of the tracks is somehow more important than the refeaemeeffthe
train. To avoid this conceptual trap, we will consider two (really fast) exprass, va adjacent
tracks, passing each other.

Ann is riding in the middle of train A; Bill is riding in the middle of train B. They are nalki
to each other on their cell phones as the trains pass, when two lightning bolts strikeshesaai
the front and rear, or rear and front, scarring the edges of the cars (two scars onrgachdra
the bolts traveled to ground. Ann notes that the bolt at the front of the train struck firstetbllow
quickly by the bolt at the rear, and Bill agrees; then both realize that Ann means the lfiemt of
train and Bill means the front bistrain. They each recognize, then, that when the flash of light
comes from the front of his/her train, he/she is moving toward the flash and therefts¢hmee
flash along the way. The distance the flash must travel is less than the distahedl&sht of
light coming from the rear of the train, which must go farther to reach them (Fig. 4.9). Shere i
no way, from their separate measurements, they can decide whether the bolts arrived
simultaneously or, if not, which struck first. Bill suggests they might consult Chartatdriver
of the automobile waiting at the crossing for the trains to pass, but Ann remarks thassashia
Is concerned, the ground is just another moving reference frame, no more special thareher fram
or Bill's, and Bill has to agree.

4.9 Addition of Higher Speeds

We leave Ann and Bill to ponder how they can measure speeds, or times, when rapid motions
are involved, and return to the addition of speeds. In considering the operational definition of
speed (sec. 4.2), we found it necessary to set aside questions of how to make measutaments if
moving object was not moving slowly. For an object that is moving fast (relative to us), we must
proceed very carefully in deciding how to measure both distance and time, before we take the
ratio and call it speed.

The fundamental guide, stated by Galileo and clarified and extended by Newton, but not
thoroughly exploited until re-examined by Einstein, is the principle of relativity. We casuneea
the (linear) speed & relative toB or of B relative toA, or of either of these relative @ but
there is no way to decide that any one of these values is better than any other. There is no way to
measure aabsolutespeed.

When Newton wrote thBrincipia (1686), the speed of light was not known. Descartes
argued that the speed was infinite. Rgmer had shown (in 1676) by measurements of Jupiter’s
satellites that the speed was finite, but it was not until 1690 that Huygens calcutated, f
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Ragmer’s data, a value foy the speed of light in vacuum.

In the nineteenth century, Michelson argued thatsfan absolute speed, relative to space,
then measurements obn Earth will reveal the absolute speed of the Earth relative to &pace.
His efforts to detect absolute motion of the Earth failed.

If the principle of relativity is valid, as we believe it to be, they measurement af, the
speed of light in vacuum, must give the same value, regardless of the state of motion of the
observer or of the source, because all uniform motions are fundamentally equivalent. If the
observed value af depended on the motion of the observer (or on the motion of the source),
then measurement ofwould give information on the absolute motion of the observer (or of the
source), in violation of the principle of relativity. The constancy of the speed of light, in vacuum,
for all observers, is a corollary of the principle of relativity, and provides experinvenigcation
of the principle.

An alternative statement of the principle of relativity is

All the laws of physics are the same in every inertial reference frame.

This requires substantial elaboration to make it meaningful. First, “the laws ofghysist be
interpreted to mean all the laws of nature, including chemistry and biology. We cannot measure
motion by means of chemical “clock reactions”, for example, or by the time required for a
biological process. Second, “inertial reference frame” must be defined. It i§yusteapreted to
mean any reference frame that is not accelefated. The statement thaée glisear) motion

cannot be detected includes all of these provisions.

Another corollary of the principle of relativity, and the constanay, tthie speed of light in
vacuum, is that no object may travel faster thah This immediately casts serious doubt on
Galileo’s formula for adding speeds.

Imagine a rocket ship capable of firing a missile forward at a speed af W/ observe the

8Michelson’s interest was based on the work of Maxwell, who only shortly before
developed a model for propagation of light as disturbances in an ether that was believed to
pervade all of space. When Michelson failed to detect motion relative to the etheyrnes
there was something wrong with his experiments. A few years later, Einstein tpamwf Iito
attention to Michelson’s measurements because Einstein was convinced no suchediect
exist. Ironically, Maxwell’s theory turned out to be consistent with Einstein’s asahys
Michelson’s.

° An alternative definition eliminates gravitational fields (which, you will Heeat like an
accelerated frame), by defining an inertial reference frame as any franaeitatgnal free fall.
Then on a small scale, within the falling shield (necessary to avoid problems weéhbistiamce),
objects inside ads ifthey were in a gravitatioand acceleration free environment.

19 1t has been pointed out that this restriction is not provable from the principle of
relativity. If an object (called &achyon or “fast particle”) could travel at a higher speed, it would
have some unusual properties. No such particles have been observed and their existence is
dubious, at best. Certainly ordinary objects cannot travel fastecthan
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rocket ship moving at a speed of @.jast us, then firing its missile in the forward direction.
Using Galileo’s equation, we would expect to see the missile moving at a speed of (0c/=+ 0.8)
1.5¢, relative to us. Knowing that would not happen, we must find a more accurate expression
for adding speeds.

We will see later that the fundamental difficulty is that we assignesktinetime interval to
two motions. We will find that time and location a@ independent, so what seems like a very
convenient, and transparent, technique is not justified unless the speeds are slow.

Without proof, for the moment (see sexfor a derivation), we replace

= +

with

1+ 7; 2

wherec is the speed of light in vacuum, approximately 3 % 10 m/s. If bpimd ,are
significantly smaller thag, then , ,/c?is very small and the denominator is very close to one, so
the exact equation gives the same result f@as does Galileo’s equation. But adding any two
speeds, no matter how large (provided each is lessthalways gives a speed less tlant is
not possible to “piggy back” rockets, each with a speed lessthti@amget a resultant speed
greater thar.

If ,and ,are in opposite directions, we let one be positive and the other negative or,
equivalently, we subtract (positive) speeds. Then

becomes

*kkkk

Examples 4.8
A. An observer on Earth sees a space ship passing at a speed®f 1x10 m/s,
firing bullets forward that are known, from earlier tests, to have a muzzle speed of
5x10 m/s. What speed does the Earth observer measure for the bullets?
B. What speed would the Earth observer measure for the bullets if they were
fired toward the rear from the space ship?
*kkkk
However, ifeitherof the two speeds is equaldothen the sum is equal ¢o For example, if we
let ,=c,
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Answers 4.8
A. The two speeds, 1x40 m/s and 5%10 m/s, add together as

+ 3 7
v=at o DOFMO g oge
14 12 4 IxX10°x5x10 S

c (3xa0° )

B. The speeds add as

_ _ Y4
Vet e o MOS0 o, m
1. 12 4. IXL0°x5X10 S

¢’ (3x0°)

*kkkk

Measurements of relative speed are symmetrié\ nileasures the speed at whig:ls
approaching as, thenB measures the speed at whicls approaching as, also.
We will return to the problem of high speeds later and examine other effects on

measurements.

Chapter Summary

Kinematics is a description of motion, including distance and time, without
concern for causes of changes in motion. The (average) rate of motion is the
distance traveled divided by the time

interval for the trip. The rate of motion is called #peed To find average speed
divide the total distance traveled by the total time requiBdplacements the
(shortest, direct) distance plus a direction.

For speeds that are small compared to the speed of light in vacuum, speeds
along any straight line may be added or subtracted to find the net speed, or
apparent speed, compared to any reference frame. Speed at a point is a limiting
value, for small distances divided by small times. Difficulties arise wheniste w
to make measurements in two places simultaneously, if speeds are not all small.
For speeds that are not small, Galileo’s method of addition must be modified by

the divisor (1 + ; ,/c).
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Addendum: Summation by Integration

Often we need to add together a large number of small changes in a variable or in some
expression involving variables. The summation process may be approached from either of two
viewpoints. One method, which we consider first, is represented geometrically by.arharea
second method may be calledantiderivative

Area. In section 4.7 we looked at the equation for an ideal gas to find how one quantity
changes as another quantity changes. That gave dsritaative which may also be rewritten as
a ratio ofdifferentials Differentials may be equated, telling us more directly the infinitesimal
change in one gquantity as some other quantity undergoes an infinitesimal change. A derivative, or
ratio of differentials, may always be interpreted as a slope.

For example, we found the derivativ®//dT, whenPV = nRT(andP is constant), to be

dv__ nR
dT P
and therefore
(P constant) dv = n—|de

The right-hand side is a productrd®/Pand the infinitesimal quantitgT. Such a product may
be represented as in Figure 4.8. The ordinat®iPanddT is an infinitesimal change in the
abscissa. The product is an area — the area of a vertical strip of infinitesdtialag roughly
represented in the figure.

Figure 4.8. The product nR/FT, is the area of the jth rectangle. The sum of all these
rectangles (vertical slabs) is the total volume change o= T, to T,.

which is simply the area of the rectangle, betwEgandT,. Becaus@R/Pis constant (we
assumed constant pressure), the area is easily found. Itis
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%(Tz - Tl)

Similarly, by going through an equivalent process, we would find that

N
DV= dV= DV=V,-V (DV, ® O,N® ¥)

Therefore

DV =V, -V, = %(TZ- T,)= %DT

Perhaps the analysis appears fussier than necessary, but the same method may now be applie
to a less obvious problem. We found if we hold temperature constant,

Figure 4.9. The product (-nRTP B, - ‘
is the area of the jth rectangle. The |
sum of these approximates the area '

under the curve between P ang P . ‘

p—

dV _ - nRT
P P2

or

dV:-nRT(;)—F:

As shown in Figure 4.9, the summation procedure gived (bonstant),

N N DP
DV= DV, =-nRT —L (DV,DP ® O;N ® ¥)

2
i | i
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We can evaluate the right-hand side easily enough with a computer or a programmable hand
calculator. For the initial valu®, = P,, calculatev, =nRT/P. Pick some arbitrary, small value
for P. ThenforP’ =P, + P, calculate a new =V’, and from this V=V’ -V,. Continue
adding PtofindP” =P’ + P, thenV” and hence V' =V” -V’, and so forth. The result, as
depicted in Figure A5, givesV as the area under the curven&T/P vs.P.

The accuracy of the answer will depend, in general, on the size oPtive choose. A
smaller value of P will give a more accurate result, but may take a little more computer time. In
principle, we could also find the area, and this by cutting out the shaded area and weighing
it, comparing the weight to a rectangle of the same paper of known area.

Antiderivative. It is often (but not always) possible to find a formula to express the answer
to summation problems such as those just considered. A clue is offered by the last sum, which
can be written as a sum of infinitesimal terms of the form

d(v)=d "3t =-nrT L

The sum of small changes is the total change. Writing the su@réekS) with a stylized S, ,
to represent the sum over an infinite number of infinitesimal quantities, we cansetkgres
problem in the form

dv = -nrT 9 = ¢ DRT
P P

and therefore, just as summing up all the small changégives V, summing up all the small
changes imRT/Pgives (nRT/P, so

DV:DE
P

where we have taken advantage of the knowledge (Table 4.4) that

- nRTd—IZD:d n_RT
P P

That is, we recognize wher@RT/P came from, which is precisely the reverse problem of
finding the differential (or the derivative) in the first place. Therefore thisegsokas been called
taking theantiderivative

We call dV and -nRT dP/P and (nR/P) dT integrals The expression following the
integration sign, , is called thentegrand The approximation errors of numerical integration
depend on the size of the steps, and can therefore generally be made negligible. An analytical
solution fits the curve at each point of the curve, so there is no error of approximation.
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To evaluate an integral we ask, “What function could we take the differential of to dtigain t
integrand?” Some basic integrals we typically learn to remember. Extensivedsbbeailable
to help us with more complex integrations.

Definite and Indefinite IntegralsEvery physical problem is subjectiioundary conditions
meaning in this instance that we find the sum, or integral, or total change, betweena definit
initial state and a definite final state. We express this by noting the limitingsvialueiting the
integral and in evaluating the result. Thus we would write

P,

Vs dv = P - nR!’dP: nRT
Vi P P P 5
which gives
V,-v =R L. L
PZ Pl

These are calledefinite integrals
There are times, however, when we are more interested in finding the function from which
the integrand came.€., finding the antiderivative) than in finding the actual change. Then we
must recognize that the derivative of a constant is zero, so any arbitrary constant aakeled to t
integral vanishes in finding the integrand. Thus we may write
dP nRT

- NRT — = +C
P P

wherec is an arbitrary, or unknown, constant. Such an expression is callededinite integral.
Table 4.4. Basic Integrals

X2
dx = xg — X1
X1

j‘xzxn dx = 1 x2n+1 —

n+l 1
x1 n+1 n+1x1 (n7= —1)

fxz_d£ =1In Xo —In x1 =1In x2/x1

X1 X
X2

I eaw dx — led&'z — leﬂ-""l
X

1 a a
Xz ) - X2 Xz
I (u+U)dx=f udx + vdx
Xy X1

X1

j :jd[u(x)] = u(xg) — u(x1)
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Chapter 5. Dynamics: Changes of Motion

Chapter Introduction
A. Why?

We move now from a description of motions (kinematics) to a consideration of the causes of
changes in motion (dynamics), or a study of forces and (eventually) energy. It was thistransit
that distinguished the subject of physics, as developed by Newton, from the preliminary studies by
Kepler and Galileo, and provided the key to physics of everyday life.

B. What to Look For
Probably the most significant contribution of Galileo was his recognition of a proper

definition for acceleration, and his measurements of acceleration for bodies witatigral field.
Newton built on the work of Galileo and Kepler and the mathematics of Descartes o expla
accelerations occur. Newtonian physics is contained, in condensed form, in the three laws
enunciated by Newton. Given some appreciation for how these laws fit together, including their
sequential order, an understanding should follow of how these laws form the foundation of all of
classical mechanics.

C. Pre-test for Prior Comprehension

The following terms are critically important. How can they be defined, or explained?
1. acceleration 2. mass 3. weight 4. force 5. newton
6. velocity 7. principle of relativity (again) 8. Newton’s three laws

D. Inquiry Question

The essence of most science fiction is to describe a series of events that do edtgsoce
would be expected — that is, one or more of the accepted rules of science is ignored oyexplicitl
broken. Can you devise a system — perhaps for the remote planet Cryptor — for which
Newton’s first law does not hold? Describe, in your private universe, a self-con@steaarly
self-consistent) set of rules to predict

a. how a “free” object might move;

b. what would be required to change the motion of an object, and the consequences;

c. what limitation there would (or could) be on the way two bodies interact (a substitute for
Newton'’s third law?).

Indicate explicitly the changes, or exceptions, to accepted physics required for your system.

HH#HH

Changes of motion are described by the taoreleration which comes from the Latin

celer=swift. Thus to accelerate meant, originally, to add swiftness, or to increapedae s
The modern definition is broader, including a decrease in speed, or even a change in direction
without change of speed.
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Short Answers to Pre-Test Questions.
1. Accelerationis the time rate of change of velocity (change of speed and/or direction).
2. Unitmassis defined by a specific material sample, or artifact, made of a platinurmiridi
alloy, located in the International Laboratory of Weights and Measures in Paris,, Fraitbe
replicates, and calibrations of each, relative to the single standard madstéidtamong
laboratories of participating nations. Other masses are compared to the standasessiiy
comparing the responses to a giverce
3. Weightis a measure of the interaction of two bodies, generally interpreted as the pull of the
Earth on a given mass, which varies slightly with location, including especially latitdde a
altitude.
4. Aforce is a push or pull, measured (according to Newton’s second law) by the acceleration
the force causes (when acting alone) on a known mass.
5. Thenewtonis the unit of force that will cause a mass of one kilogram to accelerate &t 1 m/s .
6. Velocityis a speed with a direction. A change of velocity may be a change in speed and/or a
change in directioR.
7. Theprinciple of relativityis the rule that we cannot detect absolute (linear) motion.
8. a. Newton’s first law is the principle of relativityge., a body at rest tends to remain at rest
and a body in uniform motion tends to remain in uniform motion unless acted on by an externally
applied force.

b. f =ma The net force applied to any mass is equal to the product of that mass and the
consequent acceleration of the mass.

c. Action = reaction, or, one cannot apply a force to any object different than the force the
object applies to the “pusher”.

HHHHH

5.1. Acceleration

Consider two fairly common types of questions.

1. Two balls roll down a slope in parallel grooves. (The widths of the grooves will affect the
speeds of the balls.) The ball on the right is started first, but is passed along the way bby the ba
on the left (Figure 5-1). At what point (if any) do the two balls have the same speed?

2. How fast does an object fall?

! The precariousness of this standard was abruptly brought to the attention of the civilized
world at the beginning of World War 1l when German armies approached and occupied Paris.
Fortunately, the Germans were as interested as anyone else in maintainingnmresgsure
standards. The search for reproducible standards has succeeded for length, time, andrmost othe
guantities, but we still face threats of local terrorism without adequatgusafts for some
standards.

2 The distinction between speed and velocity is not clear cut in most foreign languages.
Perhaps partially for this reason, there are authors who refuse to recognizenbgatisind
prefervelocitywhenspeeds intended. There are other authors who accept the distinction but
then violate it regularly. The reader must beware.
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Figure 5.1. The ball in front starts later, but catches up to and passes the ball in the rear.
When (if at all) do the two balls have the same speed?

Experience has shown that students are quite likely to label the Ipoivhd€re the balls are
in the samgpositionalong the track as a point where they have equal speed, even though one is
passing the other. Cleanty =X, is confused withix,/dt = dx, /dt That is, the value of a
variable (position) is confused with the rate of change of the variable (speed).

For the second question (which has no definitive answer), the value typically expected is 9.8
m/s* or 32 ft/$ . Again, confusion arises between a quantity (speed, not constant) and its
derivative (acceleration, constant). Expect such confusion. It is the responsibhigyteather
to guide students past such difficulties, preferably pointing out the hazard so the studlents wil
subsequently be able to navigate on their dwn.

Distinguishing between a variable and its rate of change is facilitated by timatgepa—
do not superimpose distinct ideas, that are likely to be confused, when they are introduced.

5.11Definition of Acceleration Galileo began with what appeared to be a reasonable
assumption. If a falling body gained a speed of 5 m/s in falling a distance of 1 m, then it should
gain another 5 m/s in falling a second meter, and thus 10 m/s over 2 m. Early in his*studies, he
saw a difficulty, which is illustrated in Table 5.1.

Table 5.1. Trial Calculations*
Position, x (m) 1 2 3 4
Speed, 5 10 15 20
“Accel.”** (s 5/1=5 10/2 =5 15/3=5 20/4 =5
time= X/ (s) 0.2 0.4 0.6 0.8
t s) | 0.2 0.2 0.2

*Speed is assumed to increase steadily with distance (not in agreement with experiments).
**Acceleration tentatively defined as final speed over distance. (Unsatisfactory)

3 Apart from such aberrations as the driver who carefully explained to the police officer
that she couldn’t have been driving as fast as 60 mi/h because she had only been gone from home
for four minutes,” probably the most common experience of the “man on the street” with second
derivatives is inflation. As encountered by teachers, it may be called “the inctethent
increase, per year, in salary (per month or per year). Limited discussions of “chartgéwitiha
lawyers and merchants illustrate the difficulty of explaining the meaning of ratélatian, which
likely is at least partially the cause of the inflationary economy of recent decades

* SeeTwo New Science3hird Day (p. 203) for a discussion of this error.
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As plausible as the assumption of equal speed change in equal distances might imitrglly se
it quickly leads to an absurdity, for the times to traverse equal distances turn out toamedhe s
Even crude experiments show the model is unsatisfactory.

Galileo found that acceleration must be found ashaaverage of change of speed. For an
interval in which the speed changes by, over a time interval t, the acceleration is

D

Dt

Later, this definition was modified to the changeétocity, , divided by the time interval, or
better,

d
a=——
dt
Table 5.2
position, x: | 0.00 0.50 2.00 4.50 8.00 12.50 18.00|m
time, t: 0.00] 0.25] 0.50] 0.75] 1.00] 1.25( 1.50| 1.75( 2.00| 2.25| 2.50| 2.75( 3.00]|s
X 0.50 1.50 2.50 3.50 4.50 5.50 m
t 0.50 0.50 0.50 0.50 0.50 0.50 S
speed, 1.00 3.00 5.00 7.00 9.00 11.00 m/s
2.00 2.00 2.00 2.00 2.00 2.00{m/s
t 0.50 0.50 0.50 0.50 0.50 0.50]s
a= |/t m/s?

*kkkk

Examples 5.1.
A. Table 5.2 repeats the position and time measurements shown previously in
Table 4.1, with provision now fahange of speed , and corresponding time
interval, t.

a. Find the acceleration for each time interval.

b. Is the acceleration constant?
B. A ball strikes the floor with a speed of 3 m/s and rebounds, upward, with the
same speed (3 m/s).

a. Whatis , the change imelocity(speed + direction)?

b. If the bounce requires 0.010 s, what is the acceleration during the bounce?

*kkkk

Examples 5.2. (repetition, for emphasis)
A. Is there any possible way to distinguish between an object at rest and an object
in uniform motion (constant speed and direction)?
B. Is any external interventiond., a force) required to maintain an object at rest?
C. Can any external interventiare(, a force) be required to maintain an object in
uniform motion?

*kkkk
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Answers 5.1.
A. The speed changes occur over the time intervals as indicated in Table 5.2, and
the accelerations are valid at those times. In this example the acceleration i
constant.
B. a. Remember that to go from a bank balance of - $5.00 to a balance of + $5.00
requires deposit of $10.00. To go from a spd@anwardof 3 m/s to a speed
upwardof 3 m/s requires a change of 6 m/s.

b. The acceleration =6 m/s/0.010 s = 600 mM/s .

*kkkk

Answers 5.2.
A. Because we cannot, even in principle, distinguish between an object at rest and
the same object in uniform motion, we must consider being “at rest” and moving at
constant speed in a straight line as the same.
B. No external intervention (no net force) is required to keep a body at rest.
C. It follows that no external intervention (no net force) is required to keep a
body in motion at constant speed in a straight line, which is Newton’s first law.

*kkkk

5.12Newton’s First Law Recall that the principle of relativity is the principle that absolute
(linear) motion cannot be detected.
As implied in Examples 5.2, the principle of relativity includes Newton'’s first law:

A body at rest remains at resind a body in uniform motion (constant speed, in a straight line)
remains in uniform motion, unless acted on by an externally applied force.

Galileo and Kepler (and others) had expressed something very close to Newtonw first la

Galileo, for example, argued that a ball rolling down or up a slope gains or loses speed according
to the magnitude of the slope, so in the limit in which the slope becomes zero, the object should
neither gain nor lose speed. However, as Galileo made clear, he was dissatisftad wi

explanation because it relied on some property of the moving body, which Kepler called ‘“inertia”
Even today, there is a tendency in textbooks to explain Newton’s first law as a property of the
inertia of the moving object, which seems to imply that a more massive object is

“more obedient” to Newton’s first law than a massless object would be. The principle of

®>This is an early model, now thoroughly discredited, that might be called the “full tank of
gas” (or “impetus”) model. According to this pre-Newtonian model, if you launch a cannon ball,
for example, you “fill it up” so it can keep moving until it “runs out of gas”. The “impetus” that it
initially acquired is gradually lost during the motion. Unfortunately, remnants of this niiddel s
appear in some attempts to “explain” why Newton's first law “works”. Newton, by cqntrast
would say that we give the cannon ball an initial velocity, or momentum, relative to our own
reference frame, or place it at rest in some other reference frame. Wheoelleeating force is
removed, the ball follows a straight-line motion, at constant velocity, in our frame, escefbter
forces (gravity or friction, which may not be evident) act on it to subsequently change its motion.
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relativity removes this burden for explanation of why rest, or motion, is independent of the object
or its mass.

5.13 Rate of Acceleration in Free FalfNearly everyone” knows that heavier bodies fall
faster. (This is frequently confirmed by comments of sportscasters.) Others, Gafieo, had
argued this common belief was fallacious. Apart from various experiments conducte@te, pri
Galileo offered the following argument (paraphrased here):

Antonio: “It is well known that a heavier body falls faster than a lighter body. Last night,
however, | was contemplating the problem of two stones tied together. If we have a stone that
weighs 5 |b and a stone that weighs 2 Ib, and we tie them together, will they then fall together at
the rate expected for a stone that weighs 2 Ib, or 5 Ib, or 7 1b?”

Battista: “I think none of those values. The heavier stone will try to speed up the lighter
stone, but the lighter stone must delay the heavier stone, so surely they will fall at a spee
between that expected for a stone of 2 Ib and a stone of 5 1b.”

Castelli: “The question is well put. If they are tied together, then we should argue they
would fall faster than either one alone, but at the same time, we must argue tlogaténdobdy
will hold back the heavier body. And if we examine a piece of granite, we will see thatinhsont
many very small pieces, which should surely slow down the whole rock if the argument is valid,
or contribute to speeding it up if we add the effects of all together.”

Reaching down he picked up two stones, of very different size, held them in front of him, and
allowed them to drop together. They made a single click as they struck the ground at the same
instant. “In this instance, one simple experiment rescues us from having to justifgtocanfli
predictions of a bad theory”, he explained.

5.2. Newton’s Second Law

Newton’s first law is critically important to his second law. It tells uswWian we want to
know how much an object will change its state of motion, we need not worry about the initial
state of motion. Playing tennis in an enclosed gym on shipboard (on calm seas) is no different
from playing tennis in a gym on shore, nor does the fact that the Earth is moving under our feet at
thousands of miles per hour (relative to the Sun, for example) influence the game. Just as
Newton’s first law does not mention acceleration, Newton’s second law does not mpa#adn s
or velocity. It tells us that the acceleration of a body is equal to the (net, externaliyl pfipte
acting on the body divided by the mass of the body.

f
a = net
m
or
fret= MaA

We know that “force” means a push or pull. Newton’s second law serves to define force
more fully. The unit of force is theewton which is the (net) force that will give a mass of 1 kg
an acceleration of 1 meter per second per second; 1N=1kdg-1m/s or1N=1kgm/s.
Acceleration is defined by measurements with a meter stick and stopwatch (otezyiva
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perhaps with a goniometer or compass to measure angles, and the kilogram is defined by the
platinum-iridium block stored in the laboratory in Paris.

There is another aspect of Newton’s second law that raises a red flag. Althougs there i
nothing within the statement of the law about time, the understanding is that the inatant(s)
which the force acts and the instant(s) at which the acceleration occurs dfetbrasame.

There is no acceleration in anticipation of a force acting, and no “memory”, or atoalasaa
consequence of a force previously acting. The hidden assumption gives us a warning: as written,
the statement of the second law assumes speeds that are small in comparisoor ibgmign”
conditions in which the location of the acting force is not called into question by the motion of the
object.

For example, if a ball travels through a tube that is rotating about a point behind the ball, the
ball necessarily moves in a curved path, with the free end of the tube. When the ball emerges
from the tube, what does it do? According to Newton’s first law (and the absence of any force
acting), whatever velocity it has as it emerges is the velocity with which itevitinue to move,
in a straight line at constant speed (neglecting other forces such as a downwardogalvitat
field).

We know very little about the mental process by which Newton arrived at his second law,
although we do know there was a pleasant apple orchard in the front yard of his home. (It is still
there, today, bearing apples.) And we know, from Newton’s own recounting, that he was sitting
in the orchard one day (probably in 1665 or 1666, during the plague episodes at Cambridge)
when he observed an apple fall, conjectured on the cause of the fall, and related that to the pull on
the Moon that was known to be required to keep the Moon in its orbit about the Earth. Tying
these together required several steps, which he presented in series (aftg).the fa

a. Theweightof a body is the gravitational pull on the body (by the Earth).

b. The weight of a body is a measure of the “amount of matter”, which is better described as
themassof the body. The correlation of mass with weight was confirmed by very careful
experiments with pendulums (requiring understanding of how and why pendulums work).

c. It was known from pendulum measurements that the gravitational pull was lesseat great
altitudes, and Newton extended this to postulate that the gravitational force ditevithdbe
square of distance, which he was able to confirm quantitatively the following year when he
returned to his records in his Cambridge office and calculated the expected pull (pemasspf
on the Moon. What might seem a small conjectural step was much more, for at the time
Descartes’ vortex theory of gravitation was widely accepted, along with the commorpassum
(as by Galileo and Kepler) that circular motion was as “natural” as lineanmoti

® Strangely, some say we can't believe Newton, because he may have forgotten.

" Lacking better terminology that his readers could understand, he called the mass the
product of density and volume, which is now considered an inadequate description but is,
nevertheless, preferable to the alternatives now often suggested, such as the volume or the
number of (molecular, atomic, or subatomic) particles contained, both of which aredhcbvie
now define density in terms of mass, but at that time density, or specific gravity, waetetha
fundamental property.
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d. Newton was concerned that solar time (known by astronomers then and now to vary)
would be accepted as the meaning of his time quantity, and also that motions relative to other
bodies would be accepted as “absolute motion” (later called motion relative to the ethe
therefore went out of his way to emphasize that time had a deeper meaning, ahd that
measurements of rest and motion were relative to objects that are, themsélees ts arbitrary
motion. Thus he argued that we have no way to determine absolute (linear) motion. For two
hundred years this was considered superfluous and only his explicit mention of the terms
“absolute motion” and “absolute time” were repeated, as evidence that his physkzsed®n
such concepts. Einstein appears to have been the first to take Newton’s own int@mpretati
seriously.

e. In discussing orbital motions, Newton stressed the importareenohl forcesforces
directed toward (or away from) a point, such as a comet moving about the center of mass of the
Sun or a ball rotating on a string about a fixed point. He coined a Latin term, “centripetal”, to
indicate such a central force. Consequently, “centripetal forces” have been added to the
catalogue of physical forces (including magnetic forces), although that was clearlgwioinié
intent. Recently, even tleentrifugalforce has been explicitly confused with centripetal forces,
although they have generally nothing in common (different senses, often different directions, and
different magnitudes, as well as different origins).

5.21 Free-Fall Acceleration and the Equivalence Princip\#®hy should objects of
different weight fall with the same acceleration? Doesn’t gravity act nraregsy on an object
with more mass?

It is tempting to look at the first law and apply pre-Newtonian argumiesidecause of a
greater mass, there is more of a tendency of the heavier body to remain in its origaradl sta
motion. But recall that there is no mention of mass in the first law. Every body, regafdless
mass, remains in its state of motion (at rest or in uniform motion, depending on the appraisal
the observer) unless acted on by an externally applied net force. When suchsadioptied, we
must look to the second law, which tells us thgteaternet force is required, for a given
acceleration, when the mass is greater. In fact, for a body in a gravitational fidétadcéhacting
IS

f=w=mg
proportional to mass, and the acceleration, therefore, is

inversely proportional to mass for a given force. Thus, regardless of the vamithef
acceleration is the same, equal todhavitational field strength, gwhich is measured in
newton/kilogram. But 1 N =1 kg-1 ni/s , so 1 N/kg = 1°m/s and, becgui€e8 N/kg,a= 9.8
m/s*. Theory and experiment agree. The more massive body is pulled downward more strongly
by the gravitational field, just enough to give it the same acceleration as the Iss&rbgct in
the same field.

Galileo was aware that bodies fall with the same acceleration, but he did notiioete
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understand why. Newton could predict that bodies fall with the same acceleration, based on his
second law of motionf he assumed that gravitational pull depended osdhemass as

appears in his second law. He demonstrated by experiments with pendulums that the two values,
or definitions, of mass coincided, but he could not explain why such a coincidence occurred.
Why should the resistance to acceleration (the mass appearing in the second law) beain any w
related to the strength of gravitational pull on the object (expressed in Newton’s law of
gravitation)? We might say that Newton kept these things, and pondered them in his heart. He
did not suggest an explanation. He did, however, apply the same symtmohoth quantities

(in f =maand inw =mg). Roughly two hundred years later, Einstein explained the coincidence,
known as the “equivalence principle”, by explaining the gravitational field as a consequence of
mass (which Newton had carefully avoided).

5.22 Kinematic Equations for Constant Acceleratidfrom the definition of speed,=
x/ tor =dx/dt we obtain the basic equation for distance traveled. Distance equals rate times

time, x= t,orx-x= (t-t)), where must be interpreted as an average speed over the
time interval t. In the same way, from the definition of acceleratiar;, / t or a=d /dt,
we obtain =a t,or = ,+af(t-ty, assuming tha is constant.

It may help to identifynitial andfinal values with the subscriptandf. Then, if the force
causing the acceleration is in the same direction, aand we start our timing devicetat t, = 0,
we can simplify the equation for the final speed to

(= +at

Provided the acceleration is constant, as we are assuming here (constant netterce i
direction of the motion), the speed increases uniformly with time so that the averadésspe
average of the initial and final speeds.

We can derive two other formulas that are helpful in solving problems involving constant
acceleration. Start with the equation,

X=X+ t

We substitute for the average speed and then¥et,and ; = ,+at to get

X:Xi+%('+ )t:xi+%( +  +at)t

which simplifies to
X=x+ t+riat
2

It will help to remember this equation if you recognize the parts. The final positidepends
on where it startsy, , and on the initial speed, and the total timd, Thatisx=x + ; t,
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except that we must then add a correction for the fact that the speed is changing. That
correction, of course, involves the acceleration and the time (again;tienBecause the
acceleration increases the speed gradually, with a result proportional to tireetlman
suddenly, the averaging effect introduces a factor of %.
Often we consider motion from rest;= 0. Then the equation for distance traveledy,
becomes
s=Yat

where we have lek - x, =s.
The other important equation, for constant acceleration, is obtained by combining two
equations for time. Start with
1= jtrat
and

We solve the first equation forgetting

and solve the second equationtiagetting

If these equations describe the same motion, the times must be the same, so wigkehtrel
sides equal to each other to get

-, _ 2Dx

a o+
and therefore

= ?+2abDx

Remember that we are assuming the acceleration is constant, but also assurttiagrb#on is
along a line.In this last equation, a andx must be measured along the same diredtsn
parallel to x; a|| X).

We summarize the definitions, equations obtained directly from the definitions, ansbeguati
derived for motions at constant acceleration, along a line, in Table 5-1.
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Table 5-1

{a constant}
Conditions Definitions
X dx
=— or = —
t dt
= ot=t t t
X = or x = +
X =X %
d
a = —— or a-=-—
t dt
- D =at or = + at
t =Dt
{a constant} Derived Equations
“=o0 )
2
X = + t+—at
t = t % 0 2
{allDx} 2= {+2aDx

5.3. Force and Momentum
A (net) force applied to a body of masshanges the velocity of the body, thus
producing an acceleration that depends on the valoe dewton found it convenient to
describe theamount of motioy the product of mass and speed, or mass and velocity, which we
call themomentum We give it the symbq) (scalar) omp (vector).

p=m or p=m

For the physics we have considered thus far, it makes no significant difference wieetinetkw
with momentum or with mass separately from velocity and acceleration. Wendjlhiowever,
that as we get deeper into the subject, Newton’s choice often turns out to be prefeelse bec
mass and acceleration are not completely independent. When the equations are written as
functions of momentum, the expressions are somewhat simpler and quantities that viagy toget
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are more closely linked.

Newton’s second law, when expressed in terms of momentum, takes on an especially simple
form. The net force (or total force, often calted applied forceacting onanybody, whether it
Is a point-like body or a complex body made up of many parts, causes a time rate of change of the
momentum of the body.

dp _

f=L2P or f=-"C=p
Lt dt

where the last form (read ag dot”) is the shorthand Newton himself introduced for the time
derivative, or rate of change with respect to time.

The applied force is a direct measure of the time rate of change of momentum, which may be
a change of magnitude and/or a change in directign &or example, if the force is in the
direction of the initial velocity, the speed, and therefore the magnituygleadf change, with no
change in direction. If the force is perpendiculap,tthe direction of and therefore gb will
change, but the speed remains constant. This would describe the motion of the Moon about the
Earth, or of the Earth about the Sun, to a good approximation. More typically, the force is at
some angle with respect tg so both speed and direction change.

5.31 Impulse. The change in momentump, may be found by multiplying through by, to get
p=f t=1

The product of the force acting and the time interval is calledhrtpelse, I The impulse is equal
to the change in momentum. Impulse is primarily helpful in describing the action of a constant
force, or a force acting for a very short period of time (in which case an average Valoetbé
short time interval can replace the otherwise constant valje of

You are already aware that how a body moves depends not only on what force is applied but
also on where it is applied. Imagine a stick lying flat on some very slippery ice (so wegtnt ne
friction to a good approximation). Then the same impulsd, t, applied at points at the
middle, top, and bottom of the stick will result in the three motions shown in Figure 5.2.

8 There is an unfortunate similarity betweémpulse the legitimate description of force
multiplied by time, which measures the change in momentum. and the earlier, poorly defined
concept oimpetus Impetus is no longer considered a helpful description of motion. (See
footnote 4, section 5.12. Perhaps it would help, as a mnemonic, to remember the “full tank of
gas” aberration as “in-put us.”)
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Fig. 5.2. The motion of the center point is the same, regardless of where the impulseddamdligenterb, at
top; orc, at bottom). However, the overall motion is clearly different.{HPF}

What do these three motions have in common?
A point at the center of the stick (marked with a light X in the figures) moves witHyettaect
same acceleration (and therefore, in this example, with exactly the same lbodl/yeegardless
of wheref is applied. That “central” point (which we will define much more carefully lager)
called the “center of mass”.
For any body, of any shape or material, under any kind of force, applied at any point of the
body, Newton’s second law describes the acceleration of the center of mass of the body, without
regard to other details of the motion, such as rotations or compressions or expdnsions.

5.32 Free-Body DiagramsRemember that the forck,appearing in Newton'’s second law
is thenet force which is the geometric, or vector, sum of all the forces acting on the body. Itis
therefore often helpful to explicitly find the net force by drawing (or representing, by aobws
appropriate lengths and directions) all the forces actmgbody. (The alternative is to carry out

°® The center of mass is often called teater of gravityfor objects that are not too large.
Note that the center of mass doesn’t have to be “in” the body; the center of mass of a hoop is at
the center, where there is no material.

9 There are two contrasting methods of approaching Newton’s second law. One can start
with the postulate (which is then checked experimentally and found to be valid) that if areimpuls
is applied to a “point mass” (which we will later calblaysical particl¢ the change in momentum
of the particle is equal to the impulse. It is then necessary to show that for any extended body
(rigid or soft, flexible, “springy”, or yielding) of any shape, the motion of the center of mass of the
body is given by the impulse regardless of where the impulse is applied. Newton chose what
appears to be a simpler approach. He postulated (and confirmed by experiment) that tlee impuls
applied toanybody gives the change in momentum of the body as described by the product of the
mass of the body and the velocity of the center of mass of the body. The motion of a particle then
is simply a special case of the general law. Note especially that if we tetégraum) over
distance (as we will do in Chapters 7 and 8), rather than time, the two methods no longer give the
same result — they are not equivalent.
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the same isolation and summation process mentally.) Because we need not worry (fati@ppli
of the second law) abouthereon the body a force is applied, we can draw all the forces as
acting on the center of mass, or simply along a line of action that passes through the center of
mass, as shown by the example in Figure 5.3.

We want to includall forces actingpn the body, but it is sufficient to incluamly forces
exerted by external bodies. As we will see in the next section, for every force exerted on or by
any body, there is a matching, equal and opposite force, exerted “baékéxéfts a force 0B,

B will exert an equal and opposite forceAnTherefore, ifA exerts a force on itself, it also
exerts an equal and opposite force on itself @artb, and parb ona). Internal forces must
always compensate, so they contribut¢hingto thenet forceexerted on a body. A “net force”
necessarily means a “net externally applied force”.

Finding the geometric, or vector, sum of all the forces acting on the body gives us the net
force, as required for Newton’s second law. When the perpendicular reaction force plus the
frictional force exerted by the plane is equal to the weight, the net force is zero aratkhis bl
unaccelerated.

Figure 5.3 The forces acting on the stationary block include the weight (or gravitational pull), w; the
perpendicular reaction force, R, of the inclined plane on the block; and the force of friction,rfg @giithe
plane) parallel to the plane.

Laboratory/Demonstration Exercise

Is it possible, in principle and/or in practice, to apply two external forces to a block such as
that in Figure 5.3 to exactly compensate for friction and for gravity and compressioafredcti
the surface? If so, what would then happen if the plane surface is removed?

5.4 Newton’s Third Law
Newton’s third law seems quite different in character from his first two.ajt Ine expressed
in the form

You cannot push on anything harder than it pushes back.
or, in its more common (but perhaps more easily misunderstood) form,
action is equal to reaction

or
The force exerted by object A on object B is equal and
opposite to the force exerted by object B on object A.
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There is no particular difficulty in pushing on a wall, or a door frame, because it pushes back jus
as hard. But if you try to push on a balloon, it will very likely skitter away. You can’t push very
hard on the balloon because it won’t push back.

A common example of this is in the theory of measurement. When you step on a scale, the
scale tells you how hard it is pushing upward. Consciously or subconsciously, you interpret that
as how hard you are pushing downwdrd. In order for a detector to register the presence of an
object, the object must have an effect on the detector. It necessarily follows thetieitter
must have an (equal and opposite) effect on the object.

Newton’s third law gives us an alternative way to think about forces (without having to
modify the equations). If you push off from the edge of a pool or from the railing of a hockey
arena or from the floor, the force that sends you on your way is the reaction force (exerted on
you) and is therefore equal (and opposite) to the force you exert on the wall or floor. It may be
helpful, sometimes, to turn a problem around, analyzing a problem by thinking of the force
exertedby the object, (provided you inclu@dl the forces) to get the magnitude of the net force,
or total force exertedn the object.

5.5 Conservation of Momentum
We have seen that the change in momentum is equal to the impulse, which is the product of
the net force acting on the object and the time for which the force acts.

Dp = fDt or Dp=  f.Dt,

If the force is not constant, we sum the net force times the time for which itaactery short
time intervals (infinitesimal time intervals), which is called iftegral. *2

Dp= Dp= dp= fdt

From Newton’s third law, we know that when a force is exerted on an object, for some time
t, an equal and opposite force is being exerted on the surroundings, for the same time interval.
Therefore the change in momentunp, for the object must be equal and opposite to the change
in momentum of something in the surroundings.
More careful analysis, including some complexities we have not yet considered, suggests thi
should be a completely general result. Many, many experimental tests have confirmed the
conclusion without a single counterexample, so we accept it as a general rule:

' Some have carried this a step farther, by choosidgftneweight as the force exerted
on you by the scale. This replaces the mental reversal occasionally required by requiead, ins
the mental reversal in all other problems. It is not the generally accepted meanusggbit™.
(It requires the assumption that a body falls because it has no weight.)

12 See Chapter 4 Addendum.

7/27/07 PT%-



The change in momentum of the system is always accompanied by an
equal and opposite change of momentum of something in the surroundings

or, equivalently??
Momentum is conserved.

5.6 Momentum at Higher Speeds

Three quantities are generally considered fundamental in physics: length, mass, and time
Until we get into electrical systems, all the quantities we need (speedratioel, force, area,
volume, and so forth) can be expressed in terms of the units for length, mass, and time.

We have already seen that our ingrained concept of length and of time must be modified to
meet the requirements of the special theory of relativity. Now we look more casftiile third
fundamental quantity, mass, and find a similar mismatch with our preconceptions.

Recall that oupperational definitiorof mass relies on a comparison of any mass with a
standard mass, based on either (or both) of two basic equations, Newton’s second law and
Newton’s law of gravitation. That is, we may measure the acceleration of a bodsthizt re
from a given force and compare that to the acceleration of a standard, or known, body under the
same force — for example, measuring accelerations under action/reaction farces. O
alternatively, we may measure the force exerted on a body in a gravitational field andecompa
that to the force on a standard, or known, body in the same gravitational field.

We will find, in Chapter 7, one other very important relationship found by Einstein when he
sought to make mechanics and electricity and magnetism consistent with the reqfsicgme
special relativity. He defineshassby the equation

m_E
c?

That is, the mass of any object is to be defined asthkenergy of the object divided by the
square of the speed of light (in vacuum), or equivaleEtlymc®. Calling this our operational
definition is another way of saying that whenever we attempt to measure & mass, ihe quant

13 Remember that “conserved” and “conservative” have several meanings, including
political and environmental. Even in physics textbooks and papers the term is often borrowed to
mean that a quantity is preserved (constant fosyseen rather than constant for the system
plus its surroundings, the meaning here. You should think “alwalgeheverou see the word
conserved. They go together (so it is redundant to add “always” to “conserved”).

14 When we speak of energy, it is often a potential energy, that belongs to more than one
object. If we askE/c? is the mass of what?”, we must pay attention to how we defined the
systemE andm are for thesameobject, or samesystem Be particularly aware that this
relationship is often misinterpreted, in the popular literature, as “changing massdg’e That
would require that if energy increases, mass must decrease, Whereas (without a minus
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we will find is E/c?,
If an object is accelerated to a high speed (relative to the observer), Newtond ke in
the form
f=m,a

Sidebar: Units and Dimensions

Every measurement may be described by a number, categ@tude and by theainits
I’'m not telling you anything by saying the length is 2, or the speed is 5, until | specify the units —
two of what? and five what? In other words, what do we mean by “one”™? What is the “unit’?
Thus 2 m/s represents 2 length units (each unit = 1 m) per 1 unit (= 1 s) of time.

Each unit, and therefore each measurement, involves certain dimensions, telling wstwhat s
of quantity we are measuring. Is it a length, or a speed (which is a length divided by a time) or
some other combination? For present purposes, it is sufficient to represent each sastodim
combination by a product of symbols, such as'LT or MLT oML T (for energy). The
dimensions of speed or momentum or energy are the sarmmeyfohnoice of units.

Confusion of singulars and plurals is a frequent difficulty in English. We may be amused
when the local sportswriter talks about freshmen players. Substitution is thesbest te
(Fortunately, even sportswriters seldom if ever talk about sophomores players.) 8ar¢her
other more ambiguous choices. When we talk about mass, length, and time, a good argument can
be made that any given quantity (such as speed or momentumylimasnsion (L/T or ML/T,
respectively). Nevertheless, it is usually clearer to talk abouwintiteor thedimensionf speed
or momentum or energy. We will follow this custom.

#i#

Is no longer followed. However, the alternative expression,

d
f =—-% =
dt P
is still correctif we let
0= E
CZ
which is consistent with
p=m
and
E=mc

For example, we have measured the masses of electrons many times and we know that if the
electron is at rest, or moving only slowly, with respect to our apparatus, the mass déttoa ele
will be 9.109534 x 18" kg. Yet such an electron, put into a particle accelerator that gives it a

sign) explicitly prohibits such a change.
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very high speed around a closed path, may appear to have a mass many times higher than this
tabulated value.

From our operational definition of mass, tihrdy mass we can measureBi&? To keep
values measured under different experimental conditions separated, it is commior {waetl|
the energy value measured by an observer at rest with respect to an oljgetrthkenergy
and the mass is called thesst massor theproper massof the object. If the object does not
change in any way, its proper mass does not change. In practice, however, both the internal
energy and the kinetic energy may change. For example, energy, and therefore mass, of a
complex object changes with temperature, with rotation and/or vibration about the center of
mass, with chemical and/or nuclear binding states, and with excitation energy, aswitil a
speed. We will return to this later.

5.7 Force and Momentum in Very Small Systems

If you want to measure the length, width, and depth of a box, you can apply a ruler in one
direction, then another, and then another, confident that one measurement will not affect
measurements to come or measurements previously made. We can measure the poséion of a
with one type of apparatus and measure the speed of the car with another (perhaps with a
Doppler measurement) at essentially the same time, secure in the knowledgeataements
made on the car do nsignificantlychange either its position or its speed. The measurements,
and their results, can be said todiggy-backed®

Measuring properties of an electron or any other very small object requires moué caref
consideration. As we noted above (in section 2.5), if a detector is to register the p@sence
location, or speed of an electron, the electron must have some effect on the detector. From
Newton’s third law, we know that if the electron affects the detector, the deteasviaffect the
electron.

We avoid difficulties as much as possible by choosing detectors, for electrons and olher sma
systems, that are very sensitive. Then the mutual disturbance of object and detaotorized
But we know that, in principle, the magnitudes of the interactions can never be zero, itave are
get answers from our measurements.

In 1927, Werner Heisenberg (1901-1976) examined several types of experiments and
recognized a common behavior. No matter what the properties of the detection system, each
measurement has some minimum effect on the system being measured, so that it becomes
impractical to piggy-back measurements and retain high precision. That minimum, comithon to a
types of measurements and therefore limiting all experimental tandem procesi(tés,times)
Planck’s constant) = 6.626 x 16* kg-rh /s.

5 One might well ask, does it make any difference if the path is circular, rather than
straight. For purposes of measuring mass, the answer isnergy and mass are non-
directional.

% Any (net) force acting oany object causes an acceleration of the object, but we also
know that bouncing a beam of light off a locomotive will produce a negligible acceleration, so we
may safely neglect such small effects, even while acknowledging that they exist.
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There is no theoretical limit to the accuracy or precision of a measurement wirpoka
particle. Passing the particle through a slit tells us the location of the péatgsl@long thex
axis) to within the width of the slit. Shrinking the slit height, also, we may reduce the opening to
a point. Measuring x does not interfere with a measurement af But we will find that a
collection of particles passing through a narrow slit of widtispreads out on the other side
(similar to water waves or light, section 19.4). There is a change in momentum (ofiancerta
magnitude) along the direction of the slit width (a changg)inThe narrower the slit, and hence
the smaller the uncertainty in positiorx, the wider the spread and therefore the greaterghe
and hence the greater the uncertainty in knowir{&igure 5.4). Similarly, we can measure the
momentum of an electron as accurately as we wish, provided we are willing tasacrifi
information about where the electron is located. In effect, we must make theyslitigerto
measure, accurately.

a ” e

Figure 5.4. (Schematic) If a beam is properly defined (coherent, sec. 19.4) it will pass
through a wide slit essentially unchanged, but at a narrow slit it will be spread laterally.

5.7.1 Interpretation There is a difficulty in even discussing the patterns expected. We start
with a mental picture of classical particles. Then we find the small objects dehmte as we
would expect for classical particles, but find the spreading particle pattettmefitsathematical
description for the spreading (diffraction) of waves. So the tendency is to say, “Aha! &hey ar
really waves, not particles!” Then we find the objects don’t really behave asalagaves,
either, but retain some properties associated with particles. So the tendenomgdord the
problem and say, “They are wawasd particles,” rather than conceding they do not quite behave
as classical waveawor as classical particles. We will see later where some of the apparently
strange behavior comes from, but will attempt to avoid assigning too much physical sigeificanc
to the mathematical behaviors observed.

When Heisenberg examined the effects, on the properties themselves, of measuring
properties, his conclusion, since verified by many additional analyses and experiment$ois tha
two “conjugate” variables, such asnd p, , the uncertainties are related by the condition

x- p, ha 2
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It is important to remember that this limitation has nothing to do with the partiggaraus
chosen for the experiments. It is an inherent property of nature, arising from the inaloiléie
one measurement without disturbing the system before another measurement caadeutarri
The selection of apparatus and the skill of the experimenter are applied to obtaining
measurements as close as possible to this fundamental limitation (whennyezmedsa
appropriate).

5.72 Incorporating Uncertainty into TheoryThe inability, in practice, to know bokand
p, presented a problem for physics. The goal of any theory is to be able to make predictions that
agree with experiments. The newly recognized built-in uncertainty in the values of #idesri
that come from our experiments, required that there must be a corresponding uncertainty in the
predicted values, if they are to agree with experiment. Fortunately, Heisenberg amd Erwi
Schroedinger (1887-1961) found a way of handling the mathematics that gives exactly the
uncertainty required, so that theoretical and experimental results agree.

Without going into the details at this stage, we may reveal that the method devised slescribe
the states of a system in terms of variables with vector-like properties. Stagsseare then
multiplied, or more generally, are “operated on”, by mathematical operators that maplee s
numbers (multiplication by a number), or differential operatioes {aking a derivative), or
matrix operators (multiplication by a matrix), or other kinds of mathematical opgrdf these
operators are chosen to have specific propéfties , then theory and experiment will hgree. T
method is known aguantum mechani¢c®r sometimes agave mechanic®r one choice of
operators.

When we work with the operators and vector states, we find the same principles of physics
apply as when we choose numbers for variables and multiply by other numbers. For example,
energy and momentum are conserved, the principle of relativity is valid, and Newton’s second
law, f = ma(or f = dp/di), is valid (although forces are typically expressed in more round-about
fashion, as derivatives of potentials), as are other principles we have not yet exploreeky For
small systems, wherg andp, may be unknown, the conservation condition is applied to the
expectation valuevhich may be interpreted as an average value, meaning the average value to be
expected if we make a large number of equivalent measurements on equivalent systems.

5.8 Stretching of Time and Contraction of Distance

We have found several characteristics of nature that arise from the bassepoémi
Newton’s first law, or the principle of relativity.

a. The assumption that we cannot detect absolute motion, leads to

"The operators must li@ear, so that ifA is an operator, operating on vectors, or states,
a, b ¢, etc, thenA(a + b) = Aa + Ab, so the states may be added together. The operators must
be hermitian which is a type of symmetry associated with imaginary, or complex, nunieers (
involving -1). And the operators must have an appropriate multiplier, or scale factor, to give the
valueh/4 for the minimum product of uncertainties. These details are not important here. See
the Addendum to Chapter 3.
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b. The conclusion that the speed of light (in vacuum) must appear the same to everyone,
regardless of motion of source or observer, which leads to the conclusion that

c. The speed of light (in vacuung),is an upper limit for the motion of any body, or for the
transmission of any signal, and to the conclusion that

d. The equations of motion of any body are subject to the Lorentz transformation, which
includes the factor = (1 + V£9™. This factor appears when we want to compare a length, or
distance, in one reference frame to a length, or distance, in another referencd thenfeames
are moving with a relative speed of v with respect to each other.

e. The Lorentz transformation also tells us how speeds add, keeping the sum within the
overall limit of c.

We wish to look more carefully at three of these points. What does it mean for a digtance t
change as a consequence of (relative) motion? What does it mean for a time intévaadjas
a consequence of (relative) motion? And how do velocities add if they are not in the same
direction?

Before considering these specific questions, however, recall the conditions for dérving t
equations. No assumptions were required except:

the transformation should be linear (no squares or cubes or squaret@ots,

the transformation should satisfy the requirementdhsithe same constant, for all non-
accelerated reference frames; and

no reference frame is preferred, s& imoves with speed v with respectApthenA moves
with speed - v with respect B with the same transformation coefficients.

We started with the transformation we would expect for a Galilean transfomati

X =x- t
=t

and

y =y
Requiring that the transformation shouldlinear'®in x, y, andt (andx’, y’, andt’) gives us the
set of linear equations:
X = X+ t
= x+ t
y=1y
Requiring that should be theameconstant for the& and thex’ reference framé$ gave us the

181f y =ax, + bx, + cx; + ... the equation is linear in the variabjes, %, X;, ... This does
not require that other variables do not appear as squares or square roots or other powers. For
example, the coefficients may involvewhich is a function of?

¥1n one dimension, we usually would wrke= t. Allowing motion in a plane, this
would bex* +y?= 2t% (We could add thedirection, but that would only add an extra symbol,
without showing anything different.) If we let=c, then the speed must be the saoyédf the
same motion described from another reference frame, so in addiiidh 6= c?t?we get
XZ+y?=c??2 Settingk’+y?-ct’=0=x %y %ct “gives us an equation that may be
written AxX? + Bxt + Ct? + Dy? = 0, and because this is a completely general equation (valid for any
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conditions relating these symbols. Specifically, the temporary symhols ( and ) must have
the values

(I T
3%

1
and (gamma), the more important quantity, has the value
1
g_ 2
1- o

Thus we get the transformation equations, fsotmx’ and fromt tot’, of

X = (X- 1)
y =y
and
t = (t- (v/[cdDx)
or, substituting the value of
, X - t
X =
2
1- o
t- —X
t'= <
2
1- o
y'=y

We are also free to turn the transformation around. Thus, taking the transformation in the
reverse direction, the Galilean equation

Xx=x+ 1t
becomes

values ofx, y, andt), each of the coefficients,, B, C,andD, must be identically zero. That gives
us simultaneous equations that determine the values of, , and . (You may peek at the
Addendum to see how it works.)

7/27/07 P8e5-



and to replacé=t" we get

(Of course, if the speed is much less thaien %c?<< 1 and can be neglected (as c&n),
so the new transformation equations become equal to the Galilean equations.)

5.81 Length Contraction If isnotnegligibly small compared @ then an objecte(g, a
rod) moving with theB frame (moving with respect to us, in Auiframe), which has a measured
lengthL, =X’ - X', in that frame, will appear to us, in our fraeto have a length = x - x.

—X-

t-(x,- t)_ L
0 2 B 2
Vl_ c? Vl_ c?
2
L=L,/1- - <L,
C

It appears to us that the “moving” rod (the rod stationary in flanmeoving with respect to us)
has contracted to a shorter length.

and therefore

5.82 Time Dilation Drops in your eyes, for an eye examination, dilite your pupils.
That is, they get larger. Time may be judged by the ticking of a cbogkdnce per second). If
the ticks get farther apart, the seconds are (apparently) longer and we sayetisatilated

If there is a clock in our own reference frame, we measure a time intervial one location
(x = x,) between the timetg andt. If there is an equivalent clock in reference fradnehen we
may choose’ = X', but

- v (e)x-fo+ (ref)x) v, ot .y

o 2 2 2
1- c? \/1_ c? \/1_ c?
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The clock in framd3 (moving relative to us) has a longer time interval between ticks; it is running
slow.

But if we were in framé, we would draw the same conclusions about a rod and a clock in
frameA. The rod would appear shortened and the clock would appear to be running slow. Many
different kinds of measurements have now confirmed these predictions for measuiteldedgt
times.

5.83 Interpretation Fitzgerald® had discovered that these transformation equations would
agree with early experimental measurements before Einstein derived them amedxplr
meaning. Lorentz, also, had developed the equations and proposed a mechanism by which a rod
would undergo a physical shortening as it moved. His explanations satisfied only part of the
experiments, and did not take into account the relativity of the m8tion.

We can see that Einstein’s explanation, as a necessary consequence of the principle of
relativity, is much more satisfactory. From our frafnee measure a rod in franBeto have a
length.

2
L:LO 1'C—2

At the same time, an observer in another reference fi@nrmeoving with speed’ with respect
to B, will measure the length of the rod as

2
L'= Lo 1- C—2

%0 George Francis Fitzgerald (1851-1901), physicist and professor at Trinity College,
Dublin, was heavily involved in the theory of electromagnetic fields. It was chasgictefihim
to provide insights privately to others working in his field and report on progress achieved by
others. He was a nephew of George Johnstone Stoney who first accurately predicted the
existence of the electron.

21 Hendrik Antoon Lorentz (1853-1928) was a major contributor to the theory of the
electron and electromagnetic fields, leading to the brink of the theory of relativity. i@newell
wonder why Lorentz, who derived the Lorentz transformation before Einstein, does not receive
credit for the special theory of relativity. Finding an equation and understanding its meaning ar
often quite different.After Einstein published his early papers explaining the special theory,
Lorentz attempted to show how Maxwell’s equations could lead to an interpretation thét woul
explain a physical shortening of an object when it was “in motion”. Lorentz never quite dccepte
the equivalence of different frames of reference in uniform motion with respesthmther, the
basic premise of relativity theory.
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And a third observer, moving at speé€dwith respect tdB, will find

2
L"= LO 1- C—2

Which of these measurements is “correct”? Each is measuring the same péggiteand
each gets a different answer, yet each is equally valid. The measurement witleiB, fcd the
rod that is stationary with respect to fraByegives theroper lengthL, From any other frame,
a shorter length is obtained by measurement. No reference frame is any “betteri/tbtresg,
exceptthat one can only measure r@perlength or time (maximum length, minimum time) of a
rod or clock by a measurement in the same reference frame as the rod or clock. To ask whethe
that frame is moving or stationary is a meaningless question.

You may have noticed there is a form of symmetry between the length and time equations.
They may be written

L' =L/
and
=1t
and therefore
Lt=L"t

A well-known set of experiments illustrate that there can be a trade-off meksvegh and
time. Some unstable particles are produced in space, above the atmosphere of theudath. St
of thesemuonshave shown that a life time of 1.52 x%.0 s and a speed ot @r@ght be typical.

Thus, if the population of muons is measured at an altitude of 2230 m, a simple calculation of
speed and distance would indicate that nearly all such muons would have decayed before they
reach the surface of the Earth. Measurements have shown, however, that a subataioinebfr

the muons survive and reach surface laboratories. Is this an “error” in time or meelista
measurement?

One approach is to say that the muons moving toward the surface of the Earth are moving at
a sufficiently high speed that the distance to the surface is shortened, by the Loreatzioontr
Because the muons are moving toward the Earth, the muons see the Earth moving toward them.
Moving at 0.98 would decrease the (apparent) distance from 2230 m to 444 m, and the muons
can cover this shorter distance in i so only half of them have had time to decay. Thus the
muons, if they could talk to us, might tell us they really hadn’t come so far and therefore arrive
during their “normal” lifetimes. The apparent height is decreased by the facto0 0.

A second approach is to say that the muons are moving toward the Earth at a sufficiently
high speed that the time dilation (of the muon clocks) keeps their clocks running slow, and hence
they arrive before they think they should decay. The apparent time is increased by thefactor
5.0%

%2 The example, although realistic, is contrived to match height, speed, and half life. See
Richard T. Weidner and Robert L. Selementary Modern Physicg™ edition, Allyn and
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The two methods of calculation give exactly the same expectations. Either methodlys equal
valid. Space and time are linked together.

5.84 Addition of Velocities To add velocities that are measured from different reference
frames it is necessary to write the relativistically correct exmesg$or lengthsdx anddx’) and
for time dt anddt’) and divide to get the correct form of the derivatiebgdtanddx’/dt’. The
mathematical steps are given in Appendix B2.

We consider here an important aside when the velocities are not parallel totthe rela
motions of the reference frames. Note first that we found, as we might have expetted ytha
A length measured perpendicular to the (relative) motion (,) is the same in either frame. If
we had included theaxis we would have fourz=2z’, as well.

Can we conclude, from this, that a velocity, or velocity componemll also be
unchanged? We might think so, except that we must remember that perpendicular components
are linked by the Pythagorean theorem. Suppose we have a velocity componeyntineitteon
of 0.6¢c and a forward componenj of 0.6¢. That would be permissible, because these two
components would add together to give a total speed ott0.Bo&it now we choose to measure
these motions from a reference frame moving along xhexis at 0.%. Plugging in numbers
gives an apparent motion of the original object alongdves of (0.9 + 0.6Y(1 + 0.9 x 0.6)%2 =
0.974c. That ,, added to ,= 0.6c, gives an apparent speed of 1cl4That can't be right!

For now, it is sufficient to say that when we are adding speeds alorgxige we must also
modify speeds along theandz axes. For a relative speed, between frames, thfe velocity
components become

= and =

In these equations,, ,, and ,are velocity components measured in the unprimed reference
frame, ,/ and , are velocity components measured in the primed reference frame,isitice
(difference) in speed, along tRe= X' axis, of the primed and unprimed frames. (Note that the
denominators are the same, although the numerators are different.)

We won't need this equation for perpendicular velocity components now, but we don’t want
to leave the impression thaty’ implies thaty =y .

Bacon, Boston, 1968; p. 56. For particle physicists, a lifetime ®f 10 s®> 10 s is considered
“stable” for experimental purposes. Recent popularizations of Einstein’s digkiasie
“discovered” that Einstein suddenly became aware of a change in time. Like Lorentz’s
explanation of change of length, it is, at best, a half truth and therefore misleading. $fEitieer
nor time is altered; rather it is space-time, the description of the universeimgvspaceand

time, that undergoes a new interpretation, allowing trade-off between space and time.
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Chapter Summary
Momentum is the product of mass and velocity. The (net) force applied to an

object is equal to the time rate of change of momentuntp/dt= p .

Therefore, force times time, called the impulse, gives the change in momentum.
For a constant forcé, t=1 = p. The momentum is associated with the center

of mass, regardless of where the force is applied to the object. A free-body
diagram is a geometric representation of all the forces acting on an object.
Momentum transferred to an object is equal and opposite to momentum

transferred from the object; momentum is conserved. At high speeds (relative to
the observer), mass depends on speed, so momentum is often a preferred variable.
For small systems, one measurement may interfere with a subsequent
measurement, producing uncertainties suchxasp, /2.

Addendum 5A: Solution of Algebraic Equations for the Lorentz Transformaton

We begin with the most general transformation equations that will link coordmates
describing motion relative to reference fraleandx’, y’, t' describing the same motion relative
to reference framB, subject to the conditions a) that the transformation equations should be
linear inx, y, andz; b) that ifB moves with speed relative toA, thenA moves with speed -
relative toB; and c) that the speed of light is the same in both frames, to satisfy the requirement of
the theory of relativity that absolute motion cannot be detected. For this purpose, we introduced
temporary symbols, , , and , plus a symbol that we will retain, and expressedy’, andt’
in terms ofx, y, andt with the linear equations

t X+ t
X' X+ t
’ y

< N

(We were able to select our coordinate systems sa #vatz do not appear, at this stage.)
A patrticle or a signal traveling at speets then described by the two equations

X2 +y2:C2t2
X12+ y12: C2t12

with the same value fay, the speed of light in vacuum, for either frame.
Combining these equations gives

X12+ y12_ C2t’2: X2+y2_ C2t2: O
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Now we may (almost completely) set aside questions of physics or of interpretation and
simply apply algebra. We substitute the transformation equations into this retatesstiction.
That is, substitute for, y’, andt’ and obtain

(*+2 xt+ 1)+ 32-c{ %%+ 2 xt+ tj=x*+y2%ct?
Then, collecting coefficients,
(%-c2 2-1X*+ (2 -2¢® )xt+( %-c? ?+cht’+( - 1y*=0
This equation is an identity, valid for any choices,of, andt. Therefore each coefficient must
be identically zero. The four coefficients therefore give us four equations, each of wisichem
valid.
2.¢?22-1=0
2( - )=0
2.2 24c2=0
2-1=0
The last equation gives= = 1, which shows that the direction (i.e., the sign) along thes is
arbitrary; coordinate systems may be left-handed or right-handed. We lose no generality by re
quiring framesA andB to both be right-handed (or even both left-handed), and thereforel.
That leaves three simultaneous equations to solve for four unknown quantities:and .
Fortunately, we have other information available concerning the meaning of the equations.
If x=t, the point moves with the origin of frarBe Therefore< = 0. But the
transformation must be valid in both directions, so # - ', the point moves with the origin of
frameA andx = 0. Thus
X= (t)+ t=0

X=-t=- (0+ )= 0+t
Then from the first of these,

and from the second,

and therefore

so the transformation equations become

X= (x- 1
y=y
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and the coefficient equations become
2.¢?22-1=0
2(- 2 -¢ )=0
2 2.2 24022
We now have only two undetermined variableand , and three equations (and 1), of
which only two are independent. From the second,
=- /¢

and thus from the first, or third, equation,

2-¢%( % 9ch= Y1- IcI=1
so we find the important equation

B 1
g_ 2
1- .
and from this we find

- Ic?

a=
2
1- o

Results: The conclusions drawn from our stipulated conditions and our algebraic
manipulation are therefore as follows. The Galilean approximations,

X=Xx- t
=t
and
y =y
are replaced by the more general equations
X= x+ t
t= x+ t
y=y
with
=1
which become
X= (x- 1t
= (t-( /cAx)
and
y=y
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with

_ 1
g_ 2
1- e
i
=1
and therefore
, X- i
X_
1_
c
t- X
t'= c’
2
1- .
y'=y
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Chapter 6. Motion in Two Dimensions

Chapter Introduction
A. Why?

Nearly all possible motions of interest involve paths that require two or more dimensions
Most can be adequately approximated by two dimensegsx andy.

B. What to Look For

When we wish to keep track of two or more spatial coordinates, it is typically mostraffi
to lump them as @ector, which can then be represented by a single letter. Curved paths,
especially those closely related to circular motions, are customarily refgesdth Greek letters
(e.g, , , , , , )todistinguish them from properties of linear motioag(x,y, ,at).
C. Pre-Test for Prior Comprehension

a. What is aadian? (How is it different from aadius?)

b. What is aadius vecto?

c. When an object is established in a circular (or approximately circular) path, then
“released” from constraints, what properties of the motion are retained, edaavar?

d. When is the product of two vectorsealar?

e. When is the product of two vectorsector?

f. What is meant by theght-hand rul&

g. What is meant by the “moment” of a quanity

h. What is meant by theenter of masx

i. What is meant bgnoment of inertia

J. What is another name for theoment of momentim

k. Why must we distinguish betwegadial andtangentialvelocity and acceleration?

I. What is meant biorque?

m. What is acentral forc®

D. Inquiry Question
Some recent commentators have observed, based on the principle of relativity, that motion of
the Earth relative to the Sun can be equated to motion of the Sun relative to the Earth and
therefore the argument over geocentdcheliocentric or other models of the universe are
inherently meaningless. Is there merit in such an argument? Does it make a @iffeneticer
the discussion is based on kinematics or on dynamics?
HH#HHH

N ext to uniform motion — constant speed in a straight line — the most boring motions

are those along any straight line. Apparent motions of the Sun, Moon, and stars, as well as travel
over the surface of the Earth and through the skies — all are examples of motions in three
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Short Answers to Pre-Test Questions:
a. Aradianis a measure of angle, equal to the length of arc divided by the (length of) radius.
b. A radius vectoris a vector, from the origin to a selected point, especially appropriate to
describe motion of the point along a curved path.
c. Any force (including any restraint) acts instantaneously. Any consequent acceleratiarshappe
(or better, is happening) while the force is actmgy. When forces, or constraints, are
removed, Newton's first law tells us the body will continue (from that instant on) to mthve wi
uniform speed in a straight line (assuming no other forces are still acting, caugirogvinei
accelerations).
d. The length of therojectionof one vector on another (times the magnitude of the second
vector) is a pure number, scalar quantity, called thecalar producttypically represented by a
dot for multiplication and therefore also called th& product UV =U V cosU,V)
That is, it is the product of the two lengths (U and V) times the cosine of the angle bédigveen t
two vectorsU andV.
e. A vector producbf two vectorslJ andV, is defined as the product of the two lengths, U and
V, times the sine of the angle betwédgmandV, with a direction given by theght-handrule.
f. When the curved fingers of yought handpointfrom U to V, your extended thumb will point
in the direction of the vector produdtx V (also called a “cross product”).
0. Relative to a selected point, a scdlaor a vectolWV at a distance (and directionhas a
momentequal tar W, the product of the radius vectoand the quantityVv or, if W is a vectorpr
r x W, the vector product afandW in a direction given by theght-hand rule
h. Simply expressed, tleenter of mass the balance point of an object. More precisely, it is the
point (X,, Y., Z,) for which the sum of themomentf the masses, or mass poimgatx, y, Z
vanishes.
M&-%)+ M-+ mGE-z) =0
i. Themoment of inertias the “second moment” of the masses about a selected point (usually,
but not always, taken to be the center of mass). That is, the moment of inetia,
= mx¥+ my+ mz
J. Themoment of momentuisthemomenf p, the (linear) momentum. It is often called the
angular momentumThus theangular momentupk is L =r xp.
k. Because velocity and acceleration are vector quantities, with directions,aessasgy to let
people know whether we are talking about velocity along the rim of a circle or toward thre cente
of a circle (the most common choices) or about acceleration in the direction alomg tre ri
toward the center. Thus we distinguish betweigentialandradial velocity, or acceleration.
. Themoment of a forces called aorque . =r xf
m. A central forceis a force toward (or away from) the center point of motion. The Latin
translationcentripetal force has been carried over to English.
HHHH

dimensions, that are typically approximated as motions in two dimensions. Adding the second
dimension, and thus including curved paths, introduces most of the characteristics we need to
describe any possible motion.

A projectile typically moves simultaneously along shgorizontal) and/ (vertical) axes.
Usually the two motions are independent, and may therefore be treated separately. hee find t
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change in horizontal position fror= ,t and the change in vertical position frgms |t
(where, as usual, we lety, andt representhangedrom initial values). Because tleandy
axes are at right angles to each other, the Pythagorean theorem tells us the distatinee fr
origin to the projectile is given by

r.2:)(2_'_y2

The line, of lengthr, pointing from the origin to the projectile, is then interpreted\sctor,
which is written simply as(x,y) or asr, or as
r=x+y
or
r=ix+jy
(wherei andj are vectors, of unit length, along thandy axes — calledinit vector$,
depending on how explicit we feel it is necessary to be.
Because the radius vectordefines the location of a point relative to a selected ornigin,
provides a convenient description for motion in a circle (whéeonstant but is constantly
changing), but is also helpful for any motion in two (or three, or more) dimensional space.

6.1. Motion Around a Circle

To describe motion in a circular path, we define an angle as in Figure 6.1, thighradius
vector. The angle is defined by the length of the arc divided by the length of the radius. Because
this is a length over a length, the angldirmensionless Although the angle has mamensionit
does have anit, called theadian (with symbol rad). The value is the same for a given angle
independent of the size of the circle or length of the radius vector. The arc length foiraléull c
is 2 r, so the angle corresponding to a full circle (360 ) is

arc length/radius = 2/r = 2 radian = 2 rad

Because 2is a little more than 6, 1 rad = 360 /B slightly less than 360 /6 =60 .

Figure 6.1 To measure an angle, measure the length around the circle
intersected by the angle and divide that length by the radius of the circle.

*kkkk

Examples 6.1. A. Given that= 3.14159265..., find a more precise value for the
number of degrees in 1 rad.

B. How many radians in a right angle {90 )?

C. How many radians in a straight line?

*kkkk
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Answers 6.1. A. 1rad =360 /Z57.298 .
B. 90 = /2 rad =1.5708 rad
C. 180 = rad =3.14159 rad

lhe time rate of cllange of the anglés
dJ
] = —

dt

with  called theangular speedmeasured in radian per second (rad/s).

An object moving at constant speed in a circular path experiences a change in direction of its
velocity, and therefore, by definition, is accelerated. The acceleration is of conatantude
but changing direction, always toward the center and therefore callechhaccelerationas.
The Latin equivalent isentripetal acceleration For example, the Moon has a (very nearly)
constanty, toward the center of the Earth in a geocentric reference frame.

If the speed of the object moving in a circular path changes, ( changes in magnitude),
this, also, is an acceleration, callethagential acceleration Because the speed is changing, the
angular speed, (= omega), also changes. The time rate of change®of

and (= alpha) is called thangular accelerationmeasured in rads . These angular variables
may be related to the linear variabkgs, anda; x is the distance around the circumference of the
circle; =dx/dtis the speed; arnal=d /dtis the tangential acceleration; as shown in Table 6.1,
where typical units have been affixed.

Table 6.1 Variables for Circular Motion

X= r= r m = radian x m = position
= r=dx/dt m/s = (radian/s) x m = speed
a= r=d /dt m/¢ = (radianfs ) x m = acceleration
=d /dt s? =rad/$ = angular acceleration

The preference for order of multiplication is determined by directional propesidsaissed
below. Names of the variables are given more explicitly in Table 6.2.

1 We follow the nearly universal custom in physics of representing variables for icircula
motions with Greek letterg,g: (= theta) for angle; (= pi); (= nu) for frequency; (=
omega) for angular frequency or angular speed; afd alpha) for angular acceleration. The
symbol for radian is rad (pronounced “radian”, just as kg is pronounced “kilogram”).
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Table 6.2
Terminology for Circular Motion
a = tangential acceleration = acceleration in the direction of the tangemt)(
& = radial (or centripetal) acceleration = acceleration toward the caldag(the radius).
= angular acceleration = rate of change of angular spgesdd /dt.
= speed = tangential speed

6.2 Angular Measures and Torque

For motion in a circle, as for linear motions, direction may be very important. A rotation
through an angle necessarily has a unique direction associated with it. A rotation about a
horizontal axis is different from a rotation about a vertical axis.

One wheel rotation may take you forward; the opposite wheel rotation will take you back.
Clockwise and counterclockwise rotations differ, but clockwise for one observer may be
counterclockwise for another. We choose to take the direction of rotation to be the direction
along theaxis of rotation from which the rotation will appear to be

ne

counterclockwis€Figure 6.2).
Figure 6.2. When the direction of rotation is counterclockwise,
the rotation is represented by an arrow, perpendicular to the ‘
rotation, away from the plane of rotation (to the left in the figure).

We might expect that rotations could be classified as vector quantities. Unfostufiaite!
rotations do not follow the other rules for vector transformations. For example, if weebpta
90 successively about tlgy, and therz axes, we get a different result than if we rotate about
they, x, and therz axes (Figure 6.3). That is, rotations do not follow any simple rule of
commutivity Rotation #1 followed by rotation #2 is not equivalent to rotation #2 followed by
rotation #1; R R R; R, . Therefore, finite rotations cannot be treated as vector quantities.
(They are not even anti-commutative like vector products, for whjohV ,=-V,x V).

[Figure 6.3 Rotation about axis 1, followed by rotation about axis 2, is not simply related to

rotation about axis 2 followed by rotation about axislace a book in front of you, letting taexis be
upward,y to the right, and out of the page (with axes attached to the book). Rotate counterclockvise 9(; &y to
the left. Then 90 aboyt You see the bottom, with front to right. Compare with a similar rotation gbwou see the top

edge, with front toward you. Then abeuyou see the front edge, with front of book toward you, top to]lBﬂP F}

On the other hand, if we are willing to treat only extremely small rotations, then siueces
rotationsare commutative and may be treated as vectors. Derivatives, such d<¥dt, and
differentials, such agx=d r, involve onlyinfinitesimalrotationsd , and thus satisfy the
requirement for commutivity.
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We incorporate the directional properties into the equations for rotational vabgbiesans
of vector products and the right-hand rule. Table 6.3 defines the variables in this way.

Table 6.3
Vector Notation for Motion in a Circle
dx=d xr =displacement
= Xxr =velocity
a= xr =tangential acceleration

If you hold your right hand so the curved fingers are pointing in the direction of a rothtion,
your extended thumb points in the direction of the vedttorlf, now, you let your fingers curve

in the direction frond tor, your extended thumb points in the direction of the displacembent,
Similarly, is a vector defined by the right-hand rule, in the direction of your thumb when the
fingers of your right hand point in the direction of increasingd his is shown in Figure 6.4.

Figure 6.4. When the curved fingers of your right hand

point in the direction of the rotation, your extended thumb
points in the direction assigned to the rotational motion.

This is the direction in which a normal screw or bottle cape -
will move when rotated in the same way.

When we want to remove a bottle cap, we twist it (and
the cap moves in the direction defined by the right-hand
rule). However, a cord that has been subject to a twist is
said to have a twist. The term may mean either the effort
or the consequence of the effort. To avoid this ambiguity,
we refer to the effort of twisting as@rque

It is easier to turn a nut with a wrench that has a long handle than with your fingers or with a
wrench with a short handle. The effectiveness is determined ligrtfeg/ou exert and by the
lever arm or momentof that force (Figure 6.5). As we saw by comparing the definition of a
vector product to the motion of a bottle cap, the direction of a torque is the direction a Ipottle ca
will move when it is twisted. Therefore, torque, represented by the Greek letteligaiefined

by

=rxf
Figure 6.5 The torque (twisting force) is equal to the lever arm, or

distance of the force from the center of rotation, multiplied by the
magnitude of the force. -
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Torque is the moment of the foree. (The cross product, gives a result perpendicular to
bothr andf and the magnitude of the torque is equal to the radius times the tangential component
of the force.)

6.3 Center of Mass

Consider a see-saw or teeter totter. What is necessary to get the board to bétance?
probably recall that it is not necessary that the weights should be equal, nor is itrgecessa
generally, that there be the same number of people on each side, or that the people be the same
distance from the center.

What is necessary for balance is that the weight times distance from thestentldrbe the
same for each side. Or, stated more carefully, the two sides are balanced pénsisnspoint
is at thecenter of mas$The condition for balance is that the moments (mass times distance) on
one side should be equal and opposite to the moments on the other side, or adding together both
sides,

(% -%)m=0

Remember that this doest tell us there are equal masses on each side of the center of mass —
only that the sum of massomentss equal on each side (Figure 6.6).

@) 0 Figure 6.6. A large mass may be balanced by a
A small mass if the small mass is farther from the
center of mass. Itis the moments of the masses
that must be equal.
A more general treatment would consider the moments along eack, gxendz. The
point x,, Y., Z, is the center of mass of the body if, for all the masses, or mass ppitite sum
of the moments vanishes, along each axis.

| (X| - Xo)mi =0
| (v - yo)m =0
(z - z)m =0

“Mathematically, anomenis avaluetimes amoment armor the distance between the
point of interest and a reference point. In a distribution curve, for example, the mometit of eac
value is generally taken as the value timeg,, the distance of that value from the average
value, where, is the location of the average value. If we have a mass at thepitsninoment
(relative tox,) is (X - x)m. We also sometimes considgcond momentshich are the square of
the moment arm, ok (- x,)? times the value (as inmoment of inertiamr).

% For very large objects it is necessary to recognizegthsty not be constant, and
therefore théorces mg and the consequetarques r x (m; g), must be equated. The
condition is then expressed in terms of ¢kater of gravity
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For a body of arbitrary shape, we must take the sum over all mass points as an integral,

(x- x,)dm =0

If X, corresponds to the center of mass, with similar integralsdodz axes.

A practical test for the center of mass is typically to hang the body from one point along the
edge. Then the center of mass will lie along the vertical line passing through the point of support
We can then hang the same body from a second point, and the center of mass will lie along the
vertical line passing through this second point of support, and if the body is not planar, we can
hang it from a third point of support and the center of mass will lie along the verticaldsiaga
through this third point of support. The three lines will meet at a single point, which is tee cent
of mass of the body.

6.4 Forces and Torque With Respect to the Center of Mass
Recall that it is sufficient, for determining the change in motion of the center efahasy
body, to find the vector sum of all forces acting on the body, regardless of where they are applied.

and
fret=M acm

The acceleration, of the center of mass, depends on the magnitudes and directions of the
individual forces only through their sum, and does not depend in any walyesathe forces are
applied.
*kkkk
Example 6.2. The net force acting on any object is the sum of all forces acting on
the object.
A. Are internal forces included in this sum?
B. Do internal forces make any difference?
*kkkk

But this is not the whole story. Even balanced forces may produce a torque. If you lift on
the left and push down on the right, you may leave the center of mass unchanged, but cause a
rotation about the center of mass.

Or, if the single force is applied along a line that does not pass through the center of mass
(e.g, if you kick the top of a football) the single force will accelerate the center ofandssuse
a rotation about the center of mass. We saw this effect in Rgunehere the acceleration of the
center of mass was the same regardless of where the force was applied, buidhgoota
rotational acceleration) depended on whether the force was applied at the top, in thercante
the bottom.

We can always simplify such a problem by expressing the net force as a single foteé direc
through the center of mass plus a “force couple” that consists of equal and opposite forces. The
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single force through the center of mass determines the acceleration of the cerass ofithout
causing any rotation, whereas the force couple represents a pure torque, and thus ddtermines t
angular acceleration about the center of mass, but has no effect on the acceletaticemetr of
mass.

As shown in Figure 6.7,

a. we start with a net force at some arbitrary point (as defined by the problem); then

b. we add and subtract a force of this same magnitude and diréctimmd- F' along a line
passing through the center of mass; and

c. we regroup these three forces to give the (equivalent of the) neFfattm@ugh the
center of mass, and the force coupleand -F'. The net force give the acceleration of the
center of mass; the force couple gives the torque that causes angular accelavatitmeacenter
of mass.

What may seem surprising about this analysis is that the twisting effect produceddogehe f
couple depends on the magnitude of the couple (which is equal to the cross product of the original
force,F, and the distance of that force from the center of mass) but otherwiseotidepend on
where the force couple is located. Thus, in review,

the acceleration of a body does not depend on where the forces are applied

and we can now add a second, equally important rule,

rotational acceleration of a body is determined by the externally applied torque on the body,
but does not depend on where on the body the torque is applied.

Figure 6.7: aF (at an arbitrary point x,y) is equal to
b.F’ (through the c.0.m) + the couplg: (at x,y) £’ (through the c.o.n})

Keep in mind, also,
accelerations are instantaneous.

That is, an acceleratiod, /dt, or angular acceleratiod, /dt, depends on the forces actmgw,
not on what is going to happen or on what was happening €arlier.

* This is a difficult concept for students to grasp becausethit of the acceleration is
far from instantaneous. That is, when a force is applied, it may take a long time to #uhieve
final velocity or angular velocity, but the acceleration occurs when, and only when, the force is
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Answers 6.2.
A. In principle,all forces are added to get the total force, or net force.
B. However, every force exerted by A on A has a reaction force of A on A.
If you pull upward on your shoelaces, the shoe laces pull down on you just as
hard. So internal forces add nothing to the sum. It is sufficient (though not
necessary) in finding the net force, to include only externally applied forces.
*kkkk
As we have seen from the practical test, if the gravitational field is unif@mif(the body is
not too large), we may multiply liythe equation we obtained for the center of mass.
Then the sum

(X -x)gm =0
Is equal to the torque on the body about an axis threu@erpendicular to the axis). This
torque vanishes (for uniforg) if, and only if, the center of mass isxgt That is why, if we

suspend the body inuniform gravitational field, a vertical line through the point of support will
pass through the center of mass, which is also, therefore, calleehtiee of gravity.

6.5 Circular Orbits

Recall that the “natural” motion of any object is no motion or uniform motion in a straight
line. These are the same thing, as viewed by different observers.

Some historians of science have pointed out that Galileo anticipated Newton with the
assumption that bodies set in rotation, or moving in circular paths, continue in that “natural”
motion. The difference is that Newton'’s first law (describing linear motionsnstant velocity)

Is valid.

A body set in rotation or moving in a circular orbit will continue that motion unchamggd
so long as it experiences no “external” forces (from outside the artaigxperiences the precise
necessary “internal” or “central” forces to maintain a constant radius. Newtorstoutkthat
the force required to maintain a body (or the parts of a body) in a circular (or elliptigiahvas
a force pulling the object toward a fixed point. Any force acting toward (or away from) a fixed
point is called aentral force

Newton wrote his major work, tHerincipia, in Latin, and the Latin term for “central” force,
introduced by Newton, is “centripetal” forée. When Bréncipia was translated into English,
some very stilted language was retained and the term “centripetal” was natté@ngherefore

acting.

® Latin was initially a very impoverished language, quite unsuitable for expressing many of
the ideas flowing from the Greeks, who had been overcome militarily by the Romans. Unwilling
to see Roman history written in Greek, the Romans deliberately undertook an expansion of Latin
to permit fuller expressions of thought, an effort still required centuries lat@tiasbecame the
common medium for the European languages. (Compare the rapid expansion of the English
language as it has spread world wide.) $eag,Benjamin FarringtorScience in Antiquity
Oxford, London, 1936; pp. 200-202
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bothcentralandcentripetalappear in current descriptions. The teentral forceis more
readily understood.
A Yo-Yo (either spinning or not spinning) swung at the end of a string will move off in a
tangential straight line (apart from the effects of gravity) if the string breagardless of its
prior history. A space ship or space labit could get beyond the effective range of gravity,
would coast off in a tangential straight line, never to be seen again. Maintaining a pathla
requires a constant, inward force acting on the Yo-Yo or space ship. We are farttilidorewi
requirement for the Yo-Yo, because the force is exerted by a finger, through a string. As the
finger pulls the Yo-Yo inward, the Yo-Yo exerts a reaction force outward, producing a
frequently painful effect on the finger.
*kkkk
Example 6.3. If you travel around a curve on the highway,
A. What exerts the central force on the car?
B. What exerts the central force on you?
*kkkk
Assuming the Yo-Yo maintains a constant speed around the circular path, it must
nevertheless undergo a change of velocity, because it is constantly changing direction. erherefor
as it moves at constant speed it is constantly being accelerated.

Figure 6.8. The two drawings,

for radii and time and for

velocities and time, give

similar triangles, but are drawn

on different coordinate axes. a

The two drawings, for radii and time and for velocities and time, give similar triarimleare
drawn on different coordinate axes.
In Figure 6.8 we show two separate drawings for the same motion. Figah6\@s the
path traced out during a cycle, withatt,, r,att, and r, of magnituder = X,
corresponding to t =t, - t,. Figure 6.8 shows velocities at two times, att, and , att,, and
corresponding to t =t, - t;. The scales for these drawings are necessarily different. One is
in meters, the other in m/s. But the angles are the same. Note especiallis thiatays
perpendicular te. The radius vectarand velocity vector move around their respective
circles at the same rate, with a constant phase differend¢2 &d = 90 .

Figure 6.9. The radii, velocities, and acceleration
are parallel or perpendicular to each other, but
are drawn in different “spaces”.

7/27/07 P10



Answer 6.3. A. The friction of the road on tires gives a force toward the center of
the circle, which is the central force that makes the car travel around the curve.
B. The car (including door, seat belts, and seat cushions) exerts a force on
you toward the center of the circle that makes you travel, with the car, around the
curve.
In practice, the path of the car may not be quite circular, so the forces are only
approximately central forces.
*kkkk
Figure 6.2 shows the two velocities translated to the same reference point, to show more
clearly that they have the same magnitude and form a triangle similar to the tfoangdd by the
radius vectors. The velocities are perpendicular to the respective radii. Fidusb@& the
acceleration. The acceleration is in the same direction a®ward the center of the circle. The
radii, velocities, and acceleration are parallel or perpendicular to each otheg Oravan in
different “spaces”.
We can see that,r,, and | r| =r = xform a triangle, for sufficiently short t so that
the arc may be approximated by the chord, or straight line. Similgsly, and , of
magnitude , form a triangle, for the same sufficiently small. These triangles have the
same angles, so they aienilar, with sides that are proportional.
D_ = Dq = ?

or more precisely,

9 _gy=
r
or, in vector product notation,
d =d x
and
dx=d xr
The kinematic equations give
dx _dJ
=—=—1r= XTI
dt dt

For constant speed, the only acceleration is the radial acceleration, directet inwa
Thereforewe can find the acceleration, which is radial, directed inward, to be
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In scalar notation, )

ag = —=rw’
r
which is an important equation.
Note that (ord ) is perpendicular to and is therefore antiparallel tp
directed radially inward. That agrees with experience and with Newton’s destiagta central

(or centripetal) force. The central force is therefore

with a = a,. For constant the force required decreases with increasing radius, but for constant
the force required increases with increasing radius.

We are familiar with this force for the Yo-Yo, supplied by the finger holding the string. For
the Moon or any other satellite circling the Earth, the central force is the gomataiull of the
Earth on the satellite. Because of this central pull, the Moon is constantly atioglesward the
center of the Earth. But remember that an object generallyndvesove in the direction of the
force acting on it, or in the direction of its acceleration, or change of velocity. The racti@h
Is a sum of the initial motion and the change in motion. For the Moon, the initial velocity is large
and parallel to the surface of the Earth. The change in motion is comparatively smalyand t
the center of the Earth, so the falling motion cannot keep the initial velocity fromngpating
Moon on past its present point. The Moon is continuadlyeleratedoward the center of the
Earth, but itfalls forward and therefore (from our perspective) moves in a circular path around
the Earth.

Chapter Summary
Motions in two dimensions may be represented by a radius veatorhyx andy
componentst =x +y andr? =x?+y% The natural unit for angle is the radian =
arc length/radius, which is dimensionless. Angular speedd /dt, is the time
rate of change of angle. The time rate of increase of angular speed is the angular
acceleration (alpha,),a=d /dt. A rate of increase of linear speed, along the
tangent, is the tangential acceleratiar, d /dt. For curved motion, there is also
a radial acceleratiom,, toward the center. Torque,is the moment of the force.
Rotations behave as axial vectors, or pseudovectors, connected by the “right-hand
rule”: if the fingers of the right hand point fromto B, the extended thumb points
towardCwhenAxB =C. Thusdx=d xr, = xr,anda= xr,but =rx
f. The center of mass is the point about which the sum of the moments of all mass
points is zero. Acceleration of the center of mass is independent of the location of
f.e» @nd angular acceleration is independent of the location of a torque.
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