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D.  Other Motions
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 Rotational motion here refers to any motion described relative to a point, and therefore,1

in terms of a radius vector and angle.  Although there is no consistent terminology, it is sometimes
necessary to distinguish carefully between motions such as orbital motions and rotations about the
center of mass; for example, between annual and diurnal motions of the Earth.
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Chapter 10.  Rotational Dynamics

Chapter Introduction
A.  Why?

Rotational motions  closely resemble linear motions in many respects, but there are some1

differences that must be recognized to understand energy changes in orbital motions and the
seemingly peculiar behavior of gyroscopes.  A substantial simplification is introduced by defining
new forces, called centrifugal and Coriolis forces, recognizing that rotating coordinate systems are
accelerated systems.  Small systems are subject to quantum restrictions on angular momentum
which noticeably change their behavior.

B.  What to Look For
If a gyroscope is analyzed according to Newton’s laws, what behavior should be anticipated?
What generalizations are possible about the direction of the centrifugal force?  What

generalizations are possible about the direction of the Coriolis force?
What information can be extracted from the absorption patterns of molecules, affected by

rotations, to determine the sizes and shapes of molecules?

C.  Pre-Test for Prior Comprehension
a.  In what direction does the diurnal angular momentum vector of the Earth point?  In what

direction is the angular momentum vector of the Earth for its annual motion pointed?
b.  Velocity and momentum, �  and m� , are preserved for free bodies, but not for bodies in

rotational or orbital motions.  Why not?  What quantities, if any, are preserved, and why?
c.  Are centrifugal and Coriolis forces ever in the same direction?  Are they ever in opposite

directions?  Are they ever at right angles?
d.  Are centrifugal and central forces ever in the same direction for a rotating body?  Are they

ever in opposite directions?  Are they ever at right angles?

D.  Inquiry Questions
Weather maps and ocean currents (among other demonstrations) provide strong evidence for

Coriolis forces.  Is the Coriolis force sufficiently strong to determine the direction of rotation of
water leaving a sink or tub?  Can the direction be forced by asymmetry of the sink or by swirling
the water before pulling the plug?  If so, how long does such “memory” persist?

#####



 For non-circular motions (e.g., elliptic orbits) a more elaborate set of definitions is2

required to keep the directions properly defined.  See problem 10.y.
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Short Answers to Pre-Test Questions
a.  The angular momentum vectors for diurnal rotation and annual travel both point

approximately north (very nearly toward the North Star).  The same is true for most, but not all,
objects in the solar system.

b.  Velocity and momentum change because there is a central force, responsible for the
orbital motion or the maintenance of spherical or circular shape.  Thus the motion is accelerated. 
The angular momentum is preserved (unless there is a torque acting) and, unless the moment of
inertia changes, the angular velocity is preserved, because angular momentum is conserved.

c.  Centrifugal force is always outward, perpendicular to the axis of rotation.  The Coriolis
force may be in any direction in the plane perpendicular to the axis of rotation, including parallel
to, antiparallel to, or perpendicular to the centrifugal force.

d.  A central force is toward, or away from, the center of the motion, but for stable motions it
will always be toward the center.  The centrifugal force is always away from, and perpendicular
to, the axis of rotation.  Thus central and centrifugal forces are antiparallel, if the object acted on
by the centrifugal force is in the central plane and if the orbital motion is circular.  Only in the limit
of an object  rotating about the axis of symmetry of an infinitely long pole, near its end, would
these two forces be (nearly) perpendicular.

*****

Perhaps because equations for rotational motion are very similar to the equations for linear

motion, we often ignore the differences, then find the variations from linear dynamics surprising
and interesting.  We look first at the extent to which there is a rotational analogue of Newton’s
first law, then at the factitious forces introduced to make rotating systems appear to obey
Newton’s laws as if the reference frames were inertial frames.  We consider the specific behaviors
so familiar for gyroscopic motions, and finally the quantum limitations on angular motions.

10.1 “Natural” Behavior and Conservation of Angular Momentum
We review quickly the conversion equations between linear and angular measures, shown in

Table 10.1.  The connection is established by the right-hand rule.  If the curved fingers of the right
hand point in the direction of the curved motion, the extended thumb points in the direction
assigned to that motion, whether it is an angle, an angular velocity, or an angular acceleration.
 

Table 10.1
Definition of rotational variables for circular motion2

dx = d�  x r
� �= �  x r
a =  �  x r

 

From these definitions, we find the kinematic and dynamic equations for rotational motion,
and the parallel equations for linear motion as shown in Table 10.2



 The failure of the rotational analogue of the first law, for non-rigid bodies, should serve3

as a reminder that the principle of relativity is a postulate underlying Newton’s laws, not
something to be derived from Newton’s laws.  An alternative but more limited approach would be
to start with conservation of momentum to obtain Newton’s first law, assuming mass is constant,
and start with conservation of angular momentum for rotational properties, assuming the moment
of inertia is constant.  In 1915-18 Emmy Noether showed that conservation laws are expressions
of symmetries in nature, so one could argue that conservation of angular momentum is as much a
property of nature as the principle of relativity.
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Table 10.2
Kinematic and Dynamic Equations

Linear         Rotational
x = x  + �  + ½ a t �  = �  + �  t + ½ �  to o o o

2 2

�  = �  + a t �  = �  +�  to o

� x = ½ (�  + �  ) t � �  = ½ (�  + �  ) to f o f

�  = �  + 2 a �  x �  = �  + 2 �  � �2 2 2 2
o o

f  = ma r x f = �  = mr  (a/r) = I �2

` p = m� L = I �
� �����   K.E. = ½ m� ��� p /2m    R.E. = ½ I� ��� L /2I2 2 2 2

It might seem, from the similarity of equations and easy conversion from linear to rotational
equations, that Newton’s laws would apply equally well for rotational problems and, in fact,
orbital motions as “natural” motions, not requiring any external force, were (incorrectly)
attributed to heavenly bodies before Newton explained linear motions.  The difficulty starts,
however, as early as Newton’s first law, which is simply the principle of relativity.  Although a
similar result apparently fits rotational motion — a rigid body in rotational motion will remain in
uniform rotational motion — it is valid only if the body is not acted upon by an externally applied
torque, and only if the body is rigid.  The result is expected, not from any relativistic principle,3

but because of the principle of conservation of angular momentum.
Important differences arise when the body is not rigid.  For example, a spinning skater may

change her angular speed by pulling in, or extending, her arms.  She does work, W, on her arms
(considered as a separate system) to change her moment of inertia.  In a more complex maneuver,
a falling cat can change the moment of inertia of one part, transfer angular momentum between
parts, then change the moment of inertia again to achieve a change in angular position with no
outside interference.  That is, the falling cat can rotate, in space, to land on its feet.  Gymnasts and
divers maneuver to strike the ground or enter the water at the proper angle.  No equivalent
change in location is possible with respect to linear motions, without outside forces acting.

Because of tidal forces, the Moon loses kinetic energy to thermal energy of the Moon and the
Earth.  There are internal torques acting between the bodies, but (to a good approximation) no
externally applied torque.  Therefore the Earth-Moon system loses mechanical energy but retains
constant total angular momentum.

There is a theorem of mechanics that tells us the average kinetic energy is related to the
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  Representing kinetic energy by T and potential energy by V, if V is a function of r ,4 n

V = V(r )n

then the average values are related by
 

<T> = n/2 <V>

So for the Earth-Moon system, for which the gravitational force varies as r , the potential energy,-2

V, varies as r , and therefore n = - 1 and-1

 

<T> = - ½ <V>

 The negative values of E and V simply indicate we have selected E = 0 at infinite r, with5

T = 0.  In classical mechanics, all energy values are relative to arbitrary reference levels.

  The Danish pronunciation is Tee’ ko Brah’-he (1546-1601).  A Danish nobleman who6

was the last of the great naked-eye astronomers, he was given the island of Hveen, on which he
constructed an observatory, Uraniborg.  He moved to Hamburg, then Prague, where less than two
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average potential energy for such a system.     The average potential energy is twice as great as4

the total energy (both negative), whereas T is necessarily positive  and, on average, half as large5

as V.  The total (mechanical) energy is
E = T + V

so
E = ½ <V> = - < T>

From this theorem (called the virial theorem) we find that, for any inverse-square attractive force,
the total energy and the kinetic energy are equal and opposite.  Thus, as mechanical energy
decreases (becomes more negative, disappearing into thermal energy), the kinetic energy increases
(Figure 10.1).

Figure 10.1.  For a gravitational field (or any
other inverse square force field), <T> and
<E> are equal and opposite, and <E> is
one-half of <V>.

10.2 More General Orbital Motions
Kepler, a contemporary of Galileo, had

calculated the path of the planet Mars, based
on Tycho Brahe’s  careful observations, and6
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years before his death, he enlisted the aid of the young Kepler.  Kepler was generally
unsympathetic with Brahe’s explanations but was capable of mathematical analysis of Brahe’s
numbers (with which he absconded).

  An elliptical orbit is characterized by its eccentricity.  Eccentricity is the ratio of the7

distance from the center of the orbit to one of the focal points, divided by the distance from the
center to the farthest point (apogee).  This is half the longest diameter and is also called the semi-
major axis or the mean distance of the orbit from a focal point (e.g., the Earth from the Sun). 
Kepler chose the orbit of Mars for analysis because the deviation from a circular orbit was well
above the uncertainties in the observational data.  Eccentricities of ellipses can vary from zero (for
a circle) to one (for a parabola).

7/27/07                                                              PT-10- 173

found the path to be nearly, but not quite, circular.   It was best described as an ellipse (Figure7

10.2).  An elliptical orbit is followed by a body that does not have sufficient speed (and hence
energy) to escape the central body.  “Open” orbits (trajectories for which the moving body does
not return for another pass), are parabolic or hyperbolic (Figure 10.3).  The hyperbolic path arises
for a body traveling at a higher speed, with more than enough speed to escape and never return. A
parabola is the transition between hyperbolic and elliptical orbits, when the moving body has just
sufficient speed to approach and then leave, but no extra speed, or energy.  The circle, ellipse,
parabola, and hyperbola are called conic sections (Figure 10.4).

[a = focus to curve;
b = (second) focus to
same point on curve]

Caption: Figure 10.2.  An ellipse (often loosely called an “oval”) is the locus of points for which
the sum of distances, a + b, is constant.  The eccentricity is the ratio of the distance d to the half-
length L (or the distance between foci divided by the length).  A circle is a special case of an
ellipse.

Caption:  Figure 10.3.  Parabolic and hyperbolic paths are
“open”, or non-repetitive orbital paths requiring more energy than elliptical orbits.
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Figure 10.4.  If a solid cone (center) with vertical axis is cut by a
horizontal plane, the intersection is a circle.  If it is cut by a
tilted plane, the intersection is an ellipse.  If it is cut by a vertical
plane, the intersection is a hyperbola (two sheets).  If it is cut by
a plane parallel to the surface, the intersection is a parabola. 
These figures are called conic sections.

As you can probably prove for yourself, a body in an elliptical path changes speed.  The
distance from the center of the Sun to a planet changes, so the central force changes in magnitude. 
Sometimes the body is moving parallel to the surface of the Sun and the pull of gravity changes its
direction but not its speed.  More often, the body is moving slightly toward or away from the Sun. 
The pull of the Sun is then not perpendicular to the velocity of the moving body, so it pulls the
body inward along the direction of its motion, which increases the speed of the body, or pulls the
body inward against the direction of the motion (as the body is moving away), and therefore
slows the moving body, decreasing its speed.  Kepler discovered, and Newton later proved
analytically, that a body moving in an orbit close to the central body moves faster than a body in
an orbit farther out, so it takes substantially longer to get around the longer path at the greater
radial distance.

Kepler expressed his major discoveries concerning orbital motions of planets in three laws.

Law 1.  The orbits of the planets about the sun are ellipses with the Sun at one of the foci . 
This property of planetary orbits follows from the condition that the planets are held in their orbits
by a central force (a pull toward the Sun, which may be regarded as fixed in position for most
studies of the solar system).

Law 2.  As measured from the Sun, a planet sweeps out equal areas in equal times (Figure
10.5).  This property, also, follows necessarily for planets attracted by a central force.

Law 3.  The square of the period (time for a complete orbit about the Sun) for any planet is
proportional to the cube of the mean distance, half the longest diameter of the orbit (also called
the semimajor axis of the ellipse).  This property depends on the nature of the attracting force. 
Kepler’s third law is expected for an inverse square force.

Kepler was the first to draw these specific conclusions about planetary orbits, based on his
careful mathematical analysis of Brahe’s observations, but he could not explain why planetary 
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Figure 10.5.  Each (roughly) triangular area
corresponds to an equal time interval for travel 
of the orbiting body.  This is Kepler’s second
law, a consequence of an inverse square force.

orbits had these characteristics.  Newton was able to demonstrate the
necessity of the properties based on his model of gravitational pull on
planets in elliptical orbits.

10.3 Gyroscopes
Probably the “strangest” type of motion we meet is the gyroscope.  As you probably know,

when you try to push the axle in one direction, it moves at right angles to your push (Figure 10.6). 
There are alternative  methods of analyzing gyroscopic motion, each of which provides helpful
insight.  Gyroscopes are important devices for navigation and for stabilization of vehicles, as well
as fascinating toys.  They could well be called a “physics joke”, because they behave precisely the
way we say any object should, yet not the way we intuitively expect.

a                                                                                   b
Figure 10.6  a.  The weight of the wheel (or an applied force) pulling the axle down on the right,
has the effect of an impulse, from left to right at the top (or right to left at the bottom), altering
the plane of the motion and therefore causing the axle to move horizontally (right end toward
you), sweeping out a circle.  b.  The angular momentum vector lies along the axis
of rotation.  Addition of a small horizontal angular momentum associated with “falling over”
gives a new resultant vector shifted slightly around the circle about the precession vector,
showing that the angular momentum vector rotates about the vertical axis.

A gyroscope is simply a wheel or disk on a low-friction axle that can be given a large angular
momentum, or moment of momentum, about that axle.  The axle may be mounted in gimbals,
which permit free rotation about any axis, or one end (usually the lower end) of the axle of a
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   It makes no difference, in the analysis, whether the rim and spokes are solid or the8

spokes are flexible and the rim highly segmented, with each part moving independently.  The only
difference is that, if the structure is rigid, the additional torque may be applied at the axle, rather
than at the rim.  
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gyroscope may be supported in place.  In this second mounting, the weight of the gyroscope gives
a downward force (through the center of mass), that causes the gyroscope to precess.  That is, the
free end of the axle moves in a horizontal circle at a low angular speed compared to the angular
speed of the wheel.

One of the basic axioms of mechanics (Newton’s second law) is that the effect of an
externally applied force causes an acceleration in the direction of the push, which need not be in
the direction of the initial motion.  Consider a wheel rotating in a vertical plane (e.g., north-south,
as in Figure 10.6a), with the top moving away from you (north).  (That makes L point to your
left, or west.)  If you give the wheel a small push to the left at the top, either by pushing on the
wheel or by pulling down on the left end of the axle, the point at the top accelerates to the left,
but it moves in a direction that is the sum of the original velocity and the new increment of
velocity.    It moves primarily forward, but slightly to the left.  Thus the plane of rotation of the8

wheel is now no longer strictly away from you.  It is now rotated slightly to the left, and hence
slightly west and east compared to the original north-south plane.  That is precisely the effect
predicted by Newton’s second law, adding linear momenta.

Alternatively, we may explain the motion of a gyroscope by analysis of the vector properties
of angular momentum, as shown in Figure 10.6b.  (Vectors describing a rotation about an axis,
including � , � , and L, are called axial vectors.  Axial vectors follow the same rules of addition as
true vectors.)  The spinning gyroscope has a large angular momentum along its axis, pointing up if
the wheel moves counterclockwise from above. The weight of the gyroscope would cause it to
fall over if it were not spinning.  That “falling over” represents an angular velocity and angular
momentum in the horizontal direction.  The addition of a small horizontal � L perpendicular to the
original large L gives a new L, with the same length as the original L but slightly different
direction, as shown in the figure.  The axis of rotation thus moves continuously around the circle,
as the gyroscope attempts to fall over.  (This is the result previously predicted from Newton’s
second law without specific consideration of angular momentum.)

a                                    b
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Figure 10.7.  a)  If an object moving in a straight line is given a small impulse perpendicular to
the motion, the resultant error (difference between predicted and actual positions) increases
proportionally to time from then on.  (Displacement is measured.)  
b)  If a gyroscope is given a small impulse (10 x as large in the figure, for clarity), it produces a
small change, in direction of the axis, but no further increase with time.  (Direction, rather than
displacement, is measured.)

The importance of gyroscopes to navigation lies primarily in their resistance to normal
disturbances.  In Figure 10.7 we see that if a rolling ball is bumped slightly, it deviates in the
direction of the small push and continues then in the new straight line, getting farther and farther
from its original line of motion as time passes.  If a gyroscope is set spinning along a certain axis
and is then bumped, the direction of the axis is disturbed slightly (at right angles to the push) but
there is then no cumulative effect with time.  A small disturbance produces a small error, not an
increasingly large error.  Therefore well-built gyroscopes are extremely stable with time and take
the place of a compass (with advantages over the compass) for some navigation purposes.

10.4  Factitious Forces
The choice of reference frame often makes a substantial difference in the manner and ease of

analysis of a problem, especially when accelerations are involved.  For example, it is easy to fall
into the habit of considering the surface of the Earth as a preferred reference frame.  Sometimes
this is helpful; other times it introduces difficulties.

Consider the common experience when you accelerate from rest in an automobile.  You
notice that a tree and a fire plug accelerate toward the rear of your car, and you feel a force
pushing you into the seat back.  What causes that force?  

In Newtonian physics, only reference frames moving at constant velocity are equivalent.  Any
accelerated frame can be distinguished from the constant-velocity “preferred” frames.  But
sometimes, observing only what is going on in our immediate vicinity, we cannot tell which
frames are accelerated.  

Riding in an elevator, as the elevator is accelerated upward we experience an extra force
downward.  As the elevator is accelerated downward (increasing speed downward or decreasing
upward speed) the downward force inside the elevator decreases.  The elevator experience is just
like the car accelerating from rest, except that a) in the elevator we usually lack the visual clues to
tell us what is happening with respect to objects in the “outside world”, and b) in the elevator
there is a constant, downward force that biases all readings, so there is never a net upward force,
always a net downward force.

There is a simple way of incorporating acceleration of our reference frame into Newtonian
mechanics so that everything seems to fit, even though our car or elevator or Earth or merry-go-
round are undergoing acceleration.  We add the necessary correction terms to the acceleration,
but then we treat them as if they were ordinary forces (after multiplying by mass).

In the notation of Newtonian physics, a force f  acting on a mass m causes an acceleration a,
which may be divided into parts;
 

f = m a = m (a  + a*)r
  

with a  the acceleration of the reference frame (the car or elevator) and a* the apparentr
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acceleration of an object within the accelerated reference frame.  That is, the “true” acceleration a
includes an acceleration to keep up with the reference frame, a , plus an acceleration, a*, withr

respect to the reference frame.  If we are locked into the accelerated frame, the easiest way to
handle these two acceleration terms is to split them apart.  We do that by moving the “fixed” half
of the right-hand side (which describes the motion of the reference frame) to the left, to get an
equation that looks Newtonian,
  

f - m a   = f + f  ’   = f = m a*r  apparent net 
 

where we have made the substitution f  ’  = - m a .  That is, we have moved the “troublesome”r

acceleration of the reference frame, a , to the left side and relabeled it (with opposite sign, andr

with multiplier m) as a new “force”, f  ’ .
Now we have a simple equation, f = ma, where f appears to be the total, or net, applied force

and a is the apparent acceleration (really a*, the acceleration as it appears to us in the accelerated
frame).  Part of the apparent net force is really f ’, the effect of the acceleration.  Thus f’’ is the
force that seems to push you into the seat of the car when the car accelerates forward, or the
force that seems to push you into the dashboard and windshield when you decelerate suddenly. 
We don’t really need this “simplification” here, because we can tell, from visual clues, that the car
is accelerating.  But sometimes the acceleration is much less obvious, so the simplification turns
out to be helpful.  At the very least, the method gives us a convenient drawer in which we can
store f’’, so we can easily calculate the extra force even if we know it is a consequence of an
acceleration somewhere.

In the accelerated frame, the f ’  (which we saw was your mass times the acceleration of the
seat, that seems to push you into the back of your seat when the acceleration of the seat is
otherwise ignored) is not exerted on you by any external object, so there is no reaction force
exerted by you on something else in response to f ’ .  (The “action” force of the seat on you, and
the consequent “reaction” force you exert on the seat, are real forces, in the non-accelerated
reference frame of the Earth.)  Introduction of f ’  as a new force is valid, but is of no great utility
in the accelerating car because we can see other objects on the surface of the Earth and therefore
take the surface as a “good” reference frame.  

The conceptual problems are different in the elevator, and for certain rotational problems.  In
the elevator, it has been recognized that there is no way to distinguish, by local measurements
(i.e., within the elevator) between an externally applied force downward (e.g., gravity) and an
acceleration of the elevator upward.  Newton detected this equivalence, of a gravitational field
and acceleration of the reference frame, in a different context.  He confirmed it experimentally
with pendulum measurements. About the beginning of the twentieth century, the principle was
again examined and was named the equivalence principle (secs. 2.3, 6.74).

Another place where the “troublesome” acceleration requires special attention is when the
clues that are available from the surface of the Earth turn out to be invalid.  A long pendulum set
in motion at moderate latitudes does not continue to swing along the same straight line.  If there is
no asymmetry in the suspension mechanism or the wire, the pendulum will rotate slowly about the
vertical line of suspension.  This was first introduced to the public in a series of dramatic exhibits
in Paris, including the Pantheon, about 1850 by Leon Foucault (1819-1868).  His long pendulum
was considered by many at the time to be the first clear demonstration, on the Earth, of the daily
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 Gaspard-Gustave de Coriolis (1792-1843) has also been identified as Gustave Coriolis9

and Gustave-Gaspard Coriolis.  He introduced the one-half to kinetic energy.  He presented a
paper in 1831 describing the effect of a rotating coordinate system, published “Theorie
mathématique du jeu de billard” in 1835, and “Calcul de l’effet des machines” in 1829
(republished posthumously in 1844).

 A more detailed analysis of a real force, f, acting on a mass m, gives an acceleration, a,10

that is the sum of the acceleration of the reference frame, a , and the acceleration a* , relative tor

that reference frame.  The equation, as derived in intermediate-level mechanics texts, is
 

               

Because �  x r is necessarily perpendicular to � , the acceleration terms on the right simplify to
  

We have omitted a term, d� /dt x r, that would arise from a changing rate of rotation of  the
rotating frame.
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rotation of the Earth.  It has been a favorite demonstration since that time, especially in large
science centers (although the explanation is often faulty).  The analysis had been provided a few
years earlier by G. G. Coriolis.9

If we had suspended the pendulum at the North Pole or at the South Pole, we could explain
the rotation of the plane by noting that the Earth turns beneath the pendulum.  Thus, from a
position along the North-Pole axis, as the Earth rotates below counter-clockwise, the pendulum
will appear to rotate clockwise with respect to the Earth.  But elsewhere, that explanation is not
sufficient.  The pendulum does not rotate in a fixed plane, because the pendulum support is
pulling the pendulum plane about the axis of the Earth once every 24 h.  Even at the equator, the
plane of swing of a north-south swinging pendulum rotates 360  (in 24 h) about the axis of theo 

Earth, although there is no apparent change, to an Earth-bound observer, in the motion.  Slightly
north or south of the equator, the plane rotates about the vertical axis very slowly (as well as
about the Earth-rotation axis more rapidly, once per 24 h).  The rate of rotation is �  sin �  (at
latitude � ), which is equal to the component of the Earth’s rotation vector, � , along the local
vertical axis of the pendulum.

A powerful technique that works for all such rotation problems is the introduction of
factitious forces ( f ’  ), “devised for the purpose”.  For motion in a reference frame that is rotating
with angular velocity � , we write Newton’s second law in the form10

  

  

As before, we move the “extra” acceleration terms, that describe the acceleration of the rotating
reference frame, from the right side to the left side, to obtain
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Now we have a real force,  f, on the left; an apparent force, m �  r, in the direction r on the left;2

and another apparent force on the left, - 2 m �  x � * = + 2 p* x � , perpendicular to �  and
perpendicular to p*, where  p* is the momentum of the moving object as observed in the rotating
reference frame (i.e., what you see, in watching the pendulum, if you are rotating with the
pendulum support).  In this instance, the purpose of the factitious forces is to simplify the
description so that an object observed from a rotating reference frame (e.g., by someone standing
on the Earth) will appear to follow Newton’s second law in the simple form f = ma, with a the
apparent acceleration (i.e., actually a*, the acceleration relative to the reference frame).  This
requires adding the factitious forces to the real force(s) acting on the body.  Because these
factitious forces are not real forces, there is no reaction force associated with either term.  They
are not exerted by any external physical object.  It may be convenient to think of them as being
exerted by the rotating reference frame.

The first term, m �  r  (of magnitude m� /r), which is always directed outward and is2 2

independent of the motion of the body on which it seems to act, is called the centrifugal force, or
“center-fleeing (fugitive) force”.  We can explain the existence of such an apparent force by
noting that the object in the rotating reference frame would naturally travel in a straight line,
which would not curve around the axis of rotation and therefore would take the object away from
the axis (moving tangentially to the curved path).  Thus in a centrifuge, the sediment moves to the
outside of the circle and is deposited in the outer end of the tubes.  In a centrifugal drier, water is
“thrown outward” by the spinning cage and passes through the holes in the cage, in order that the
water may travel in straight tangential lines.  When you drive around a curve, the top of your
vehicle, especially, tries to move to the outside of the curve because of the centrifugal force, or
because it wants to travel in a straight tangential line, rather than be accelerated (by friction,
applied at the wheels) toward the center of the curve.

The second term, 2 p* x � , is called the Coriolis force.  It is proportional to the angular
speed of the rotating system and to the momentum of the moving object as observed in the
rotating reference frame.  It is perpendicular to �  and to p*, with the direction given by the right-
hand rule.  The Coriolis force is always in the plane of the motion, perpendicular to � .  If the
object is moving radially, the Coriolis force is tangential.  If the object is moving tangentially, the
Coriolis force is radial.

The Coriolis force explains the rotation of a Foucault pendulum.  It explains why the Gulf
Stream, as it travels north, is bent toward the east and why winds (initially) curve to the right in
the northern hemisphere.  It explains the large deflections of long-range artillery shells, to the right
in the northern hemisphere and to the left in the southern hemisphere.  It is the (apparent) force
that acts on a spinning dancers arms, as they are pulled inward, to speed up the rotation of the
dancer.  The Coriolis acceleration term tells us that a* is not the true acceleration, so f � ma*
without adding 2p* x �   to f.  To the dancer, the force she exerts appears to be radially inward,
which (without the Coriolis term) would not affect rate of rotation and therefore would not satisfy
requirements for conservation of angular momentum; I would decrease without an increase in � .
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*****
Example 10.1.  A.  One popular introductory physics textbook says that the f ’(the
centrifugal force) is the reaction force (by Newton’s third law) to the central force
that causes a body to be pulled inward (and thus accelerated) in a circular path. 
Give three reasons why this is, or is not, a helpful description of f ’.

B.  Is it possible for the Coriolis force and the centrifugal force to lie in the
same direction?  Could they lie in opposite directions along the same line?  Explain.

*****
It is possible, but impractical, to describe all motions in rotating reference frames without

recourse to Coriolis forces.  (The Coriolis force supplies the same condition, for free motion, as 
the law of conservation of angular momentum.)  It is possible, but unnecessary, to describe
motions in rotating reference frames without centrifugal forces.  One should be particularly
careful to separate these forces from real forces.  For example, there is no connection between 
the factitious centrifugal force and a real central force.  They arise from totally different causes,
often have different directions, and usually have different magnitudes.

*****
Example 10.2.  A.  Because the surface of the Earth is moving eastward, faster at
the equator than at the poles, air or water moving away from the equator carries
with it an excess eastward motion, and therefore curves in a clockwise arc in the
northern hemisphere or counterclockwise arc in the southern hemisphere.  Why,
then, do cyclonic winds in the northern hemisphere rotate counterclockwise?

B.  Why did British long-range naval gunners, firing toward the Falkland
Islands (WW I) miss their target by many miles with early rounds?

*****

10.5  Limitations on Possible Values of Angular Momentum
One of the earliest discoveries of effects of “small-scale” mechanics on laboratory-scale

measurements was the recognition of limitations on rotations of molecules, and the effects of
rotations on measured vibrations of molecules and on the heat capacities of gases.  Because the
masses of atoms are very small, vibrational frequencies of molecules are high.  They typically fall in
the range of 10  to 10  Hz, which corresponds to the frequencies of infrared radiation (“below red”,12 14

hence below visible light).

10.51  Energy Levels of Vibrating-Rotating Molecules.  For a pure rotation about an arbitrary
axis through the center of mass, the energy of rotation for an asymmetric rotor (I  �  I  �  I ) is a suma b c

of rotations about the principal axes,

 

 



 We cannot measure (simultaneously) all three components.  We can measure L and its11

component (e.g., L ) about one axis, usually determined by symmetry of the rotating body or bya

characteristics of the experimental apparatus.  However, mathematically, we write the total
angular momentum, L, as a sum of three components in perpendicular directions.  Thus chemists
find it convenient to describe an atomic or molecular state in terms of mathematical addition of
states with angular momentum along x, y and z axes, even though there can be no physical
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Answers 10.1.  A.  a) The centrifugal force is always outward, perpendicular to the
axis of rotation, whereas the central force typically points inward toward the center
of mass of the central body (e.g., the Earth).  Thus the centrifugal force and the
central force are often in different directions (not collinear).  b) The centrifugal force
often has a different magnitude than the central force.  That is why planets and
satellites move in elliptical orbits, as the central force is larger or smaller than the
centrifugal force.  c) If A exerts a force on B, the reaction force is exerted by B on A.
If the Earth exerts a central force on the Moon, for example, the reaction force is
exerted by the Moon on the Earth.  The centrifugal force is not exerted (on the
Moon) by the Earth.  The centrifugal force and the central force (if any) are exerted
on the same object.  The reaction force must necessarily be a real force.  As an
example of different magnitudes, a clothes drier works because there is no central
force to restrain the water drops from moving “outward”.  d)  The centrifugal force
disappears if you change your point of view to an inertial (non-accelerated) reference
frame.  Note that the centrifugal force depends on the rotation of the chosen reference
frame, and on r, but does not depend on the motion of the object!

B.  If a body in a rotating reference frame (e.g., on a merry-go-round) moves
along a circular or tangential path, the Coriolis force is along a radius, and thus in the
same direction or opposite direction (depending on the direction of circulation of the
body) to the centrifugal force.

Answers 10.2.  A.  As wind, for example, heads toward a low pressure area, it is
deflected by the Coriolis force toward the right (northern hemisphere) and thus misses
the low pressure area.  The pressure differential then causes the wind to circle around
the low pressure, thus entering a left-handed, or counterclockwise, spiral.  Water
going down a drain in a sink shows the same effect, except that under almost all
ordinary circumstances there are other asymmetries in the sink, including residual
currents in the water, that determine the direction of the spiral in drains.

B.  The naval gunners relied on standard tables to correct their aim, as a function
of latitude.  The tables had been constructed for the northern hemisphere, so long-
range shells (fired to the north) were directed well to the west of the target (or fired
toward the south, directed to the east).  The calculated correction had the wrong sign,
adding to the deviation caused by the Coriolis force.

*****

This is often better expressed in terms of angular momentum,11
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meaning to simultaneous specification of x, y, and z components of angular momentum.

 There are minor interactions.  For example, because the molecule is rotating, Coriolis12

and centrifugal forces change vibrational energies slightly.

 A rotating object may be called a rotor, a rotator, or a top, by analogy with a spinning13

toy “top”.

 Adding and subtracting L /2I14 2
a b

becomes
E = (1/2I )(L  + L  + L ) + L /2I  - L /2Ib a b c a a a b

2 2 2 2 2
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L = I �
L = L  + L  + La b c

L  = L  + L  + L2 2 2 2
a b c

 with the usual convention I  �  I  �  I .a b c

Then the rotational energy is

For most purposes, the vibrational energy and rotational energy may be regarded as independent,12

so the total energy is the sum of vibrational and rotational energies and the absorption frequency is
the sum of the E/h values.  Objects without symmetry, or with no higher symmetry than a two-fold
axis and/or a plane of symmetry (such as water), have different values for the three moments of
inertia.  They are called asymmetric rotors.  There is no regularity to the rotations of an asymmetric
rotor, so we will concentrate on symmetric rotors, linear rotors, and spherical rotors.13

10.52 Symmetric Rotors.  We can simplify the rotational equations by considering molecules that
are naturally symmetric, with a three-fold or higher axis of symmetry.  Then two moments will be
equal; for example, I  = I , as for ethane (C H ) or ammonia (NH ).  This is the symmetry of ab c 2 6 3

football or a javelin, called a prolate rotor.  Benzene (C H ), resembling a discus or Frisbee, is an6 6

oblate rotor.
The total energy of rotation is given by the total angular momentum, L, but the projection of L

along the axis of symmetry (hence the amount of rotation about the axis of symmetry), L , isa
 

L  = K �a
 

with K an integer less than or equal to J.
This expression for the energy can be written in simple form, on a wavenumber (�  = � /c) scale,

in terms of constants A and B (= C for a prolate symmetric rotor) as14
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and                                          E = J(J + 1)� /2I  + K � (1/2I  - 1/2I )2 2 2
b a b

Then                                        E/hc = J(J + 1) B + K (A - B) 2

    after substituting
 

 There is necessarily a change in rotational state, but if � J is perpendicular to the axis, � J15

= 0 and the change in rotational energy is zero or very small, so the Q branch is relatively sharp.
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For objects of ordinary size (a BB, a football, or the Earth, for example), the moments of inertia
are so large, and hence the constants A, B, and C are so small, that the rotational levels are effectively
continuous.  All rotational energies are possible.  For molecules, with relatively very small moments
of inertia, the rotational levels may be well separated.  (For nuclei, the moments are so small that
nuclear rotational states have energy separations comparable to other nuclear energy levels.)

Under typical conditions, a small system can absorb only one photon at a time.  Each photon has
an angular momentum of one unit, � .  (The photon is described as having a “spin” of one unit.)
Therefore, neglecting K for the moment, we see that J will change by one unit;

  � J = ± 1

or sometimes � J = 0 when J �  0 and only the direction of the angular momentum changes.
The separation of rotation levels, when J changes to J + 1, is

� E  = [ (J + 1)(J + 2) - J (J + 1) ] hcB =  2(J + 1) hcB

Thus the separation between rotational levels increases as J increases.  Large quantum numbers do
not lead to continuous variations in energy, for small systems (small I  and I ).a b

When molecular vibrations are observed, by absorption of infrared radiation, changes in rotational
states give “wings” to the absorption bands.  In the simplest model, the “pure vibrational” transition
(� v = 1, � J = 0) gives a narrow, strong absorption band called the Q branch.   If there is also an15

increase in rotational energy (� v = 1, � J = 1) there will be a range of frequencies, forming a relatively
broad band called the R branch, on the high-frequency side.  If the molecule increases in vibrational
energy but loses rotational energy (� v = 1, � J = -1), a broad band, called the P branch, appears on
the low-frequency side.  Thus a vibrational absorption band may appear as in Figure 10.8.  The P and
R branches tend to be broad because the energy difference, for � J = ±1, depends on the initial value
of J.
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10.53 Linear and Spherical Rotors.  We have limited the equations to
those for a symmetric rotor, objects with a single symmetry axis that is three-
fold or greater.  If the molecule is linear, then I  is extremely small so A isa

extremely large.  Linear molecules are restricted to K = 0.
If the rotor has more than one non-coincident three-fold or greater axis,

the object is a spherical rotor and I  = I  = I  ; A = B = C.  Examples includea b c

molecules such as methane, CH , and UF .  For such a rotor, the coefficient4 6

of K , (A - C), is zero, so only the term involving J remains.  Hence, for either2

a linear molecule or a spherical rotor, for different reasons, the second term
vanishes and the rotational energies are
 

E(J) = J(J +1) hcB
 Successive values of E(J) (for a linear or spherical rotor, or for K = 0),

are E(0) = 0, E(1) = 2hcB, E(2) = 6hcB, E(3) = 12hcB, etc.  Absorption of a
photon changes J by one unit (of �  ), so the successive values of        
� E(J �  J + 1) are � E(0) = 2hcB, � E(1) = 4hcB, � E(2) = 6hcB, etc.  Figure 10.8.  Rotation-
In appropriate units, the energy levels are spaced, from E(0), by 0, vibration absorption 
2, 4, 6, 8, ...  The absorption lines are the differences in these spacings;band of CF , showing4

therefore are evenly spaced.  We observe a set of absorption bands P-Q-R structure.
differing by 2hcB, as shown for carbon monoxide in Figure 10.9.
 

� E = � E  - � E  = 2(J + 2)hcB - 2(J + 1)hcB = 2hcB2 1

The E(0) state is called the ground state.  For large energies and quantum numbers, the 
frequency spacings lie between the classical frequencies of rotation of the initial and final energy 
states, so as these (which depend on the square root of the energies) become closer together, the
frequency absorbed becomes equal to the classical rotation frequency.

Problem 10.1.  Show, by employing the right-hand rule, that

gives the proper direction for the vectors on the left-hand side provided the motion is circular.

Problem 10.2.  Show, by employing the right-hand rule, that the equations



7/27/07                                                              PT-10- 186

are valid even if the motion is not circular (e.g., if the motion is elliptical).
*  *  *  *  *  

Figure 10.9 (opposite).  Rotation-vibration absorption spectrum of CO.  Each vibrational level
(upper set and lower set of lines) has rotational levels that correspond to J = 0, J = 1, J = 2, etc. 
When the vibrational state changes (giving the broad absorption band displayed here), the
rotational state quantum number also changes.  Because the rotational states spread out more
(increasing vertical energy scale) with increasing values of J, the actual absorption lines (narrow
bands shown) fall at increasing distances (with increasing J) to the left or right of the vibrational
absorption frequency, giving the double-wing absorption band with fine structure, from which
very accurate values of the moment of inertia, I , may be determined.  (The vertical distanceb

between the vibrational levels is compressed in the figure; it should be 2144 cm , compared to-1

separations of rotational levels of J x 3.86 cm .)-1

Chapter Summary

Equations for rotational motions resemble equations for linear motions, but there are important
differences, beginning with the first law (applicable only for linear motion).  An orbit may be
“open” (hyperbolic) or “closed” (elliptical) or border-line open (parabolic).  Planetary orbits are
elliptical.  The “counter-intuitive” motions of gyroscopes are precisely as should be predicted by
Newton’s laws, or may be analyzed by vector addition of angular momenta.  Rotating systems are
accelerated and therefore require addition of factitious forces (centrifugal and Coriolis) to be easily
described by Newton’s laws.  For small moments of inertia, quantum restrictions on possible
values of angular momentum limit the possible energy values and changes of energy.
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Chapter 11.  Fluids

Chapter Introduction
A.  Why?

Clearly, we could not live without fluids.  In particular, air and water are critical to survival. 
But fluids are important in many other ways, and they behave quite differently from solids, so it is
necessary to analyze their behaviors separately from most other “objects”.

B.  What to Look For
We begin with an examination of forces in liquids at equilibrium, then look at gases as an

assembly of individual particles, before examining the behavior of gases as they expand or are
compressed, and the properties of flowing fluids.

C.  Pre-Test for Prior Comprehension
Which of the following are valid?
a.  At any given point in a fluid, is the pressure exerted by/on the fluid greatest

i.  upward
ii .  downward
iii .  the same in all directions?

b.  A body will float in a liquid (of greater density)
i.  regardless of the quantity of liquid, provided the body is covered; or
ii .  only if the volume of liquid is greater than or equal to the volume of the object?

c.  Pressure exerted by an ideal gas is proportional to the kinetic energy density (K.E./V)?
d.  Pressure in a gas is inversely proportional to the time between wall collisions?
e.  An ideal gas cools as it expands?
f.  Most gas expansions are

i.  at constant density,
ii .  at constant temperature, or
iii .  adiabatic (without thermal energy transfer)?

g.  Increasing the speed of a fluid causes the pressure to drop?
h.  The speed of a gas is inversely proportional to the cross-sectional area of the flow?

D.  Inquiry Questions
Almost certainly, the most controversial property of fluids has been the change in pressure

associated with moving fluids, as studied by Daniel Bernoulli.  It is a topic easily studied
experimentally.  If pressure is measured in a moving fluid (e.g., with a manometer) and compared
with static fluid nearby, is there really a pressure difference?  Does curvature of surfaces, or
curvature of flow, have a significant effect on measured pressures?  Is there any reason why a
moving fluid should have a lower pressure than static fluid?

#####
             



 Blaise Pascal (1623-1662) was primarily home-schooled.  He contributed strikingly1

original work in a number of fields, including geometry of conics, magic squares, Pascal’s triangle
and combinatorial theory, an early calculating machine, and properties of fluids.
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Short Answers to Pre-Test Questions
a.  At any point in a fluid, at equilibrium, the pressure is the same in every direction.
b.  Because pressures are independent of liquid volume, it is only necessary that the body be

immersed (in a fluid of greater density) for the body to float.
c.  PV = NkT = total kinetic energy of molecules (x 2/3); �  (3/2) P = K.E./V.
d.  Pressure is equal to rate of momentum transfer (= force) per area, and thus varies

inversely with time between wall collisions.
e.  An ideal gas does not change temperature as it expands unless it does work on (transfers

energy to) its surroundings.
f.  Because thermal energy transfer tends to be slow, most expansions are with Q �  0.
g.  Absolute speed of a fluid is indeterminate, but lowering pressure typically causes an

increase in speed of any fluid.
h.  A�  = constant is a good approximation for an incompressible fluid, but typically must be

violated because of viscosity and thus varying speed across the cross-section of flow.
*****

For most purposes, it is convenient to classify all materials as solid, liquid, or gas.  Solids

generally have a definite shape and definite volume.   Liquids have a definite volume, but no
definite shape.  Gases have neither definite volume nor definite shape.  Liquids and gases are
classified as fluids.  A fluid assumes the shape of its container.  A gas occupies the volume and the
shape of its container.

Crystalline solids are simplified by their regularity.  Distances between atoms or molecules
remain fixed, with only modest variations about equilibrium positions caused by thermal
oscillations.  Gases are comparatively simple because the distance between particles is usually
(relatively) large, so that interactions between particles can be considered as small correction
terms.  Liquids are more difficult.  Molecules are close enough together to interact quite strongly,
all the time, but the distances are not fixed, so the interactions are constantly changing.  It is
therefore usually necessary to treat liquids as continuous media with properties determined by
average interactions.

Our treatment of fluids will largely ignore historical developments, because the explanations
of behavior typically came long after the description.

11.1  Pascal’s Law
Because fluids are not rigid, an element of fluid will move, when pushed, to a region of lower

pressure, thus transmitting pressure fluctuations, and averaging pressures, from one region to
another.  This is known as Pascal’s law, published in 1663 (posthumous).1

Pressure applied to a fluid is transmitted equally in all directions.
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It follows that, for a static fluid, all points in the fluid at the same depth have the same pressure. 
The principle is nicely illustrated by Pascal’s vases, a series of interconnected vessels such as those
in Figure 11.1.

Figure 11.1.  Pascal’s Vases.  The pressure is the same at all points at the same level in the
interconnected vessels, and therefore the surface level is the same in each vessel.

The weight of a volume V of fluid, of density � , is the mass, � V, times the gravitational field
strength, g, so the downward force exerted by a column of fluid is the weight

f =w = �  V g

and the pressure, f /A, at a depth h is

P = � gh

(plus whatever pressure is exerted on the upper surface of the fluid, typically atmospheric pressure
for a liquid).

11.1.1.  Density.  Density is the ratio of the mass of a body, or a substance, to its volume. 
For large objects, of regular shape, it may be convenient to measure volume as a product of the
length, width, and height.  For small, and especially for irregular objects, an accurate method of
measuring volume is often to immerse the object in a liquid (in which it will not dissolve) and
measure the volume of liquid that overflows, or the increase in level in a graduated vessel.

An alternative method, applicable for a solid body or for a fluid in which a solid body is
immersed, is based on Archimedes’ principle and the change in apparent weight.

11.2  Archimedes’ Principle
Archimedes recognized that an element of fluid has weight and therefore must be supported

by the pressure of surrounding fluid.  At equilibrium, the buoyant force acting is equal to the
weight of the fluid.  Thus, if the element of fluid is replaced by another body, that body will sink
or float depending on whether its weight is greater than or less than the weight of the fluid it
displaces.  This is expressed by Archimedes’ principle:
  

The buoyant force on an object immersed in a fluid
is equal to the weight of the fluid displaced.

Of course, it is not displaced fluid (which may be no longer present) that exerts the force.  It is the
column of fluid (bent or straight) above the bottom of the object that exerts a downward force,
and hence creates pressure that is transmitted upward and in all other directions.
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Archimedes of Syracuse
Bob Poe

Archimedes, in Sicily,
  Lived off the coast of Italy
In the Greek town of Syracuse
  When Romans came, they took abuse.

He lifted ships out of the sea — 
  That surely would have frightened me!
He lobbed large stones into their craft.
  He nearly drove the sailors daft.

When Archie took a bath in town
  He stole a moment to look down.
His private parts, beneath the water,
  Didn’t sink, as they had oughter.

“Eureka!” He exclaimed aloud,
  “I’ve solved the problem now,” he vowed.
“If displaced water causes lift,
  Then lead or silver will get short shrift.

“Their density’s not the same as gold,
  So this old man will not be sold.”
And so he entered history
  For the bath he took so publicly.

Archie also built a screw
  That picked up water and put it through.
He found an excellent value for pi
  By capturing a circle, in mind’s eye

Between two polygons of different size.
  For that he never got a prize.
His mathematics had no equal
  ‘Till Newton there was not a sequel.

What a shame a legionnaire
  Despite his orders, didn’t care.
He killed the scholar where he stood.
  Perhaps because he knew he could.
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It is worth noting that it is fluid beneath the body, pushing upward, that produces the buoyant
force (Figure 11.2).  If an object, such as a hollow brass ball, is placed over an open drain at the
bottom of a container of liquid, the ball will not rise until liquid is admitted to the lower surface of
the ball (e.g., by lifting the ball, at which point it will rise, then fall with the falling liquid level).

a
  

b

Figure 11.2.  a.  When an object is placed flat on the bottom of a container of water, is there
water below the object pushing up?  b.  If the object is placed over an opening, so no water can
penetrate below it, there is no buoyant force lifting the object.

11.3  Kinetic Theory of Gases and the Ideal Gas
In the limit that molecular interactions can be ignored, other than elastic collisions, and that

the molecules occupy a vanishingly small part of the total volume of the container, the gas 
behaves as an ideal gas, for which 

PV = nRT

with n the number of moles in the volume V with pressure P.  The gas constant, R, is the same for
all gases, 8.31441 J/mol·K.  A graph of pressure vs. volume, at constant temperature, has the form 
PV = constant, which is a hyperbola (as in Figure 11.3).  The number of molecules, N, is the
number of moles, n, multiplied by Avogadro’s number, N  = 6.022 x 10 , soA

23

The constant k = R/N  is the gas constant per molecule, called the Boltzmann constant.A
2

Consider a single molecule in a cubic box with sides of length a.  After a collision with an end
wall, the time required for a molecule, with a velocity component �  along the x axis, to travel thex

distance a to strike the opposite end wall, is t = a/�  .  Elastic collisions with other walls (top,x

bottom, or sides) along the way will not change � , and therefore will not change the frequency ofx

collisions, or the rate of momentum change, with the end walls.  Similarly, elastic collisions with
other molecules along the way may transfer momentum, p , to or from the other x
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Figure 11.3.  Pressure vs. volume 
gives a parabolic curve for an
ideal gas.

molecules but will not affect the average behavior that we will seek (apart from possible time
delays due to the collisions).

The force exerted on the end walls by a given molecule is the impulse, or momentum change,
delivered per second, or � p/� t.  In each of the � /a collisions per second with end walls, thex 

velocity changes between �  and - � , for a momentum transfer of 2m�  per collision.  Thus thex x x

momentum transfer per second, dp/dt (which is the force exerted), is
 

2m� /a x
2

 

Adding �  and �  components of the velocity, and summing over N molecules, we get the pressurey �

on the six end walls (of area 6a ),2

  

Replacing a  with V and �  + �  + �  with � , this may be written3 2 2 2 2
x y z

  

where we have represented the average value (per molecule) of the kinetic energy in the two
common forms, with the bar above and enclosed in angular brackets.
 

We know that such an ideal gas obeys the ideal gas law, and therefore

or

The average kinetic energy of a molecule in an ideal gas is equal to 3/2 kT.
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The average kinetic energy for each velocity component is 1/3 of the total kinetic energy, so
 

and the contribution of each velocity component to the total energy of a gas is ½ RT per mole.
This is an illustration of the equipartition of energy.  Every (classical) degree of freedom that
depends on the square of a coordinate has the same average energy, which is ½ kT.  This could be
described as the practical criterion of what it means for a system to be in thermal equilibrium.
(See note, sec. 7.5)

11.4  Non-Ideal Gases
When real gases are considered, two primary effects must be incorporated.  The volume of an

individual molecule is not zero, so at high densities (high P and/or low T) the volume of the
molecules must be taken into account.  The volume available to the molecules is the volume of the
container, V, minus the volume occupied by the molecules, nb, with n the number of moles of gas
and b an effective volume per mole of the molecules themselves, so V goes to V - nb.  The
constant b is typically a little more than the sum of volumes attributable to individual molecules,
because of packing restrictions, or very roughly the volume per mole of the liquid.  In practice, b
is adjusted to give a best fit.

A second important factor is the attraction between molecules.  For many years, it was
argued that the sum of all the attractions of the gas molecules for a molecule approaching a wall
would provide an unbalanced force pulling the molecule back toward the gas, thus reducing the
impact on the wall.  This is the cause of surface tension, in liquids, but individual molecules are
too far apart in a gas for such a “surface tension” type of attraction.  Furthermore, if the molecule
were to be pulled back, it would slow down before hitting the wall, which would decrease the
kinetic energy.  As we have seen, that would be equivalent to reducing the temperature of the gas
striking the wall or a thermometer.  Such an effect is not observed.

On the other hand, we know the shortest (and hence usually the fastest) distance between
two points is a straight line.  Attractions between molecules bend the paths of the molecules, and
molecules whose paths are bent take longer to get from one wall to another.  Because they strike
the wall less frequently, they exert a smaller pressure on the walls.  This effect (although not this
reasoning) was incorporated by Johannes Diderik van der Waals (1837-1923) into his equation
(1873) for non-ideal gases.

If the actual pressure is decreased by a term proportional to the square of the gas density,
then a correction term must be added back to P to give an “ideal” pressure that fits the equation.
The ideal gas equation is replaced by the approximation

  



 At short distances, molecules repel each other; at somewhat greater distances, they3

attract; and at long distances there is negligible interaction.  There are far more molecules at the
intermediate distances than at very close distances (proportional to area, and thus distance
squared), so the attractive forces dominate in determining whether the net effect will be attractive
or repulsive, and thus whether the constant a will be positive or negative.  Alternatively, because
the forces are short range, they act to alter direction of a molecule for a short time.  If they were
long-range forces, like gravitation, they would accelerate the approaching particles and decrease
the net transit time.
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The constant a is a measure of the attractions between molecules.   3

The van der Waals equation is a cubic equation in V, and therefore gives curves of P vs. V, at
constant temperature (isotherms), varying from the hyperbolas expected for an ideal gas, at high
temperatures, to the typical cubic form, shown in Figure 11.4, for low temperatures.  Note that
portions of the curve at low pressure and high volume represent the gas phase.  Portions of the
curve at high pressure and low volume correspond to the liquid phase, with a nearly vertical rise
that demonstrates low compressibility.  

Figure 11.4  a.  Isotherms
of a van der Waals gas.
b.  Schematic expanded
section below the critical
point.

The isotherm for which the slope becomes zero, and flat, with no “overshoot” above or
below, is called the critical temperature.  At the critical point along the critical temperature
isotherm, the slope is zero and the curvature is zero.  Below this temperature, we get separation
into liquid and gaseous phases.  At the critical point, the distinction between liquid and gas phases
disappears:  the densities of the two phases become equal, the refractive indices of the two phases
become equal, and the heat of vaporization becomes zero.  Above the critical temperature, only a
single phase exists, with the properties expected for a gas.

Below the critical temperature, at intermediate pressures, there are sections where three
different volumes correspond to a single pressure and temperature.  The central volume would not
be stable.  The two extreme volumes, then, correspond to high density fluid (liquid) in equilibrium
with low density fluid (vapor), at the boiling point (dependent on pressure).  The van der Waals
equation is the most popular approximation for non-ideal gases and their condensation to liquid.

If van der Waals’ equation is rewritten in terms of the ratios of temperature, pressure, and
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  A dipole moment is defined as the product of charge and distance.  If the charges are +q4

and -q, separated by the distance l, the dipole moment is ql, (usually) chosen as pointing from -q
to +q.  For some purposes it is necessary to consider l shrinking to zero while q increases to keep
ql constant.

  A rough model for such weak intermolecular forces between nonpolar molecules is5

provided by the hydrogen atom, in the crude Bohr model.  Imagine the electron at the top of its
orbit at some instant of time.  Then the positive nucleus (proton) and the negative electron have
instantaneously a dipole moment pointed downward.  This dipole moment will interact with a
nearby atom, encouraging the second atom to place its electron below, giving a dipole moment
pointed upward.  Furthermore, once “locked together” in this way, they can remain attracted as
each electron orbits its own nucleus.  More detailed analysis (with quantum mechanical models of
polarizabilities) confirms the existence of such forces, which have been called London forces or
dispersion forces.  They may also be described as induced dipole-induced dipole, or polarization,
forces.
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volume to the temperature, pressure, and volume at the critical point, 
  

p = P/P ,    t = T/T ,     v = V/Vc c c

we find the equation 

Note that, as for an ideal gas, there is no longer any way of putting in information about a
particular gas.  To the van der Waals approximation, all gases follow exactly the same equation of
state, in terms of their reduced properties,  p, v, and t.  

This similarity of properties of different substances, when each is placed on its own scale, is
called the law of corresponding states.  It is not a hard and fast rule for behavior of different
substances, but it is very often a good approximation, which allows us to predict the behavior of a
substance in an unfamiliar region by examination of the properties of some other substance.  For
example, hydrogen and helium, at room temperatures, are examples of gases at high temperatures
(high t).  Carbon dioxide is an example of a substance near its critical temperature (t �  1). 
Substances that are solid at room temperature are at low temperature (low t).

Some molecules, such as water, have electric dipole moments.   One end is naturally negative,4

the other end positive.  Such dipole moments attract each other.  Many molecules, however, have
no permanent electric dipole moment.  Nevertheless, they show weak attractive forces consistent
with van der Waals’ equation.  These weak forces are sufficient to cause the gas to condense to a
liquid.5



 Joseph Louis Gay-Lussac (1778-1850) contributed substantially to investigations of6

gases, alkalis, iodine, and other chemicals, largely in the shadow of others.  His law for
dependence of volumes of gases on temperatures is known as Charles’ law.  His contributions on
combining proportions are now associated with Dalton.

We are interested in the rate of change, so it is not necessary experimentally to approach7

zero volume on either side.
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The ratio PV/nRT  is equal to one at all pressures for an ideal gas.  It is tempting to assume
that real gases will behave as ideal gases if we go to low pressure, or to high temperatures. 
However, a graph of PV/nRT against pressure for several gases (Figure 11.5) shows that there are
significant deviations from ideality at high temperature as well as low temperature.  Furthermore,
the slope is not equal to one, even at P = 0, except for one choice of temperature, which is called
the Boyle point.

Figure 11.5.  If PV = nRT, then the ratio PV/nRT is constant, equal
to one.  For real gases, such constancy (a horizontal portion of the
graph) occurs only for one temperature, called the Boyle point, and
only near P = 0.  Plots for gases at high T (H ), middle T (N ) and2 2

low T (CO ).  [273 K; 378 K; 313 K.  CO  curve compressed.]2 2

Calculations for real gases as if they were ideal (even for gases in equilibrium with liquid, and
hence at their condensation points) prove to be adequate for many purposes.  We can usually
assume the ideal-gas approximation, unless special effects of non-ideality are sought.

11.5  Joule and Joule-Thomson Expansions
In 1807, Gay-Lussac  attempted to measure the change in temperature of a gas as it6

expanded freely into a vacuum, but could detect no change.  Joule repeated the experiment in
1844, with the same disappointing result.  The experiment, usually called a Joule expansion, is
interpreted as confirming that the energy of an ideal gas does not change with change of volume,
a result which is nearly true for most real gases.  With more sensitive apparatus, it is found that
real gases usually show a slight increase or decrease in temperature on expansion.

William Thomson (later Lord Kelvin) suggested to Joule a more sensitive experiment,
expanding the gas from one constant pressure to another constant pressure, represented in Figure
11.6.  The gas was passed through a silk handkerchief, or through a porous meerschaum plug.  If
the gas on the left goes from P ,V  to P , 0 and the gas on the right from P , 0 to P ,V , the work1 1 1 2 2 2

done on the gas (by external forces) is7

  

W = P  V  - P  V  = - � (PV)1 1 2 2
  

Because Q = 0, � E = W = - � (PV) and
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� H = � E + � (PV) = 0
  

The Joule-Thomson expansion is at constant enthalpy, H = E + PV.

Figure 11-6.  Gas, under constant 
pressure on the left, expands to a
lower constant pressure on the 
right, in a Joule-Thomson
expansion.

Simply expanding an ideal gas, as in a Joule expansion, does not change its energy, and
therefore does not change its temperature.  Only if the gas does work on the surroundings, as in a
Joule-Thomson expansion, does it pass energy to the surroundings, and therefore suffer a drop in
temperature.  But if the gas is ideal, then PV is constant and the work, W = -� (PV), is zero. 
Accordingly, there is no change in temperature in a Joule-Thomson expansion if  the gas is ideal.

If the gas is not ideal, the work is non-zero, the temperature rises or falls, and PV is not
constant.  The greater the pressure drop, the larger the resultant change in temperature.  The ratio
of temperature change to pressure change is called the Joule-Thomson coefficient,
 

 

The values found range from negative to positive.  With � P < 0 (an expansion),

At low T       � T < 0         µ   > 0JT

At the inversion point         � T = 0         µ   = 0JT

At high T       � T > 0         µ   < 0JT

For a gas that follows van der Waals’ equation, the inversion point (where the Joule-Thomson
coefficient vanishes) is 27/4 times, or about six times, the critical point.  The Boyle point is half
the inversion point, or roughly three times the critical point.

In a gas at high temperatures, there is sufficient energy so that attractions between molecules
are unimportant.  However, because the kinetic energy is high, the molecules run into each other
and experience significant repulsion.  As they leave, they are pushed away, gaining kinetic energy,
or temperature.  At low temperatures, the attractions are more important, so the molecules must
give up (kinetic) energy to escape from the attractive forces (and the potential energy “well”).  As
they leave, they are therefore slowed down, and have a lower temperature.  Therefore, a “cold”
gas cools as it expands against constant pressure; a “hot” gas warms during expansion; an ideal
gas would neither warm nor cool during the expansion. High and low temperatures are to be
interpreted here relative to the critical temperature (or some other property) of the particular gas.

At room temperature, carbon dioxide (t = T/T  �  1) is well below its inversion point.  Whenc

CO  gas is released from a tank under high pressure against atmospheric pressure, the gas cools,2
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Compression of a gas is necessarily approximately reversible.  Recall, from Newton’s8

third law, you cannot exert a greater force (or pressure) on anything than it exerts back.  The lack
of full reversibility in a compression occurs only because the pressure within the gas will not be
uniform during the compression unless the compression is slow.
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producing a “snow” of dry ice.  At room temperature, H  is hot, far above its critical point (t =2

T/T  �  9).  When H  escapes from a tank, even against atmospheric pressure, it gets hotter.C 2

11.6  Adiabatic Expansion and Compression
Most gas flows are at least nearly adiabatic simply because thermal energy transfer (or “heat

flow”) is a relatively slow process.  Often, a gas expansion is at least approximately reversible,
with internal and external pressures approximately equal.  Then the gas does work on the
surroundings, giving up energy to the surroundings, so the gas cools.  If the gas is compressed,   it8

is warmed.  This is as expected.  When you compress a gas, you are doing work on the gas and
that increases the energy of the gas, raising its temperature.  If the gas escapes, it must push
against the atmosphere as it expands, so the gas is doing work on the surroundings, giving up
energy.  That lowers the temperature of the gas.

The energy of a gas depends on the state of the gas, which may be adequately specified with
only two variables, for which we prefer here the variables temperature and volume.  Then the total
change in energy is the change in energy caused by change in temperature plus the change in
energy caused by change in volume.  Thus

As we have noted before, the energy of an ideal gas does not depend on the volume.
 

and therefore, regardless of the actual path, when the temperature of an ideal gas changes,

recognizing that C  is defined as the change in energy with temperature, at constant volume.V

The work done on the gas is
  

Let C  be the heat capacity per mole; C   = n C  .  Then the energy change isV V V
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dE = n C  dTV

With q = 0, dE = w, so we equate the last two expressions to get

and integration gives

  

This may be converted to other convenient forms, such as
 

PV  = constant�

 
  

TV  = constant�  -1

where �  = C /C , which is 5/3 for monatomic gases, 7/5 for diatomic gases, and lower forP V

polyatomic gases.
Adiabatic expansions are important in steam engines, but appear in many other guises.  For

example, when a mass of warm air rises in the atmosphere, with little or no thermal energy
transfer with its surroundings, the rising air pushes on air above it.  By doing work on the upper
air, the rising air is cooled by about 10 K per kilometer.  The water vapor carried with it may
condense to form clouds or snow or rain.  (The condensation releases thermal energy, decreasing
the rate of cooling with height.)  When cool air at high altitude passes over a mountain range into
the valley below, it is compressed.  As it drops in altitude, the pressure increases.  Work done on
this air warms it.  The resultant warm wind may be called a Chinook, a Santa Anna, or by another
local name, but it brings dry warm air to the valley or plain, even in winter.

11.7  Bernoulli’s Theorem
Occasionally, phenomena are discovered in nature that seem to be counterintuitive —

apparently correct yet seemingly impossible.  Bernoulli’s equation is an example of such a
conundrum. The short derivation from Newton’s second law can scarcely be questioned, and
specific results predicted have often been measured and found to be correct.  Yet the central idea
appears so strange that many physicists have denied its validity and/or spent much time looking
for alternative explanations.  (Others have accepted the result as a fantasy explanation, not to be
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 An attempted simplification of the equation suggests that it is a sum of energy terms and9

that because energy is preserved in the flow, the sum should be constant.  But energy is not
preserved and the terms are not energy values.  The physics is seriously flawed.  The integral of
(constant) volume times the change in pressure is not equal to work and is not a change of energy. 
As shown many times, it is enthalpy that is constant in the flow, not energy.
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questioned.)  The equation is important in practice, with applications running from reading a
newspaper to sailing and flying airplanes.  We will therefore take time to examine the equation
and its interpretations in some detail.

Daniel Bernoulli was a member of a distinguished family of mathematicians from Basle,
Switzerland.  Jacques (1654-1705) and  Jean (1667-1748), his brother, working together and in
competition, contributed to the development of calculus.  Daniel (1700-1782), son of Jean,
applied Newtonian mechanics and Leibnitz’ vis viva to hydrostatics and hydrodynamics, including
the publication of Hydrodynamica in 1738, which included an important theorem now known as
Bernoulli’s theorem.  

In part 5 of section 12, he expressed the relationship between the pressure of a gas and the
speed of the gas, which we now write as

In this equation, P is the pressure of the fluid of density �  and speed � .9

11.7.1  Incompressible Fluids.  Derivation of Bernoulli’s equation is simply an integration of
mass times acceleration, under the action of a pressure differential, or force, assuming the volume
is constant (i.e., constant density).  For liquids, volume and therefore density remains constant
across a region where the pressure is decreasing, so the acceleration of an increment of mass � m
= �  � V may be written

and therefore, dividing by area to get force over a range � P of pressure and integrating,

which is Bernoulli’s equation.

11.7.2  Gases.  For gases, because the flow is nearly adiabatic and the fluid is easily
compressible, the mathematics is more involved.  Define a parameter r as the change in energy
divided by kT , (r = � (½ m� )/kT or roughly r = � E/<E> ).  Then Bernoulli’s equation takes the2
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 For more details see R.P. Bauman and Rolf Schwaneberg, "Interpretation of Bernoulli's10

Equation", Phys. Teach. 32, 478-488 (November 1994).

 Recall that “If A, then B” is quite different from “If B, then A”.11
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form10

where �  = C /C  is the ratio of heat capacities.  This result is to be compared withP V 

P = P (1 - r)o

for Bernoulli’s equation for incompressible fluids.

11.7.3  Interpretation.  The question has often been asked (especially in recent years), “Why
does increasing the speed of a gas lower its pressure?”   Because the question seems to have no
logical answer, many physicists have attacked the equation, which is equivalent to saying that
Newton was wrong and that the conclusions drawn from Bernoulli’s equation in aerodynamics are
wrong.  (Can planes really fly?)

The difficulty lies in the assumption implied in formulating the question.  The appropriate
question is, “Why does lowering pressure in a gas cause an increase in gas speed?”   The answer 11

is then apparent from Newton’s second law.  The pressure difference causes an acceleration.
Only quite recently has the equation been studied in sufficient depth to lead to a clear

understanding.  We make the usual assumptions that the effects of viscosity can be ignored
(certainly not rigorously true, but a satisfactory first approximation) and that we can ignore
boundary effects, related to the presence of wind tunnel walls or the ground (usually a reasonable
starting point).   Then the principle of relativity tells us that the effects must be the same whether a
wing is passing through stationary air or the wing is stationary in air flowing through a wind
tunnel.  This, again, is confirmed by experiment.  We know that pressure in stationary air must be
isotropic (the same in all directions), so the same must be true for pressure in flowing air.

Careful analysis shows that if the fluid is a gas, a significant effect is the conversion of random
kinetic energy of the molecules to collective flow.  That is, there is a drop in temperature of the air
as the speed increases.  That temperature drop lowers the pressure.  However, this effect is small
compared to the very large pressure changes typically recorded, and is absent in liquids.  So this
conversion is not a major part of “the Bernoulli effect”.

The remaining question, then, is what is it, along the path of a flowing liquid or gas, that
causes the pressure to drop (and thus causes the liquid to gain speed)?  A typical cause of a
change in speed is a simple fan, or the equivalent.  Moving fan blades push the fluid, increasing its
speed as it escapes from the high-pressure region.  Further down stream, a restriction in the flow
may cause a decrease in speed and increase in pressure, followed by an increase in speed and
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decrease in pressure as the fluid passes beyond the constriction.  The flow stops when the
opposing pressure is sufficient to decelerate the fluid.  This is called the static pressure or the ram
pressure.  It is approximately equal to the pressure that initiated the flow.

The more interesting examples, however, arise with curved surfaces, such as air foils and
spheres.  The fluid tends to continue moving in a straight line, rather than follow the curved
surface.  This leaves a reduced pressure near the surface, which “pulls in” fluid from the stream
behind.  In other words, curvature of flow produces a centrifugal force (in the local reference
frame) that produces a low pressure toward the center of the flow (Figure 11.7), causing
acceleration of the fluid along the direction of the primary flow.  Over an airfoil, the flow may
reach supersonic speeds.  A propeller in water causes high speeds of water around the tips of the
blades, which may produce pressures below  the vapor pressure of the water (about 1/30 atm at
room temperature).  Bubbles of water vapor form, an effect called cavitation.  Resulting forces
cause severe wear on propeller blades, including possible destruction.

Figure 11.7.  Centrifugal force (i.e., the tendency of moving air to continue in a straight
line) creates low pressure along the upper curved surface, which causes air to the left to
be accelerated.  The low pressure on the upper surface is responsible for lift.

Measured air speeds show that the air traveling over the upper surface actually reaches the
plane N-N before air passing below the wing, although the difference is small.  Bernoulli’s
equation ignores viscosity of the fluid.  In practice, viscosity may add important side effects,
including drag on a wing or other object (a force in the direction of the flow) and turbulence.

Bernoulli’s equation explains why you can separate two sheets of paper by blowing at the
edge.  The pressure is less on the outside, where the air is moving, than between sheets where the
air is static.  (What seems like a very small detour of the air, to pass around the sheets, is a large
distance for an air molecule.)  Lowered pressure over a wing explains the lift on airplane wings. 
Integration of pressure (pressure as a vector times the vector element of area) over upper and
lower surfaces of a wing or a beach ball gives lift because the pressure is much less on the upper
surface.    Because of decreased pressure above, where the air is moving faster, the air pressure
below pushes the wing up.  This, of course, produces a reaction force on the air, causing the air to
move downward.  The Bernoulli effect is a Newtonian force and subject to all the Newtonian
rules.  This downwash is particularly obvious from the airfoils of helicopter blades, or to pilots as
they attempt to land and experience reflection of the air from the ground.

An alternative argument often proposed is that the lift on an airplane wing comes from the
downwash, or “bounce” off the lower surface.  However, the downward deflection has already
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been fully included in the analysis based on Bernoulli’s equation.  The pressure on the lower
surface of the wing is slightly increased but this is a substantially smaller effect than the pressure
drop above the wing, and integration of pressure difference over top and bottom surfaces includes
that total pressure difference.  To observe lift, it is not even necessary that the air flow include the
lower surface of the wing, or of a beach ball suspended in a nearly horizontal air flow.

In short, Bernoulli’s equation is a straight-forward application of Newton’s laws, often
misinterpreted.  There are other details that must be included in a full treatment of
aerodynamic/hydrodynamic flow, including viscous drag and turbulence, but there should be no
surprises in Bernoulli’s equation

11.8  Viscous Flow
Any moving fluid exhibits a drag arising from viscosity.  Newton analyzed the problem,

showing that the flow can be considered as a series of parallel layers, moving at different speeds,
varying from zero at the walls (relative to the walls) to a maximum at the center, of a tube or
between parallel plates.  The drag between each pair of layers is caused by the differences in speed
(Figure 11.8).

Figure 11.8.  Adjacent layers move at
different speeds, causing viscous
friction, typically from exchange of
momentum between adjacent layers.

Viscosity is defined as the ratio of the drag force per unit area divided by the velocity gradient
perpendicular (y direction) to the flow.  Thus, for plates of area A and separation D, with the top
plate moving at speed �  and the bottom plate stationary, the viscosity, �  (eta), as dy goes from 0
to D and d�  spans 0 to � , is
  

  

The expression would be similar for flow between two fixed surfaces, with maximum �  at the
midpoint.

Viscosity in a gas increases with rising temperature.  For an ideal gas, viscosity is analogous
to a set of trains, each with flat cars, running parallel to each other, at different speeds, on adjacent
tracks.  If the crew of one train transfers boxes to an adjacent train, the boxes carry with them the
momentum of the train from which they came, which may be too much or too little for the target
train.  Thus the target train is pushed forward, as it slows down the boxes, or dragged back, as it
speeds up the boxes it receives.  In a gas, viscosity is caused by molecules moving from one flow
region to another, carrying momentum with them.

Viscosity in a liquid decreases with rising temperature.  In liquids, the same argument must
apply as for gases, but other forces between nearby molecules come into play and are more
important, including entanglement if large molecules are present.  With increasing temperature the
molecules of a liquid can move past each other more readily.  An oil that appears “thick” in cold
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 Jean Poiseuille (1797-1869) was a physician trained in physics and mathematics whose12

work included the study of fluids through tubes, especially blood flow in humans as well as air
flow in lung alveoli.  Development of the equation was duplicated concurrently by G.H.L. Hagen
(1797-1884).
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weather may flow freely at the temperature of the running engine.
Onset of turbulence can be predicted with reasonable accuracy by calculating the Reynolds

number (introduced by Osborne Reynolds; 1842-1912),

  

where �  is the density of the fluid, D is a size parameter that depends somewhat also on the shape
of the object, �  is the speed of the object relative to the fluid, and �   is the viscosity of the fluid. 
For a sufficiently high Reynolds number (e.g., above 2000 for flow through cylindrical pipes),
turbulence is readily initiated by fluctuations in flow, including obstructions in the path.

From studies of viscous flow we can find the volume of fluid that can pass through a tube per
unit of time, driven by the pressure differential � P = P  - P .  For a tube of fluid of radius r and1 2

length L, the force applied is 	 r  � P and the area of contact is 2	 rL.  Inserting these values in the2

equation for viscosity and integrating over r from r = 0 to r = R, gives the speed of the fluid at any
radius r (measured from the center), in a tube of radius R and length L, as

  

 

which vanishes at the walls (r = R); � (R) = 0.  From this we obtain Poiseuille’s equation,12

 

for the volume rate of flow of an incompressible fluid.
If the fluid is compressible, the volume, measured at the pressure P , flows at the rate0

  

This formula is helpful in finding pumping rates in vacuum systems as well as at higher pressures. 
Of particular importance is the dependence on the radius of the tube.  Cutting the diameter in half,
for example, restricts the flow to (½)  = 1/16 = 6 1/4 % of the higher flow rate.  Doubling the4

diameter increases the flow by a factor of 16.  When the pressure differential is small, these factors
may be especially noticeable.  

11.9  Equation of Continuity
A basic premise of most fluid flow problems is that material is not generated, nor does it
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disappear, along the path of the flow.  Thus the product of density and volume is constant.
 

along the flow.  This is the equation of continuity.  If the fluid is incompressible, �  is constant and
therefore the volume of flow per unit of time is constant along the flow.

This condition is often expressed in the form
 

����� approximation)                                      � A  = � A1 1 2 2
 

That is, the speed of the fluid times the cross-sectional area of the flow, is a constant along the
flow.  However, the equation of continuity in the last form is necessarily an approximation. 
Regardless of the magnitude of the viscosity (which cannot be zero for any normal fluid), the walls
exert a retarding force.  The speed cannot be constant across the area, A, normal to the flow, so �
must be an averaged flow rate, even when A is constant.

Chapter Summary
Fluids are liquids or gases, with no definite shape.  In a static fluid, pressure is
transmitted equally in all directions.  The buoyant force on any element of fluid is
just sufficient to support its weight and the same force is exerted on any object
taking the place of the element of fluid.  For pressures that are not too high, and
temperatures not too low, gases approximate ideal gases, for which PV = nRT. 
The average molecular kinetic energy for motion in any one direction is ½ kT.  For
higher pressures or lower temperatures, corrections must be made for non-ideality,
especially for the actual volumes occupied by the molecules and for the attractions
between molecules.  The energy of an ideal gas is independent of volume, but non-
ideal gases warm (at higher temperatures) or cool (at lower temperatures) when
they expand without doing work.  Because thermal energy transfer tends to be
slow, expansions or compressions of gases are usually best approximated as
adiabatic (Q = 0).  If the pressure of a moving fluid is decreased locally (e.g., by
expansion under a centrifugal force), the fluid is accelerated.  Speed and pressure
are related by Bernoulli’s equation.  All fluids exhibit viscosity, or resistance to
flow past walls and obstructions.  The rate of mass flow is constant along the
stream.
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Chapter 12.  Oscillations and Waves

Chapter Introduction
A.  Why?

Oscillations and waves provide our means of seeing and hearing and almost all our important
means of communication, as well as a favorite demonstration, the pendulum.  They provide the
principal mechanisms for probing the structure of matter.  A world without music or color, or
more generally without sound or sight, would certainly be relatively dull.

B.  What to Look For
In one sense, waves and oscillations are quite trivial because they are repetitive, so we need

only understand one cycle.  At the same time, they are the basis of most of our experiences with
electrical and electromagnetic phenomena, which can be quite complex.  Directional properties of
oscillations, with respect to direction of wave propagation, give us transverse, or longitudinal, or
mixed waves.  The rules, and consequences, of the addition of waves (wave interference) are
especially important.

C.  Pre-Test for Prior Comprehension
a.  What is a wave?  How does it differ from a wave train?
b.  How would you define, or measure, the wavelength of a wave train?
c.  How would you define, or measure, the wavenumber of a wave train?
d.  How would you define, or measure, the period of a wave train?
e.  How would you define, or measure, the frequency of a wave train?
f.  Harmonic usually carries the implication of “musical”, hence either a single frequency of 
motion or a set of frequencies that go well together.  What is the fundamental mechanical 
requirement for a motion to be harmonic (single frequency)?
g.  What are the units for angular frequency?
h.  What is the definition of a physical pendulum?
i.  When are oscillation modes considered normal?
j.  What changes for an oscillator as it becomes physically very small?
k.  What is meant by a phase speed?
l.  What is meant by the term “sound”?

D.  Inquiry Questions
A ½" Al rod (4' - 6') struck perpendicular to the rod will show a (slow) standing wave. 

Stroked along the rod (preferably with rosin-coated chamois) it will give a high frequency.  Each
mode has nodes, where the rod can be gripped without killing the vibration.  Can you

a.  find where the nodes are located?
b.  explain the difference in frequencies of the low- and high-frequency modes?
c.  find the high frequency?

#####
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Short answers to pre-test questions.
a.  The acceleration should be proportional to (and opposite in sign to) the displacement. 

This is satisfied if the system obeys Hooke’s law.
b.  Angular frequency (and angular speed), usually represented by � , has units of radian per

second.  The radian may be suppressed, but rad/s should never be written as Hz (which would
change the value by a factor of 2	 ).

c.  When the approximation of a point mass (and fixed length of rotation) is not adequate, the
actual moment of inertia (a sum of the second moment of mass over all mass points), the distance
from the center of rotation to the center of mass, and the gravitational field strength, are
combined to give the pendulum frequency (for small oscillations).

d.  Oscillations that are “independent” or mathematically orthogonal are called normal.
e.  When the physical parameters (e.g., the mass and length) of an oscillator become very

small, only a single energy, and equal integral-multiple steps, may occur, all at a single frequency.
f.  A wave is any pulse or disturbance or deflection away from an equilibrium position.  A

wave train (often called simply a wave) is a repetitive series of waves, typically moving in a
direction perpendicular to (transverse) or parallel to (longitudinal) the disturbance.

g.  The speed at which a harmonic wave train of a single frequency moves is called the phase
speed, as distinguished from the speed of a signal (e.g., a pulse, which may be considered as a
combination of many different frequencies) which is called the group speed.

h.  There are several interpretations of “sound”, but usually we mean a wave train within the
frequency range of about 20 Hz to 20 kHz,  traveling in a solid, liquid, or gas.

*****

V ibrations, or oscillations, pervade our lives, from swings on the playground to musical

instruments to watches and clocks to radio and television signals.  Oscillations travel from one 
location to another as waves, which may carry sound, or light, or energy to cook our food.  We
look first at simple harmonic motions and some common manifestations, then oscillations in
motion, as waves, including sound waves.  Light waves are examined in Part F.

12.1.  Simple Harmonic Motion
In Chapter 7 we considered two common forms of simple harmonic motion, a mass on a

spring and a simple pendulum at small amplitudes.  We look here more carefully at each of these.

12.1.1.  Mass(es) on a Spring.  The common feature of simple harmonic motion is that the
restoring force, and therefore the acceleration, is proportional to the displacement, and of
opposite sign.
 

Because the acceleration is always toward x = 0, the oscillator gains speed as it approaches the
equilibrium point.  It therefore overshoots, causing repetitive motion, like an object moving on a
circle.  This is called “harmonic” motion, and is described by one of the harmonic functions, such
as a sine or cosine (or the sum, e  = cos � t +i sin � t, where i = � (-1) ).i� t
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 We introduced � = d� /dt as angular speed, then later as angular frequency, 2	� .  For1

circular motion, these are the same.  For a mass on a spring, there is no d� /dt and �  is angular
frequency.  When, in some other problems such as pendulums, d� /dt and 2	�  are different; we
usually retain �  as angular frequency, 2	� .  In any case �  is in rad/s or simply s .-1
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A solution is therefore
 

x = A cos � t

with �  = 2	�  , �  = 1/
 , and 
  equal to the period, or repetition time.  The motion is isochronous,
taking equal time for each repetitive cycle, independent of the amplitude, A, of the motion.  As we
saw in Chapters 4 and 6, �  is the angular frequency.  1

Substituting this expression for x into the original equation gives

and therefore the angular frequency is

The energy of the oscillator as a function of position and speed is the sum of potential energy and
kinetic energy,

E = ½ � �x  + ½ m�2 2

The energy is preserved (constant with time) when no external forces act.

12.1.2.  Simple Pendulum.  The force on the bob of a simple pendulum is its weight, mg. 
The portion mg cos �  is parallel to the supporting cord.  The component that accelerates the bob
toward the center (Figure 12.1) is

f = - m g sin �

Figure 12.1.  The weight of the 
pendulum bob (downward) is
mg.  The component mg cos �
gives the tension in the string.
The component mg sin �  is the
restoring force acting on the bob.

directed toward smaller angles.  For small angles, the force may be
adequately approximated as
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f = - mg �

With constant length, � , the displacement from equilibrium is

x = � �
the speed of the bob is

and the acceleration of the bob is  
 

so f = ma gives us

and therefore

with

The solution for the displacement is

or simply

if  at t = 0, where is the amplitude of the motion.  As shown above, the derivatives
are

The frequency is
  

and the period is
  

  

 The height of the bob at any moment, above the lowest point, is 
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 A truly isochronous (constant time or constant period) pendulum can be constructed by2

suspending the string from the “jaws” of a cycloid.  This effectively shortens the string and raises
the height of the bob as the amplitude increases, compensating for deviations from sin �  = � .  It
does not provide an accurate means of finding the length of the pendulum.  For accurate
measurements of g, the Kater pendulum, a variety of “physical pendulum”, is preferred.
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h = � (1 - cos � )
 

so the energy of the pendulum (Figure 12.2) plus gravitational field is
  

E = m g h + ½ m � 2

      = m g � (1 - cos � ) + ½ m ��  2

which is constant in time.
There are difficulties in matching real pendulums to the equation.  It is not possible to

construct a simple pendulum with a bob of non-zero mass located at a mathematical point. 
(There is nothing special about a spherical or circular pendulum bob.)  Also, the constant-

Figure 12.2.  Relative to the lowest position, the potential energy of the
bob at any time, when the angle is � , is hg = gl(1 - cos � ).

frequency solution is valid only in the limit of small amplitudes.  The difficulties are overcome,
in practice, by operating a pendulum (e.g., in a clock) at a constant amplitude.  Then even if the
frequency is not precisely the value one would calculate from measured lengths and gravitational
field strength, it is at least a constant value.2

12.1.3. Gravitational and Inertial Mass.  If we look at the derivation of the equation for a
pendulum more closely we see that mass appears twice, on one side in the expression for the
weight, f = mg� , and on the other side as a multiplier of the acceleration, from Newton’s second
law.

 

Recognizing that m  and m  are the same, we divided them out and obtained an expressiongrav inertial

for the frequency of the motion that is independent of mass.  Galileo was the first to report the
observation that pendulums (large chandeliers in the cathedral) were isochronous, and from later
experiments, that the frequency was independent of the mass of the bob.  

Huygens found a simple proof of the period of oscillation of a simple pendulum, and Newton
carried out a series of experiments with bobs of different materials, including hollow pendulum



��q
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bobs that could be filled with different substances to show that the “inertial” mass, to be
accelerated, is indistinguishable from the “gravitational” mass, attracted by the Earth.  That is, the
ratio of these is the same for all materials, so they may be set equal to each other.  This is an
experimental  demonstration of the equivalence principle.  It was later rephrased (to suit an
alternative experiment):
  

An acceleration of a reference frame is indistinguishable, by local observations,
from an increase in gravitational field strength (in the opposite direction).

  

As we have seen (secs. 2.3, 6.74, & 11.4), because there is no justification for this principle
in Newtonian mechanics, Einstein concluded that it must, itself, be an important principle in
physics.  Starting with the equivalence principle, he developed his general theory of relativity, in
which all accelerations and forces derive from energy and its influence on local space-time.  From
general relativity, the equivalence principle is a natural and necessary consequence.

12.1.4.  Physical Pendulum. A more general solution of the pendulum problem applies to any
shape.  Such a real device is called a physical pendulum.  From the equation for rotational motion
(sec. 8.2.2), we know that the torque is equal to the moment of inertia about the point of
suspension times the angular acceleration.
  


  = I �
  

The torque acting on the pendulum is the pendulum length vector, d , times the gravitational
pull on the body, mg  (Figure 12.3).  Thus

Figure 12.3.  The torque on the “physical pendulum” is the suspension
vector length, d (=distance from support to center of mass), times the
weight vector, mg; �  = d x (mg). 

�  = r x f = d x (mg)
or


  = mgd sin �  

where �  is the angle between the pendulum support length (d) and the vertical (g).
The center of mass is a distance d from the point of suspension, so

 


  = m g d sin �  = I �  = I 

For small angles (sin �  = � ), this gives
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or 

which has the solution

with
  

  

*****
Examples 12.1.  A.  The angular frequency for a simple pendulum is �  = � (g/�). 
For a physical pendulum we require the actual moment of inertia, I, for the
pendulum.  Dimensionally, what factor is required to make � (g/I) conform to
� (g/�)?

B.  What is the period of a meter stick, suspended from one end?
*****

All these equations ignore air resistance and energy dissipation in the cord and suspension,
which have no significant effect on the frequency but do cause real pendulums to lose amplitude
and come to rest.  However, very massive bobs, on long cords, may swing for hours because the
energy loss is small compared to the energy of motion.

12.2  Complex Oscillations
Equations of motion are typically written for simple harmonic motion (SHM).  A simple

harmonic oscillator has a single frequency, � , or angular frequency, �  = 2	� .  

12.2.1.  Coupled Oscillators.  Most bodies have more than one mode of oscillation and
therefore more than one angular frequency.  If each of the modes is simple harmonic (single
frequency), the oscillations are harmonic, but generally not simple. Two or more simple
oscillators may be coupled, for example by attaching a weak spring between pairs of pendula or
hanging a small weight on a cord between (Figure 12.4).  The oscillator motions then become
complex harmonic motions.

Figure 12.4.  A small pendulum, or a weak
spring, connecting the cords, will couple the
two pendulums.

If the natural frequencies of the oscillators are quite different, the change in motion because 



Independent variables (e.g., x, y, and z) may be plotted on perpendicular, or orthogonal3

axes.  Another mathematical term for perpendicular or orthogonal is normal.  Normal modes are
modes that are independent of each other.

  Classical oscillators have a continuum of possible energy states, determined by the4

frequency and the amplitude of the motion.  The frequencies are discrete.  Quantum oscillators
have discrete energy states that depend on the classical frequency (i.e., on the masses and force
constants) and on the level of excitation.
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Answers 12.1.  A.  I = ML , so “returning” from I to � requires the factor ML.  The2

only length available in the problem is the effective length of the pendulum
(suspension point to center of mass) which we are calling d, so the equation must
be �  = � (mgd/I).

B.  Recall that the moment of inertia of a rectangle about its center of mass is
1/12 ML , and moving the axis of rotation by L/2 increases this value by Mh =2 2  

ML /4, giving I’  = 1/3 ML .  For a meter stick, L = 1 m, so d = ½ and �  =2 2 2

mg(½)/(1/3 m(1)  = (3/2)g �  15 and therefore � �  3.8 rad/s, or �  �  6 Hz, or 
  =2

1.6 s.  This may be compared with a simple pendulum with length of 1 m with a
frequency of 0.5 Hz (called a “seconds pendulum” because it takes 1 s to swing
from one side to the other).

*****
of coupling will generally be small.  To a good approximation, each oscillator retains its original
frequency, with only slight frequency shifts.

If the natural frequencies are the same, oscillation energy will flow freely back and forth. 
Start the left pendulum in motion and the right pendulum will begin to move, so that soon both
are moving equally; then the right continues to increase its amplitude while the left continues to
slow and stops.  The energy then flows back — the right pendulum slows down and stops as the
left regains all the energy, and so forth.  This equivalence of frequencies is called resonance.  

12.2.2.  Normal Modes.  The coupled oscillators may be set in motion in a steady state, or a 
time-independent mode of oscillation, called a normal mode of oscillation.   For two equivalent3

oscillators, the normal modes of oscillation will be in-phase and out-of-phase oscillations. 
Typically, the in-phase mode has a lower frequency and the out-of phase mode has a higher
frequency than the independent oscillations.  Thus two oscillators at �  give an in-phaseo

oscillation at �  - � �  or an out-of-phase oscillation at �  + � � , with � �  depending on the couplingo o

strength.  If N oscillators are coupled, there will be N different frequencies.
If oscillators are coupled together, the splitting, � � , usually depends only on interactions

between neighboring oscillators, and therefore is independent of the number of oscillators that are
coupled.  Thus, if N is large, many different oscillation modes are squeezed into the range  �  - � �o

to �  + � � .  A small crystal may contain on the order of 10  identical atomic or molecularo
23

oscillators, so the oscillation modes packed into 2 � �  take on the characteristics of a continuum
of states.4
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12.3  Small Oscillators
The uncertainty principle (sec 3.7) applies to all systems, including any oscillator, but it is of

no consequence for ordinary sizes of masses and amplitudes because the predicted uncertainties
are much smaller than the experimental uncertainties of our measurements.  As we go to small
masses, however, we must be sensitive to the implications of the uncertainty principle.

12.3.1.  Uncertainty and Minimum Energy.  For example, because we cannot know exactly
where an object is and what its speed or momentum is, we cannot have an oscillator at rest at
zero energy.  That would require x = 0 and p  = 0 and therefore the uncertainties would bex
 

� x = 0     and     � p  = 0x

in violation of

 

If the classical frequency of the quantum oscillator is � , the minimum assignable energy of the
oscillator is
 

E =  ½ h v
  

The minimum energy has been called the zero-point energy of the oscillator.  It would be more
descriptive to call it the ground-state energy.

12.3.2.  Absorption of Energy.  Although we cannot follow the motion of a small oscillator,
and in particular cannot observe position and speed at the same time, the observable behavior is
as if  the small oscillator follows the behavior of larger oscillators.  In the ground state,

The possible oscillator states fit the formula
 

E = (v + ½ )h�  =  (v + ½ )� �
 

with v an integer: v = 0, 1, 2, ...  In the ground state, v = 0.  (Note that v does not represent
speed, � , or frequency, � , here.)  The only transitions allowed (for interaction with a dipole, such
as a radiation field) are those that change the oscillator energy by h� .  That is,

� E = h�

in agreement with expectations for a classical oscillator of the same frequency.  That is, a classical
oscillator absorbs energy when the excitation is at the frequency equal to the natural frequency of



.n

 Clearly we cannot argue that molecular oscillators behave precisely as do ordinary5

laboratory-scale oscillators because we cannot follow the detailed motions.  The uncertainty
principle blocks any such attempts.  Can we then reverse the argument and say that laboratory-
scale oscillators are identical to small oscillators in their behavior?  Examination of the expression
for energy of small oscillators shows that the actual energy levels do not correspond to the
measured frequencies; only the energy differences fit.  E/h �  �   but � E/h = � .  This is typical of
small systems.

 Avoid confusing the wavenumber with its unit (typically m  or cm ).  Just as we would6 -1 -1

not say there is a mercury emission line at 4358 wavelengths, we should not say there is a
carbonyl absorption band at 1650 wavenumbers (where we mean wavelength in angstrom, Å, or
wavenumber in reciprocal centimeter, cm ).  The wavenumber is often represented by -1
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the oscillator.5

12.4  Waves
Harmonic oscillators, set into motion, remain in motion unless an external force is applied. 

Harmonic oscillations couple to yield normal, or independent, modes, so energy is not typically
transferred between modes.  Energy may be gained or lost when a dipole property of an oscillator
couples with a radiation dipole field or other externally applied, anharmonic, forces.  

If a continuous or quasi-continuous medium is set into local motion, the oscillation may
move, as a wave.  A wave is a disturbance, or pulse.  Most often, we are interested in periodic
motions, or wave trains, which are often simply called waves.

12.4.1.  Properties of a Wave.  The curve shown in Figure 12.5 is repetitive; points A and A�
are equivalent, or corresponding, points along the curve, separated by the distance � .  Moving a
distance x along the curve covers the fraction x/�  of the distance between corresponding points.

Figure 12.5.  One of the infinite 
number of possible wave forms.
The wavelength is the distance
between equivalent points.

Let y = f (z) describe a periodic curve of any shape (which could be that of Figure 12.5). 
The value of z determines the local, instantaneous amplitude of the wave train.  Let  z = �  x - v t +
� .  Then if x increases as t increases, z may remain constant for any point on the curve as the
wave train moves.  The function f (z) is periodic in space and in time.  The constant �  = 1/�  is the
number of waves per unit of length, called the wavenumber.   The constant �  = 1/
  is the number6

of waves per unit of time, or the frequency.  The constant �  is an arbitrary constant (in radians)
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  We distinguish between the instantaneous displacement, y, and the maximum absolute7

value, ŷ = A.  Yet we will sometimes call an instantaneous displacement value an amplitude (see,
e.g., sec. 12.4.3).

  In specialized literature, such as some areas of solid state physics, where only the8

angular wavenumber appears, the label is sometimes abbreviated to wavenumber.  Also, in a
context where only the angular frequency, � , appears, it is sometimes loosely called the
frequency.  Avoid such intentionally erroneous terminology with beginners.

The speed discussed here, and in earlier sections, is the speed that appears in the equation 9

� v = � .  It is called the phase speed.  Later we will meet another wave speed called the group
speed (sec. 18.3). 
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that relates the starting point of the x axis and the starting point of the wave.
The periodic curves of most interest are harmonic curves (Figure 12.6), such as

  

y = A cos 2� (�  x - v t + � )

Figure 12.6.  An example of a harmonic
curve, y = A cos 2	 (� x - � t + � ). 

  

The amplitude of the curve is A; this is the maximum absolute value  of the displacement, y.  The7

factor 2�  is, of course, the period, or repetition factor, for the cosine function.  It is generally
convenient to incorporate the factor 2�  into the coefficients.  We are already familiar with the
angular frequency,
 

We define the angular wavenumber,8

Then
y = A cos (
  x - �  t + �  )

  

where �  is called the phase constant (in cycles).
Several different speeds may describe a wave train.  The displacement is y so the

displacement speed is dy/dt, which may be perpendicular to the x axis, parallel to the x axis, or
some combination (e.g., elliptical motion).  The position of the wave is given by x, so the speed9
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 T/µ is N/(kg/m) = m /s .  Y/� , �  L/µ, B/� , and P/�  similarly reduce to the square of a10 2 2

speed.  We are not saying that tension is a force; only that a force produces a tension and they
have the same dimensions and units.  The force is a vector property applied by an external agent,
whereas tension is the internal scalar consequence of equal and opposite forces.  [Note, however,
that an acceleration may be the equivalent of one force; e.g., jerking on a rope attached to a mass,
even horizontally, produces a tension in the rope because of inertia.]
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of the wave is dx/dt = �  = �� .  The third speed is the speed of motion of the medium (string or
liquid or whatever), which does not appear in the equations and is typically zero, or nearly so.  A
wave may travel along a cord, tied at each end.  A wave may travel in water confined in a pond. 
A wave may be sent along an aluminum rod, from end to end, while the rod is being held.

It is easiest to represent and to visualize a wave for which the physical displacement, y, is
perpendicular to the velocity, or direction of travel.  Such a wave (as represented in Figures 12.5
and 12.6) is called a transverse wave.  Waves on strings are transverse.

It is also possible to have the displacement, y, along the direction of � .  Push rapidly on one
end of a Slinky and a compression pulse, or wave, moves down the spring.  Pull rapidly on the
end and a rarefaction pulse, or wave, moves down the spring.  Push and pull rhythmically, and a
harmonic wave train moves down the spring (Figure 12.7).  The compression wave train is also
called a longitudinal wave.  

Figure 12.7.  A compression wave, or
longitudinal wave (harmonic).  
(Approximately one cycle, or 
wavelength, represented as a
transverse wave.)

 

A fluid can be compressed and as the fluid recovers from the initial compression it
overshoots in the backward direction, creating a rarefaction.  Thus compression waves, or
longitudinal waves, are transmitted in fluids.  But there is no restoring force that will return the
fluid in a direction perpendicular to the applied force.  Transverse waves are not transmitted
within fluids.

12.4.2.  Speed of a Wave.  The speed of a wave, dx/dt = �  = �� ,  depends on the square root
of a force-like term divided by a mass-like term.  For example, in a string of linear density µ (i.e.,
µ = m/�  = mass per unit length), under an equilibrium tension T, the speed  is10
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Young’s modulus is the pressure (f/A) divided by the percentage change in length, � L/L.  
In a rigid rod of density �  and Young’s modulus Y, or E, the speed is

  

For a spring of force constant � , linear density µ, and equilibrium length L, the speed is
  

  

A wave in a fluid with a bulk modulus 

and density �  has a speed

  

For rapid (and therefore adiabatic) compressions, the bulk modulus of an ideal gas is � P, where P
is the equilibrium pressure of the gas and �  is the ratio of heat capacities, �  = C /C .  ThereforeP V

the speed of sound is
  

If a string is straight (as it is where the string crosses the equilibrium position, at an angle),
tensile forces are equal and opposite, causing no change in displacement speed, dy/dt, of the
string.  If the string is curved (as it is at maximum and minimum displacements), tensile forces act
together to left and right of the curved segment to return the  string to its equilibrium position. 
Because curvature is equal to the second derivative, the force acting to straighten the string is
equal  to
  

  

The acceleration is , 
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 The curvature is11

 

with y perpendicular to x, the equilibrium direction of the string, and dy/dx is zero where we
measure curvature.  At the points of maximum displacement magnitude, dy/dx = 0 so the
curvature reduces to the second derivative, d y/dx.2 2

Similarly, acceleration is the second derivative of position: a = � � /� t = � (� x/� t)/� t. 
Then we make these look more impressive by adding a reminder that each derivative holds some
other variable constant so, omitting density, we get � x/� t  and  � y/� x to express f  = ma.2 2 2 2
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so setting  f = m a gives

  

or, because the speed is , we get the (more general) equation for any harmonic

wave,
  

  

Remember that the symbol �  in the derivative is just a reminder that something is being held
constant (t in the left-hand derivative, and x in the right-hand derivative).  

It is worth noting that the left side is the curvature of the string, proportional to the force
applied.  The right side is proportional to the acceleration of the string segment.  Thus the
equation is a slightly disguised restatement of f = ma.  We should not be too surprised to see a
very similar form of equation for a wave in quite different problems.11

12.4.3.   Interference.  If two pulses meet, the resulting displacement at each point is the sum
of the displacements:  y = y  + y .  Also, because the displacement momentum is the sum of the1 2

displacement momenta, with the masses the same, the displacement velocity is the sum of the
displacement velocities:  .   Consequently, if the waves are moving in opposite

directions the pulses add momentarily and pass through each other, as shown in Figure 12.8.  The
terminology is rather flexible:  it may be said that waves pass through each other “without
interference.”
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Figure 12.8.  The two pulses, moving
a toward each other (a), momentarily add

(b) before passing on, unchanged as 
they move apart (c).

b

c

On the other hand, if we make a measurement, or observation, at a point where two or more
waves are superimposed, we measure an amplitude that is the algebraic sum of the individual
instantaneous amplitudes (i.e., displacements with signs).  Thus two equal waves coinciding at a
point may give an amplitude, and hence intensity (proportional to energy, and to amplitude
squared), of zero if the waves are out of phase, or may give an amplitude that is twice the
individual amplitudes, and thus an intensity four times as great, if the waves are in phase at the
point.  This effect of addition of wave amplitudes is called interference.

12.4.4.  Propagation, Reflection, and Standing Waves.  Wave propagation follows the laws
of mechanics, including Newton’s second law and conservation of momentum.  Consider a wave 

Figure 12.9.  A wave pulse appears symmetric (with respect to forward and backward line of
motion) but the momenta and tensions differ, causing the pulse to continue forward.
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  When energy in one mode goes to zero, the input energy appears in some other mode. 12

In general, it is not very helpful to try to follow energy when a wave is reflected.  The energy
density of the incident wave, that would be passed on as a transmitted wave, is returned to the
incident wave.  If the energy, or power, input at the wave source continued undiminished, and
there were no dissipation of energy along the wave, the energy density would become infinite.
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pulse moving from left to right, as in Figure 12.9.  There is no movement of the medium (e.g., the
string) from left to right.  Why, then, does the pulse continue to move?  Why does it move to the
right, and not to the left?

Very simply, the static curve of displacement at an instant of time is misleading because it
shows only positions and thus makes it appear that the wave is completely symmetrical, left and
right.  But the wave is not symmetrical because the tensions and momenta are different.   If, for
example, we consider the leading edge of a wave pulse, the forces within the pulse act on the
resting material to set it into motion, but the forces at the trailing edge act to bring the medium to
rest.  Because of the asymmetry, the wave pulse inevitably moves in a constant direction.

A wave train moving to the right may be reflected backward, if proper forces act at the plane
of reflection.  Consider four possibilities, as shown in Figure 12.10.  In a and b, the wave is
reflected at the right-hand boundary without change, as if we had drawn the original wave
undisturbed, then reflected it by folding the paper at the vertical line.  We see that in a, the
reflected wave augments the incident wave, making it stronger, but in b, the reflected wave is
equal and opposite to the incident wave, so they cancel.  This does not happen; any wave arriving
at the plane of reflection as in b must carry zero energy.12

a b

d
c

 

Figure 12.10.  Wave reflections.  a)  Reflection without a change of phase augments the 
incident wave.  b)  Reflection without change of phase would cancel the incident wave.



 At least as a mnemonic device, think of momentum being locally preserved in the string13

or other medium.  Then m�  is constant, so an increase in mass causes a decrease in speed.
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c)  Reflection with change of phase (by 	 ) augments the incident wave.  d)  Reflection with 
change of phase (by 	 ) would cancel the incident wave.

By contrast, in c and d, the wave is reflected at the plane with a change of phase, � �  = � .  In
c, this leads to reinforcement of the incident wave; in d the incoming wave is destroyed.  Thus
only the examples a and c are observed in practice.  Reflection as in a may be achieved, for
example, if the string terminates with a ring free to slide on a vertical pole.  Reflection as in c
occurs when the string is tied to a hook in the reflection plane.

The equations for wave speed show that if the mass property of the medium increases at a
transition point (e.g., a cord connected to a heavier cord), the speed will decrease.  Then the
wave will be (at least partially) reflected, with a phase change � �  = � .  If the mass property
decreases (e.g., a cord connected to a lighter cord), the speed will increase and the reflected wave
undergoes no phase shift.   The extreme case is where the medium is anchored (e.g., a string tied13

to a hook), so the inertial term becomes the mass of the wall and the speed goes to zero.  Then
everything is reflected, with a phase shift.  If the end is free, the wave is reflected but without a
phase shift.

The behavior on reflection is the same for all kinds of waves.  Transverse mechanical waves
(such as the wave on a string), longitudinal waves in fluids or solids (sound waves in air, or a
Slinky oscillating along its own line), transverse electromagnetic waves (such as light), and
torsion waves (as in Figure 12.11), all reflect as described, with or without phase change
depending on whether the motion in the reflecting plane is anchored or free.  Similarly, the
representations of small systems by waves in quantum mechanics demonstrate the same rules for
reflection.

Figure 12.11.  A loose cord 
(hanging from the ceiling) with the lower end free, 
undergoes a phase change on reflection at the 
bottom.

Briefly, if there is no change in speed at the plane of reflection, there is no reflection.  If the
wave speed increases, there is reflection without change of phase.  If the wave speed decreases,
there is reflection with change of phase, � �  = � .  This is summarized in Table 12.1.
  

Table 12.1



2
2

(slope) ~
2
1

�
�

�
�
�

�=
d x
d y

 T 
d x
d V

2

2
1

�
�

�
�
�

�=
d t
d y

�
d x
d K

 As we saw in sec. 10.1, there is a general theorem of physics, called the virial theorem,14

that tells us how energy is distributed between average kinetic energy and average potential
energy.  Kinetic energy always depends on the square of a speed.  If potential energy depends on
a position coordinate, q,  to the n  power, V = V( q ), then average kinetic energy, <K>, is n/2th n

times average potential energy:   <K> = n/2 <V>.  For a wave with V depending on (dy/dx) , n =2

2, so <K> = 2/2 <V> = <V>.  (We substitute K for kinetic energy here to avoid confusion with
tension, T.)
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Phase Change If: No Phase Change If:
medium is anchored, or medium is free, or
wave speed decreases wave speed increases
refractive index increases refractive index decreases

When a wave is reflected, reinforcing the incident wave, a standing wave is created.  The
wave “stands still”, not moving to the left or right but oscillating in place.  (A jump rope, viewed
from the side, looks like a standing wave.)  Certain points do not move; they are called the nodes. 
Between the nodes, the wave oscillates between positive and negative maximum displacement at
the antinodes.

In a typical standing wave, each end is either a node or an antinode.  Therefore the total
length of standing wave is an integral number of wave segments, each segment 1/4 wavelength
long.  Hence the length of the standing wave must be n� /4, with n an integer.  This property often
allows wavelengths to be measured when the waves themselves cannot be seen.

12.4.5.  Energy in a Wave.  Energy distribution is quite different in a traveling wave and a
standing wave.

A traveling wave is a series of equally spaced energy pulses.  Half the energy is kinetic
energy of the oscillation; half the energy is potential energy.   For a string, these correspond to14

kinetic energy of the string segments perpendicular to the equilibrium line and to potential energy
of stretching of the string.  

The potential energy density is

which is a maximum at the crossing points (where y = 0) and is zero at the extremes of the
motion (where dy/dx = 0 at maximum and minimum values of y, y = ± A.  The kinetic energy
density is

 

  ~      (displacement speed)2

which is a minimum (= 0) at the extremes of the motion (y = ± A) and is a maximum at the
crossing points (y = 0).

Each of these is constant with time (because the slope does not change) but each moves with
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the (constant) speed of the wave, v = .  Total energy is the sum of these two constant, equal

expressions, so the energy is constant with time.  The energy pulses consist of potential and
kinetic energy maxima at the crossing points.  In between, dV/dx and dK/dx = 0.  At these points
of maximum displacement, there is no energy so there is no energy transfer in the x direction
Figure 12.12).

Figure 12.12.  Traveling wave.
Maximum kinetic energy and
maximum potential energy appear
at nodes (marked; moving).

In a standing wave, the expressions for kinetic and potential energy are the same as for the
traveling wave, even though the energy distribution is different.  There is no motion at the nodes,
so the kinetic energy is greatest at the antinodes, where the string goes up and down, but kinetic
energy varies with time.  The kinetic energy is greatest at the time when y = 0 and becomes zero
at the limits of the motion.  Potential energy, on the other hand, is zero where y reaches its largest
value (positive or negative), and is greatest at the nodes, where (and when) the string is stretched. 
Thus, in the standing wave (Figure 12.13), although total energy again remains constant, it
transfers back and forth, in time and location, between kinetic energy (at antinodes, but when y =
0) and potential energy (at nodes, but when y is largest at the antinodes).

Figure 12.13.  Standing wave.
(Schematic)  Potential energy (time 
variant) is a maximum at nodes.  
Kinetic energy (time variant) is a 
maximum at antinodes.

Although the discussion of energy is based on a wave train on a string, the principles are the
same for waves of all kinds, mechanical and electromagnetic, transverse and longitudinal.

Power is energy transmitted per unit time, so it is equal to the energy density times the speed
of the wave.

  

The energy density is twice the kinetic (or potential) energy density.  Therefore the power is
  

12.5.  Sound
Sound is defined in several different ways.  When someone suggests that a falling tree makes

no sound unless someone is around to hear it, they are implying a definition of sound as a
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physiological effect involving the human ear and brain.  Sound waves are often defined as
compression waves, or longitudinal waves, which concentrates on the most common mode of
propagation, but eliminates most of the sources and detectors of sound.

The most general, and commonly accepted, definition of sound is a vibration in the range of
approximately 15 to 20 Hz to 20,000 to 30,000 Hz.  The range of human hearing varies,
especially with age.  Vibrations below 15-20 Hz are about as likely to be felt through other parts
of the body as through the ears.  Some younger people can hear sounds as high as 30 kHz; many
hear nothing above about 20 kHz; and as age affects hearing, the effective top of the range may
fall well below 10 kHz (a frequency often chosen for alarm signals).  Frequencies above 20-30
kHz are called ultrasonic waves.  Many animals, including dogs and bats, hear well into the
ultrasonic region.  Frequencies below 15-20 Hz are called subsonic waves.  Rumblings of the
Earth and of buildings are typically subsonic.

12.5.1  Frequency and Pitch.  Frequency, the number of cycles per second, is an objective,
numerical description.  Pitch is a subjective description, which is determined almost entirely by
the frequency for simple harmonic oscillations but is also affected by the presence of overtones
and, to a smaller extent, by loudness, duration, attack, and envelope (loudness vs. time).  For
present purposes we may assume sustained pure tones (SHO), and consider frequency an
adequate measure of pitch.

One of the complications that limits the accuracy and utility of this simple approach is the
presence of overtones.  An open organ pipe (sec. 12.5.2) can resonate with the frequencies v0 

(the “fundamental”) but also at 2 v , 3 v , and so forth, which are called overtones (or harmonics)0 0

of v .  Similar overtones appear for all instruments, including other wind instruments and all string0

instruments.  An oscillator with more than one fundamental frequency (e.g., a polyatomic
molecule) may be excited in more than one of these at the same time, giving rise to combination
bands (e.g., �  = �  + �   or 2�  + � , etc.) and, in absorption processes, to difference bands. 1 2 1 2

o o o o

Our hearing process sometimes adds non-existent frequencies, such as a difference frequency, or
the fundamental when only its overtones are present.

Changes in relative intensities of overtones change the quality, or timbre, of a sound.  That is
why violins, clarinets, oboes, and trumpets each have distinctive sounds, even when they play the
same note.  The human voice is far from simple harmonic oscillations.  There are substantial
differences in timbre (especially overtone distribution) when a singer changes from oo to ah to ee,
and between one singer and another.  Musicians must be aware of these differences, apart from
the frequency of the fundamental.

The obvious “natural” step in frequency is a doubling, which is known as an octave.  On a
piano, for example, each octave has the same physical arrangement, and essentially identical
naming, to each other octave. If 264 Hz is labeled as C, then 528 Hz is also labeled C, as is 132 
Hz and 1056 Hz and so forth.  If 440 Hz = A, then 110 Hz, 220 Hz, 880 Hz, and 1760 Hz are
each labeled A (often with primes or subscripts or superscripts to distinguish one octave from
another).

Traditional western music recognizes that certain ratios of frequencies sound harmonious
together.  If you combine v ( or 4/4 v )  with 5/4 v , 6/4 v , and 8/4 v , you get a chord called the0 0 0 0 0

tonic.  Similarly, v  (or 3/3  v ), 4/3 v , 5/3 v , and 6/3 v , give a pleasant chord called the sub-0 0 0 0 0
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Piano Keyboard Key of C Key of F Key of G Key of D
Black Keys 1 flat (Bb) 1 sharp (F#) 2 # (F#,C#)

White Keys #     Ratio #     Ratio #    Ratio #      RatioChr. Step

 [C  = D ]# b

[                      C]
[                      B]

 [A  = B ]# b

[                      A]
 [G  = A ]# b

[                     G] 8        2
 [F  = G ] (7)# b

[                      F] 8        2
[                      E] 7 6       5/3

 [D  = E ]# b

[                      D] 9 6       5/3 5       3/2 8        2
 [C  = D ] (7)# b

[                      C] 8        2 5       3/2 4       4/313

[                      B] 7 3       5/4 6       5/312

 [A  = B ] (4)   (4/3)# b
(11)

[                      A] 6       5/3 3       5/4 2 5       3/210

 [G  = A ]# b
(9)

[                      G] 5       3/2 2 1        1 4       4/38

 [F  = G ] (3)    (5/4)# b
(7)

[                      F] 4       4/3 1        16

[                      E] 3       5/4 25

 [D  = E ]# b
(4)

[                      D] 2 1        13

 [C  = D ]# b
(2)

[                      C] 1        11

Notes:
(  ) on a numerical value indicates it is for a sharp or flat.
Ratio = ratio of frequency to tonic (note for which the key is named).
# = note number in the specified key:  3 = “third”;  5 = “fifth”, etc.
Key of B :  2 b  (B , E )b b b

Key of E :  3 b  (B , E , A )b b b b

Key of A :  4 b  (B , E , A , D )b b b b b

Key of D :  5 b  (B , E , A , D , G )b b b b b b

Figure 12.14.  A piano keyboard appears as at left, with white keys (full length) and black keys
(sharps and flats).  Chromatic steps, relative to C, are shown in the second column.  The next
four columns show the numbering of tones, and the frequency ratios, relative to C, or F, or G, or
D, corresponding to the “key” of C, F (one flat), G (one sharp), or D (two sharps).  Chromatic 
ratios give slightly different frequencies, and hence ratios.



×××= 059461212 .R  =  

Vincenzio Galilei, a musician and father of the astronomer and physicist Galileo Galilei,15

compared musical and mathematical definitions and concluded musicians could select notes for
harmonious sound better than the mathematical descriptions.
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dominant.  If v  = C, then the tonic is C, E, G, C and the sub-dominant is C, F, A, C.  The basic0

note, v , defines the key of the music.  Thus C, E, G, C is the tonic in the key of C.  Its sub-0

dominant is equivalent to the tonic in the key of F (F, A, C, F).
The scale is traditionally divided into 8 steps, labeled A, B, C, D, E, F, G (hence the name

octave for the eighth step, or doubling of frequency).  A further division gives the sharps (#) and
flats (b), the black keys on the piano for v  = C, giving 12 steps: C, C  = D , D, D  = E , E, F, F0

# b # b #

= G , G, G  = A , A, A  = B , B, C.  One method of defining these is as a constant ratio; forb # b # b

example, C /C = D/D  = D /D = R.  Then R  = 2, so# b # 12

  

There are alternative methods of defining the scale, and different methods disagree, so musicians
typically choose a note for its pleasant sound qualities in context with other notes, rather than by
strict mathematical definition.   An instrument such as the piano, which must be pre-tuned to fit15

all keys in which it may be played, is tuned to an averaged, or tempered, scale.  The general
appearance of the piano keyboard and some values for the notes of common scales are shown in
Figure 12.14.

12.5.2.  Organ Pipes and Flutes.  We generally prefer complex harmonic sound waves.  Pure
(i.e., simple harmonic) tones are uninteresting and, in fact, may be quite annoying.  Purely
random vibrations appear to us as noise.  The label noise is therefore applied to vibrations of any
frequency (audible or not) that are random in character.  If all frequencies in the detectable range
are approximately equivalently included (or perhaps weighted by a simple factor), the vibrations
are called white noise, by analogy with light.  (White light is a mixture of all colors, or
frequencies.) Sound is produced in an organ “flue” pipe by a jet of air striking a sharp edge. 
Turbulence at the edge provides a source of energy and causes fluctuating pressures, which
control the air movement and excite oscillations within the tube.  (Very little air actually flows
through the tube.)  Without the tube, we would get only white noise, but resonances within the
tube also contribute to fluctuations in pressure at the edge, interacting with the turbulence to
augment some vibrations and damp others.  Those oscillations that best fit into the tube increase
in amplitude.  The result is typically a harmonic sound wave, of predetermined frequency, or
pitch, with some overtones of the fundamental frequency.  For completeness, we consider three
possibilities: a tube closed at each end (relatively unimportant in practice), a tube open at one end
(called a closed pipe), and a tube open at each end (called an open pipe).  Although we consider
air as the medium, the same principles would apply for any fluid (or a “rigid” solid) inside the
tube.  Aluminum rods are good vibrators.

Standing waves in a pipe are longitudinal, or compression, waves, but it is conventional to
represent them as transverse waves.  Such transverse waves are easier to draw and easier to read.

At a closed end, air cannot move along the axis of the tube (Figure 12.15a).  This is a
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More accurately, because of the finite width of the tube, the antinode is slightly outside16

the tube.  A good approximation for narrow tubes is to add 0.3 times the diameter of the tube to
the length at any open end.  We will generally ignore this correction term.
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displacement node.  Pressure builds up as a pulse approaches the closed end, then falls off as the
pulse leaves (Figure 12.15b).  A displacement node is therefore a pressure antinode.  By contrast,
between displacement nodes, where the gas moves freely, i.e., at a displacement antinode, there is
no pressure build up or drop.  Thus whereas a displacement node is a pressure antinode, a
displacement antinode is a pressure node.  If the displacement curve is represented as a cosine,
the pressure behavior is represented as a sine.  To avoid confusion, we will consider only
displacements at present.

a    b 

Figure 12.15.  a)  Displacement vs. position.  A sound wave incident at a closed end of a 
pipe must have a displacement node at that point.  b) Pressure vs. position.  The same wave 
has a pressure antinode at the closed end.  (To avoid confusion we will plot only 
displacement waves, rather than pressure amplitudes.) 

The smallest wave segment that will fit inside a tube closed at both ends is one-half
wavelength.  A tube of length L closed at both ends (Figure 12.16) can sustain vibrations of � /2,
� , 3� /2, etc., or  

for integral n.  The lowest frequency, � , is called the fundamental.  Overtones are allowed witho

frequencies of 2� , 3� , 4� , etc.  Such fully closed tubes are of little practical importance foro o o

sound because they provide no good mechanism for getting the sound out.
If a tube is closed at one end and open at the other, the closed end must be a (displacement)

node (Figure 12.17).  The open end will be an antinode.   The wave segment may therefore be as16

short as � /4, or more generally,
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a

       b

Figure 12.17.  a)  Pipe closed at both ends
 (unimportant; sound doesn’t get out).
b)  Pipe closed at one end, open at other end
(“closed pipe”).

for integral n (Figure 12.15b).  In such a
“closed” pipe, the wavelengths must fit � /4 = L, 3� /4 = L, 5� /4 = L, etc., and thus the frequencies
are  v , 3 v , 5 v , and so forth.  The even overtones are absent; only odd overtones arise.  0 0 0

Figure 12.18.  Tube open at both ends
(“open tube”).

When the tube is open at both ends, each end is an antinode (Figure 12.18).  The smallest
segment that will fit is � /2, and in general, wavelengths must fit the conditions � /2 = L, 2� /2 = L,
3� /2 = L, etc., or

 

with n integral.  All overtones are possible in such an “open” pipe.
Standing waves within the closed pipe or open pipe excite traveling waves at the open

end(s).  It is these traveling waves that reach the audience.
Pipes may be constructed with different characteristics, including diameter to length ratio and

excitation mechanism, so that they emphasize different overtones and therefore produce quite
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different sounds, apart from pitch.  Pipes are grouped by this sound quality into ranks.  From the
console, the organist can determine which ranks will be played by means of push-pull controls
called stops.

Because each pipe gives a single fundamental frequency, or dominant pitch, there must be
one pipe for each note of the scale, in each rank of pipes.  Large organs therefore have very large
numbers of pipes, played from one or, more likely, several keyboards (plus pedals) at one (or
sometimes more than one) console.

A flute is like a small organ pipe which can be excited in more than one mode (fundamental
or selected octaves or overtones) by the technique of the flutist blowing across the opening in the
side of the flute, near one end.  However, when a key is depressed on the flute, a hole is opened
along the length of the flute that roughly changes the resonant length of the flute to the distance
from the mouth opening to the open hole.

The flute may therefore be compared to one organ rank, with the performer changing the
flute from one effective length to another to simulate, sequentially, different pipes in the organ
rank.  A piccolo is about half as long as a flute, and therefore plays generally an octave higher.  A
recorder is similar, but played with a mouthpiece in line with the tube.  The performer covers
some of the comparatively few open holes with fingers, rather than operating levers to open
holes.

12.5.3.  Woodwinds and Brasses.  Orchestral instruments played by blowing air into the
instruments are called the wind instruments, usually divided into woodwinds and brasses.  The
flute and piccolo are members of the woodwind family, revealing that they were originally made
of wood, though now often of metal, and are played as wind instruments.  

The clarinet is another woodwind, representative of a family of reed instruments that
includes other clarinets and the saxophones, and is closely related to the double-reed instruments,
such as the oboe, English horn, and bassoon.  The clarinet is played (i.e., fingered) much like the
flute, but the excitation is by blowing air between a slightly flexible reed and an inflexible portion
of the mouthpiece.  Air flowing past the reed has a lower pressure than static air, as expressed by
the Bernoulli equation, which causes the reed to bend and cut off the air flow.  That, in turn,
raises the pressure, allows the reed to straighten and starts the process all over.  Thus a series of
air pulses enters the tube where they excite resonances that, in turn, influence the air flow and
pressure at the mouthpiece.  Many organ pipes have reeds, rather than relying on edge tones. 
Harmonicas and accordions also send air past reeds (or a metal equivalent), but have different air
channels for each note of the scale.  The double-reed instruments pass air between two small
reeds, but are in other respects much like the clarinet family.

*****
Examples 12.2.  A.  The bassoon has a nominal length of 2.54 m (folded to an
overall external length of 1.34 m).  Assuming it may be analyzed as an open tube,
estimate the lowest note.

B.  The contrabassoon is one octave lower than the bassoon.  Approximately
what is its length?

*****
The bugle has a fixed tube length, like an organ pipe, and therefore can play only a fixed 
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Answers 12.2.  A.  The calculated wavelength is �  = 10.2 m.  For a speed of sound
in air of 340 m/s, this gives a frequency of 33.3 Hz, which is close to the A below
the bass clef (440/2  = 27.5 Hz). In practice, the lowest frequency is typically B4 b

below the bass clef.
B.  To get one more octave, at the lower end, the length must be doubled, to

approximately 5 m �  200".
*****

series of notes, overtones of a single fundamental.  Excitation is produced by air passing the
vibrating lips of the player.  The greater the compression of the lips, the higher the excitation
frequency.  (Brass players can “play” with a mouthpiece, only, although the sound is inelegant.) 
The trumpet is closely related to the bugle, but allows for additions to the path length by
depressing valves that send air through curved extensions.  This allows all notes of the scale to be
played.  The cornet and flugelhorn are very similar, but have more conical tubing and bell flair. 
The baritone horn, tuba, Sousaphone, and other variants are related to the trumpet, but pitched
lower and therefore necessarily differing in shape.  Horns (commonly known as French horns) are
also similar, with variations in design between them.  The trombone differs primarily in allowing a
continuous gradation of length by moving the slide.

12.5.4.  String and Percussive Instruments.  When a violin is played, the stick and slip
friction between bow and string causes the string to vibrate in a transverse standing-wave mode,
with wavelength in the string determined by the length of the string between bridge and finger 
stop or end support (each of which is necessarily a node) and by where the string is bowed. 
There is feedback from the string vibration to the stick and slip action, so that, when played
properly, a single vibration mode receives the majority of the energy, with smaller amounts going
into overtones, integral (frequency) multiples of the fundamental mode.  Strings are made with
different linear densities, and are tuned before the performance, or during breaks, by adjusting 
the tension of each string.

The transverse vibration of the string is transferred to a transverse mode of the case,
especially the back, which acts as a sounding board, and from the case to a longitudinal mode of
the air inside.  The sound travels as a longitudinal traveling wave to the ear, where transverse
modes are again excited and detected by nerve endings.

Through all these conversions, the speed of the wave changes and therefore the wavelength
changes, but the frequency is constant.  The frequency at which waves arrive, enter, pass through,
and leave any medium must be identical, determined by the incident frequency at the surface of
the medium.

The violin family, including viola, violoncello, and bass, have been very extensively studied
by physicists and musicians to determine what causes the differences between the very good, and
therefore very expensive, instruments make by Stradivarius and others, and similar instruments
made today.  Selection and treatment of the wood appear to be among the most important
attributes that are difficult to copy.

The guitar and related instruments are similar to the violin but are plucked, rather than
bowed.  Steel ridges under the strings, called frets, select the wavelengths and therefore the notes
(frequency, or pitch) when the strings are pressed against them.
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The piano also relies on string vibrations, which are excited by striking the strings (grouped
as one, two, or three strings, depending on frequency range) with felt-tipped hammers.  The
wooden sounding board is an important part of transmission of the string vibrations to
surrounding air.  The harp and harpsichord are similar except that the strings are plucked, by hand
or by lever mechanisms operated from a keyboard.

Sound vibrations may also originate in solids, including wooden or metal bars and plates and
stretched diaphragms.  Many solids, such as bells and plates, have overtones that are not simple
multiples of the harmonic, producing a characteristic dissonance.  

You cannot make music with a drum.  That is, a diaphragm with fixed edges, like a drum
head, cannot sustain harmonic oscillations.  One solution to this problem is to suspend the
diaphragm at the center and keep the edges free.  This is the design concept for some cymbals. 
Another solution is to suspend the diaphragm at the edges with a light, flexible coupling that
allows the edges to move.  This solution is applied in speaker design.  A third solution is to
modify the diaphragm vibrations with air oscillations.  Tympani, or kettle drums, use this
principle.  The kettle drum can be tuned (before and within performances) by tightening or
loosening the head, but the resonance of air, sloshing back and forth, tends to control the
oscillation modes of the head.

Musicians, especially, will be aware that the explanations given here are greatly simplified. 
Violinists can play overtones by bowing techniques.  Wind players can raise and lower pitches by
lip control and blowing angle.  Subtle techniques allow substantial control over the sound of an
instrument in addition to pitch and volume.  These details are more properly discussed in music-
oriented textbooks.

12.5.5.  Attenuation and Redirection of Sound.  If we point a flashlight toward the east, it
gives little or no light to the north, south, or west.  When we face east and talk, people standing
in a circle around us can usually all hear what we say.  Although there is some natural spreading
of the waves, by “diffraction”, this redirection of sound is caused almost entirely by reflection of
the sound waves.  In stadiums and in “noisy” crowded halls, such reflections, mixing with the
direct sound waves, may make many sounds unintelligible.  In concert halls, reflections are an
important characteristic of “good” acoustics.

Sound is absorbed only weakly by air, so we can often hear sounds over very great distances. 
At other times, even relatively nearby sound sources cannot be heard.  A primary effect here is
the bending of the sound waves, influenced by variations in air density with temperature.

The speed of sound is determined by, and is comparable to, the speed of the gas molecules. 
The root mean square speed of the molecules is
  

  

The speed of sound is
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with �  = C /C .  For a monatomic gas, such as helium or neon, �  = 5/3; for a diatomic gas, �  =P V

7/5; for a polyatomic gas, 1 < �  < 7/5, in the approximation of ideal gases (C  = C  + R).  Speedp V

increases with increasing temperature, but is independent of pressure.

*****
Examples 12.3.  A.  The simplistic comparison of the speed of sound and the
speed of molecules in air may be misleading.  At an altitude of 140 km, the speed
of sound is about 280 m/s but the average time between collisions is several
seconds and the average distance traveled between collisions is several meters. 
Can you suggest an alternative model that could explain this?

B.  In solids, such as aluminum, the speed of sound may be on the order of 5000 m/s,
much greater than the speed in air.  Does your alternative explanation fit this information?

*****
If a wave passes at an angle from a medium in which the speed is �  to a medium in which1

the speed is � ��� , the wave bends, as shown in Figure 12.19.  The wave front slows down 2 1

where it strikes the region of slower speed, while the remainder of the wave front continues at the
higher speed until it, too, reaches the other medium.  Therefore, as the wave passes into the
medium where it moves more slowly, it bends toward the perpendicular to the surface.  If the
path is reversed, so the wave moves into a region where it moves faster, it bends away from the
perpendicular.

Figure 12.19.  A wave (e.g., coming from the upper
left) reaching a medium in which it has a slower
speed, will “drag its tail” and bend toward the
perpendicular to the surface.  As it passes back into a
region of higher speed, it will bend away from the
perpendicular.   

During the daytime, the Sun heats the surface of the Earth, so air near the surface is warmer. 
Sound travels faster near the surface and therefore it bends upward, tending to pass over the head
of a distant listener.  At night, the ground is cooler so sound travels more slowly at the surface. 
Sound from a distant source (the lonely sounding train at night or early morning, or heavy trucks
on a distant highway) is bent downward to reach us after passing over buildings or hills.

We avoid such effects when the sound does not change direction.  In a high tower, or flying
in a balloon (with burners off) we hear clearly conversations on the ground below.  Similarly, we 
hear planes flying above, even many miles away.

12.5.6.  Intensity and Loudness.  The amplitude of a wave is the maximum value of the
displacement.  If y = A cos (
 x - � t + � ), then - A �   y �  + A.  The energy carried by a wave is
proportional to the square of the amplitude.  Intensity, I, is energy crossing unit area per unit
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 Perhaps because intensity and power are not well understood by the general public, and17

not readily measured for sound waves, a variety of terms are encountered to describe loudness.
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time, or power per unit area.  Intensity may also be expressed as energy density (energy per unit
volume) times the length of wave train that passes the plane per unit time (i.e., energy density
times wave speed).

Because of the way sound intensity is measured and detected by the ear, a more important
measure of sound “volume” is the sound level,
 

 

Sound level is the logarithm, to base 10, of the ratio of the intensity to a reference level intensity, 
I , which is usually taken as 10  J/m ·s = 10  W/m , the threshold level for “normal” hearing0

-12 2 -12 2

near the frequency of maximum sensitivity (1000-4000 Hz).
There are substantial advantages to looking at the pressure fluctuations of sound waves,

rather than the displacements or energies.  Pressure fluctuations are additive where waves are
superimposed.  The energy depends on the square of the pressure fluctuations, so sound levels
can also be expressed as 

with P  = 2 x 10  Pa.  The threshold pressure (fluctuation) for hearing is about P , or about 100 o
-5 -10

of an atmosphere.
The unit for sound level is the bel, named for Alexander Graham Bell.  An increase of one

bel, B, is perceived as approximately a doubling of loudness of sound.  In practice, we can detect
a change about one-tenth as great as a bel, so the more common unit of sound level is the decibel,
dB.

For many purposes, sound levels are weighted as a function of frequency.
Loudness is a subjective measure,  approximately an exponential function of � I/I .  In17

musical notation, loudness is represented by symbols such as pp, p, mf, f, and ff  (from Italian
pianissimo, piano, mezoforte, forte, and fortissimo).  

When the sound level increases 10 dB, loudness increases (approximately) by 2.  The 
smallest detectable change is roughly 1 dB, representing a 25% increase in intensity or a 2% 
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Answers 12.3.  A.  The transmission of force between molecules (as for almost
every force we encounter) is by electrical forces, which are transmitted at the
speed of light (in the medium).  So the problem could be restated:  Why is the
speed of sound closer to the speed of molecules than to the speed of light?  The
answer lies in the motions of molecules required to change the forces acting on a
distant molecule.  Thus the sending of the signal relies on motions of molecules at
one end, even though the signal then travels at the speed of light.

B.  The “sending” time is much shorter in the neatly packed solid structure
and the “transmission” time is (on that time scale) essentially instantaneous.  Even
extremely low-density gases (e.g., in outer space) may move in shock waves
(without collisions) at approximately the speed of sound at the local temperature.

*****
increase in loudness.  The total dynamic range of most music is roughly 5 to 18 dB, depending on 
the instrument(s), amplification, and listening room.

Chapter Summary
A mass on a spring and a simple pendulum are examples of simple harmonic motion.  Pendulums
are historically important.  Most are described more accurately as physical pendulums.  Coupled
oscillators may undergo harmonic motions in normal modes.  Small oscillators have a minimum
non-zero energy, but absorb at a frequency in agreement with classical expectations.  Most wave
trains of interest are periodic and harmonic.  The oscillations may be transverse, longitudinal, or a
combination.  At a boundary where speed changes, waves may be refracted or reflected.  Waves
may interfere with each other.  Sound waves (ca. 20 Hz to 20 kHz) are characterized by
frequency or pitch and, usually, by overtones and combination tones, as well as intensity or
loudness.


