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Chapter 13. The Gravitational Field

Chapter Introduction
A. Why?

Fields are intangible constructs of our imaginations that serve as a model for fbOnegs
provide an accurate representation of how forces vary with distance and of the timerdelay f
action by remote forces. The gravitational field is the most familiar. Therneker/es as the
prototype for electrostatic fields and magnetic fields.

B. What to Look For
Flux (or fluo) is the Latin word indicating “flow”. What connection, if any, is there between
a (static) field and a flow?
How are “potential” and “potential energy” related? Does a field “own” any energy? Can
the energy attributed to the field be separated from energy belonging to objects in the field?

C. Pre-Test for Prior Comprehension
a. What is meant by a “vector field"?
b. What is a “line of force™?
c. How do fields add, at a point?

D. Inquiry Questions
Is the coincidence of the geometric model (expanding spherical surface) and Newtaf's la
gravitation (inverse square law) an accident, a convenient assumption, or a hecessity?
Is it possible to specify where in a field the (potential) energy is stored? Shoulb¢hare
principle, a one-to-one correspondence between energy and location?
HHHHH

Gravity is by far the most familiar type @rce field We find that several properties of

the gravitational field, including the gravitational field strenggh gravitational potential energy
(V orU), and gravitational potential), provide an easy introduction to similar properties of
electric and magnetic fields to be considered in subsequent chapters.

13.1 Force: Newton’s Law of Gravitation

Newton’s law of gravitation accurately describes (for objects that are not teove)dbe
attraction between any two bodies that are spherically symmetric. They behaJéths iinass
were concentrated at the center point. The force exerted by am@ass second mass,
(external tam), is then

m m
f:Gmlz2 or flo :-G—mlszr

12
r r
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Short Answers to Pre-Test Questions

a. Many fields represent the value of a property (such as a velocity or a force) that has
directional, and hence vector, properties. Such fields are called vector fields.

b. Faraday showed that the direction of the force at any point could be represented by the
direction of a line at that point, and the magnitude could be represented by the length of line.
These lines fit together (in three-dimensional space) to represent theodigaadi magnitude of
the field, and thus the direction and magnitude of the force (exerted by the field) at each point.
Accordingly, the continuous lines are called “lines of force”.

c. If the field is ascalar field(e.g, a field representing a potential), the values add
algebraically (simple numerical addition, including signs). If the fieldvischor field the values
add as vectors, including the effect of their respective directions.

*kkkk
whereG = 6.67 x 10* N-m /k§ is the universal gravitational constaistthe separation
between the centers of the two massesy ans the vector fronm, to m, The minus sign shows
that the force is always attractive. (Note that authors sometimes rehweetise 2 notation.)

The forcef, is the force exerted an,. Keep in mind, however, that thisnet necessarily
the direction in whichm, will move. It gives the direction of theeccelerationof m, (assuming no
other forces acting om,), which is usually not the same direction asvélecityof m,. For
example, the Moon travels around the Earth, although the force, and therefore the amteaterati
toward the Earth.

If the objects are not round, Newton’s law may be applied, but with more difficulty. It
becomes necessary to treat the attraction between point masses, then sum (bgmtegeaall
points.

13.2 Gravitational Field Strength and Flux
For many purposes, such as interactions near the surface of the Baaghbe treated as
constant (or nearly constant). It is then convenient to rewrite Newton’s law of goswvéa

GM
2

m=gm

For the EarthGM = 6.6726 x 10" x 5.983 x #0 Nim /kg = 3.9922 ¥10 N-m /kg. The radius
of the Earth at the equator is 6.378 X 10 m. Dividing by the square of this lengtly gi©e814
N/kg near the surface of the Earth. The effective, or apparent measured, pisislafhtly less
because of small correction terms (centrifugal force, change of radius, loeediits in density
of the crust, and altitude). The “standard” valme,9.81 N/kg, is adequate for most purposes in
calculating the weight of an object of mass

Weight is the attraction between a body and the Earth. Some bodies are more atteactive t
others.

If the gravitational force is the only force acting, gravitational free-fall accelerationf
the body isa,, Combining Newton’s law of gravitation (in shortened form) and Newton’s second
law,
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w=mg=f=mg
9.81 N/kg =g=4a,=9.81 m/$

The gravitational field is aector field To explore the field strength at any point, we may
insert a mass that we caltest masst that point and measure the force (magnitude and
direction) exerted on the test mass in the absence of any other forces. The ratiotoftésice
mass gives the field strength=f/m. The direction ofj at any point in space gives the direction
in which the forcef, will act onm, placed at that point (not the direction of ttedocity of m).

A well-known example of a vector field is a flowing liquid. At each point of the liquid (and
hence each point of space, within the liquid), there is a velocitfhat array of velocity vectors
describes how the liquid flows. The flow (or the array of velocity vectors) is callexl @atin
term denoting flow). For example, the flux through an area perpendicular to the flow would give
the current, equal to the number of particles, the mass, or the volume of liquid passing through
that area per second.

Consider a surface of ar@aenclosing a volumg. It is convenient to defin@A as a vector
differential element of area, of magnitudl® perpendicular to the elemeai, pointing away
from the volume enclosed by the area (Figure 13.1). Then flux measured as the volume flow out
of the selected volume through the surface element is equal to the integral of velocibheover
area.

flux = -dA.

Quite clearly f there is no sourcef fluid within the selected volumand no “sink” where fluid
is removed, the net flow through the area enclosing the volume must be zero.

netflux= -dA=0

This is an important property of any vector field.

Figure 13.1. If there is no source, or sink,
within the enclosed volume, thet flux
(flux out - fluxin) is zero.

By analogy with fluid flow, we may say that a gravitational field has a flux, described by the
set of vectorsg, at each point in spaceg, within the gravitational field). There is, however, a
very important difference. Nothing moves in the gravitational field (unless some other bddy, suc
as a test body, is turned loose in the field). flineis not really a flow of anything, even though
it is characterized by a distribution of vectbke the velocity vectors in a fluid flow.
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Michael Faraday (1791-1867) described the “flux” of a vector field by “lines of force”, that
connected interacting bodies. The model consists of a set of rules. As applied to @naVitati
fields:

1. The density of the lines, in (three-dimensional) space, is proportional to the latal fiel
strengthg.

2. Each line shows the direction in which a mass would be pulled at that point.

3. Each line is continuous, starting at one mass and running to another mass (although
sometimes one or the other mass may be approximated as being at infinity).

4. Lines of force cannot intersect or touch.

5. Lines of force seem to repel each other.

6. Lines of force seem to want to contract along their length.

These rules contain the information we have previously discussed. The first rule isemsiexpr

for the inverse-square dependence of gravitational field strength on distance from aypomt s

The second interprets the meaning of the lines, as the direction of the force on a malssd The t
expresses the continuity of space, telling us that a mass is pulled toward anotherenasse Bt

any given point in space, a mass may be acted on by a force in one direction, only, the lines must
be distinct, as indicated by rule four. The fifth and sixth rules express the expansion oftire line
space and the attractions between masses.

We often represent a field by a drawing of lines of force, as in Figure 13.2. Note, however,
that a representation of field lines in even the simplest example, about a single gsindhoald
satisfy two conditionsa) lines should be continuous (and radial), Bnthe density of lines
should decrease ag'4/ But the first condition demands that the density in a two-dimensional
drawing must decrease as, 1h conflict with the second condition, so a two-dimensional
representation of field lines is inherently incorrect. It cannot representtfiefdyths properly.
Nevertheless, such drawings are often quite helpful in shatuiagtionsof the field at different
locations, and are thus useful, provided their limitations are recognized.

Figure 13.2. Schematic representation of the lines
of force for two spherical masses.

(The representation in only two dimensions
cannot be correct.)

! Faraday is one of the truly self-educated individuals in science. He was taugét a littl
reading, writing, and arithmetic before he was apprenticed to a bookbinder and bookseller in
London. He feasted on the books he handled, includingribgclopaedia Britannicavhere he
was entranced by the article on “electricity”. His real introduction to scienceMeoywas when
Sir Humphry Davy was temporarily blinded in his laboratory, required an amanuensis, and was
directed to Faraday, who became his assistant. Because Faraday had learned almost no
mathematics, he always sought to express his findings in non-mathematical language. See p. 259.
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It was Faraday’s description of a flux, and thus a definition of what is mearfiddgl, dhat
first provided a rational explanation of Newton’s law of gravitation and how remote otgedts
interact with each other without postulating “action at a distance.” Because ¢hatgnaal field
is fully characterized by the gravitational strength vectors, or the flux, we may speak
interchangeably of the gravitational fiely}, and the gravitational flux, ( phi= Greek .

= g-dA

where the integral is over any surface, whether or not it is closed. For ayrhsdlux through
a surrounding, or enclosing, surface is
. Gm
Jj = ——4prl = 4pGm
r

(o]

13.3 Work and Potential Energy
The work done in lifting a masa through a height (differencé)in a field of strengtlg is

W=mgh

As we lift the mass, we do this amount of work on the naassthe mass does this amount of
work on the gravitational field (although see below). Therefore, the energy of the mass is
unchanged. When we put something on a shelf, the potential energy (of the field) depends on

5

Figure 13.3. Masses stored at
various heights in a 4
gravitational field have varying :
potential energies = m g h.

w

[g 10 N/kg
2 |l [[m=100kg][h=2 m=10kg| | | {m=1kg; |
| |[v=2000J ; V=200 | |V=201
1 T 5
| [m=50kg; |[h=0.5 ] m=1kg; | |
V=250J | |11 V=5.0J| ]
0.005 6 13 20 27 —3& 40,001

what we put on the shelf and which shelf we put it on (Figure 13.3). The energy stored in the
field (as potential energ¥) is

2 Strictly speaking, in all of classical mechanics we measurecbalygef energy, so
when we speak of potential energy or kinetic energy we always nwHaranceof such energy
relative to the initial value or some other reference value. In practice, we ofteth@mand
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(P.E)= U=U=mgh

(To reduce later confusion of duplicate symbols, we represent gravitational poteetgl, ¥, by
u.

If the mass is now released (or pushed off the shelf) the energy stored in the field is
transferred to the mass as kinetic energy. The field does Workngh on the mass, which
acquires kinetic energy ¥ %

If the heighth, is not negligibly small compared to the radius of the Earth, it is necessary to
take into consideration the changeayjrand hence change in force, with height. The work done
on the field (when the externally applied fortas outward) is then

DU =W = f>dr=+rZGMmdr=—GMm =GMm_GMm
nor r N £ >
which can be rewritten as
. GM m
W work done on field =(P.E) = U= (- n)

nr

If r, is approximately equal tg, so thatr,r, =r? andr,-r, = h, this reduces to
W=mg h

Newton’s law of gravitation is valid for very small values pés well as large To avoid
the singularity (infiniteJ) atr = 0, we choose the reference level for gravitational potential energy
as the energy when the bodies are infinitely far removed; thatis, at TakingU(r,= ) =0,
we get
GM m

r
With this reference level) is (apparently) negative for all as was shown in Figure 10.1.

DU =U =-

treat such valuess ifthey were absolute.

One advantage of introducing theld concept is that it provides something to which we
can assign the gravitational energy. Necessary limitations, or modificationspargeced in the
following section.

With a broader understanding of mass and energy, we recognize that absolute energy is
meaningful and must be positive (or at least zero). @pparentnegative values of energy
simply reflect an arbitrary choice of reference level that was too low.

® The result looks deceptively like r = (G Mm/?) r, but more careful examination
shows this simplification is invalid and will usually lead to incorrect values, &pantsign error.
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We should call thishe potential energy of the fieldssociated with the mass rRor each
mass/m, introduced near the Earth, for example, there is a corresponding value dh
practice, we simply call it the potential energy of the field or, more dangerously, thegdotent
energy of the mass). Especially when we calculate work done, we must be very careful to
separate the field and the mass, As the mass moves in the field, the field does workngar m
does work on the field), typically changing the kinetic energy of removing energy being
supplied tam by a force external tom and the field. Description of such energy transfers as work
is only meaningful iim and the field are separate systems, or system and surroundings.

13.4 Potential
Although Newton'’s law of gravitation is fully symmetric with respeattaandm,, we
usually choose to think of the field as generated by the “central” Ma&sg, the mass of the
Earth, for objects near the Earth), rather than the “smaller” lmdwp, the field. This is implicit
in the expression
f =mg

or in the expression for potential energly,

-G M
r

U=m((gh) or U=m

The quantity in parentheses is independent of the mastis the same for any mass that may be
inserted into the field. Itis called tpetentialof the field. We may think of a set of shelves in a
gravitational field. Each shelf has a certain potential, whether or not we have pu& @ntias
shelf (Figure 13.4).

-GM
r

Potential = YU =gh or =
m

More generally, the potential (difference) is the integral of the field stregygtler a distance.

= g-dr or = (-GM/r)dr 5

4 [1[U=40Jkg|| |[h=4m |
Figure 13.4. The potential |J:H3L‘J‘/‘k‘ ne |
depends on the location (height) 3 | T H‘m"‘ '
in the field, but is the same , L lu_uwu
for every masfg 10 N/kg 2 U=20 kgl | Lh=

1
The potential, , describes the field. | {U=5 Jikg| TT Tﬂﬂ

Gravitational potential has units of N-m/kg = 0 e+

. 0.005 6 13 20 27 34 40,001
J/kg. Potential energyd (=V=m),
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describes the field plus an intruding mass. Gravitational potential energy has units=oIN-m

Caution. For the range of massesd, masses not much greater than the
Earth) that accurately follow Newton’s law of gravitation, the potential energy is
U =m . The potential,, depend®nly on the field (not om), just asm depends
only on the (smaller) mass placed in the field, not on the field. However, because
the potential energyy, is theproduct m , it is clear that the potential energy
belongs equally taenand . It cannot be assigned to eitmeor , alone.
Nevertheless, because we are most often concerned with the forces exerted by the
field onm, orvice versait is more helpful to associatewith the field than with
the massm, in that field?

From the definition of potential as an integral over distance, we find that the fexidtiyg,
Is (minus) theate of change of with distanceor thenegative gradiendf . In a uniform field,
is proportional to height, spis the steepness of the (energy) hill, with a direction “down” the
hill along the steepest path (Figure 13.5.

Note here thag) (considered as a local value of the field, that may change angla vector and
Is a vector, but is a scalar. Also, it is customary to write the derivative in the seconditetm (
as apartial derivativg to emphasize that we are consideiandy the variation irr, not any
possible changes in other variables. (A derivative of a scalaith respect to a vectar, lies
outside our definitions, but we may consider the equation as expressing the equivalent
relationshipg-dr=-d .)

, Figure 13.5. The gradient is the slope of the
2-=~* = gteepest path down the slope.

s/ope oF
rﬁe,’pr-;‘
e “A

Fpare

3.5

13.5 Superposition of Fields
If we have two (or more) bodies contributing gravitational fields at a point of intdrest, t
gravitational field g, would be a vector sum of the two (or more) contributions.

“ It is helpful to think of fields as real entities, but at the same time, musttretahey
depend on other characteristics of our description. In particular, the energy expression is
symmetric betweeM, andm,, but that doesot mean the fields are equivalent. In the usual
model, a smalin, reacts to a large field produced My, but we can also have a lafge reacting
to a small field produced by,. The product i&M,m, either way.
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g= g
Also, if there are two, or more, masses contributing to the gravitational field in vamehather
mass resides, the potentials produced by the contributing masses must be added together.

However, an important property of the potential is that, because it is a scalar, [so#eatia
simply additive as scalars, or numbers. The potential is just the algebraic sum oélsotent

In principle, the gravitational field at any point is the vector sum of the gravitatietdd bf
all masses (in the universe; Figure 13.6). We neglect the field produced by the teshmass. T
field arising from all other masses in the universe acts on the test mass. ibeptaete is
usually one mass that dominates, so the influences of any other masses can be tréabed as m
corrections (for example, the effect of Jupiter and Saturn on motions in the vicinity @lrthe E
or Moon).

Figure 13.6. Fields arising from two equal masses, m and m

. ,\cl>/¥‘ N a. The total field is the sum of the radial fields arising from each
e .;L,: , mass. b. When the fields are added, we get a field that appears
. gy more complex. c. Viewed from a greater distance, the field of m
= and my is indistinguishable from the field of a single mass m=m +
o N m,.
/N

Figure 13.7. Mass, within the cone, to the left of the “center” body,”
exerts a force on the “center” body of equal magnitude to the mags, =~ _—\
within the cone, to the right, when effects of distances are included. { <"
Thus there is zero net force exerted by the outer spherical mass on the
“center” body.

We know that any spherical body produces a gravitational field as if all -
its mass were at the center point. Also of importance is the effect of a spéleeitaf mass on a
test mass located inside the shell (Figure 13.7). Without going through the integration, you can
see that the mass particles in the cone to the left are substantially clbsetest mass than
those in the cone to the right. On the other hand, there are many more mass points in the cone to
the right than in the cone to the left. The two effects exactly balanceinéi®ases, the force
drops as ¥F, but the area contributing, included in the cone, increasésHserefore the sum of
the forces on the test mass is exactly zero, not only for the particular cones depictec@ut f
and all other cones, and hence for the entire shell. The conclusion is:

A spherically symmetric shell of mass M exerts a force on a test mass outside the
shell as if all the mass, M, were at the center of the spherical shell, but the shell
exerts no force on a test mass inside the shell.
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If you go down in a well, you get closer to the center of the Earth, so you might gxpect
increase ( 1/?. On the other hand, the portion of the Earth “above” you no longer contributes
to theg you experience, and this shell has a volume, and therefore a mass, proportioidd to
and therefore proportional td. The second effect is larger than the first(r?), so the weight
of an objectlecreasess it goes down a shaft into the Earth, with a linear decrease, proportional
to 1k (to the approximation of constant density of the Earth). As should be expected, the weight
becomes zero at the center of the Earth, where there is no reason for it to be pulled in any
direction?

13.6 Gauss’s Law

We have seen that a gravitational field closely resembles the velocity vectarisatacterize
a flowing liquid, or flux. With this analogy, we can imagine that any mass “exudes” lines qf force
or a flux, resembling a steady flow of liquid outward from the central mass (even thougls there i
no actual motion, or flow). It follows that the number of such lines of force through any surface
that surrounds the mass depends solely on the magnitude of the mass, not on the shape of the
mass, the shape of the surface, the location of the mass within the surface, orribe didtze
surface from the mass (Figure 13.8). In this analogy, the flux from the enclosed mass must “ge
out” sooner or later. It follows that the total flux through the enclosing surface metsutetal
mass enclosed by that surface. This is embodied in a mathematical theorenecttilbizrl
Friederich Gauss (1777-1855) and known as Gauss'’s law.

the enclosed mass, passing through the enclosing '
surface, is independent of where, within the surface, .é

the mass is located. 4

13.7 Energy of a Gravitational Field

We have found the potential energy when one mass is brought into the vicinity of another,
and found that such energies are additive. For a $&spherical masses, whose centers are
separated by distancgg the total potential energy of the collection is

Figure 13.8. The number of lines of force, from V

® For a uniform sphere, the valuegpivould fall as 17. For the Earth, the gravitational
body of particular importance to us, the density is substantially greater in the core tlean in t
shell, so in practicg increasesn value as you go down in a mine to the deepest distances
accessible, before decreasing to zero at the center.
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where the factor of one half is required because each pair of masses appedr$ antdjg).

We have not considered the question of whether the gravitational field, itself, about a single
mass, has energy, but it seems reasonable to expect that it should have potential energy even in
the absence of other masses. A straightforward calculation for the expansion of@kgheltiof
mass ta = , or a treatment of a mass as a sum of interacting particles, shows that every mass
has a gravitational energy equal to

DU:-W:-i g°dv
80G
or
1 1
u== == r dVv
2. M 2

That is, every mass has its own gravitational energy, quite apart from interactioits wi
neighbors. We calculate this gravitational potential energy relative to all tisepmiass
separated to= , and thereforé&) <0 (and < 0).

In classical physics, there is no unique reference point for energy, so a negative potential
energy simply means that we have selected a reference point higher in energy thaa wesagtt
examining. When we make our analysis relativistically correct (to the approximaspe®él
relativity), a negative energy would be nonsense, except that the energy calculated itatt the t
energy. The total energyis= m¢&> 0. The mass of our final sphere, or spherical shell (of
unspecified internal radius), is less than the mass of the same mateilaltdtatr = , but is
not zero (or negative), and therefore the total energy, calculated relatiwstesler becomes
zero or negative. (We must include the energy, and therefore the mass, of the field to ensure a
positive answer.)

Chapter Summary
Newton’s law of gravitation describes the force between two point masses or aghaalies.
Because the gravitational field may be described by vectors, it is labeled as a flow)or
Faraday’s description of properties of vector fields characterizes granahbtields. Work may
be done on, or by, a gravitational field, which therefore is said to have a potential and to store
potential energy. Fields do not interfere so they may be superimposed. Gauss’s lawsdiscribe
behavior of a flux from a gravitational source. Energy is possessed by a single masaadwvell
a collection of interacting bodies.
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Chapter 14. Electrostatic Fields

Chapter Introduction
A. Why?

Of the forces we consciously encounter day to day, electrostatic fields are by far the
strongest, even though we typically deal with aduéerenceof fields arising from positive and
negative charges. Electrostatic fields dominate from the atomic level throctlomle
apparatus to the large electrical motors and equipment on which we rely to control our
environment. Gravitational fields are more obvious, keeping us anchored to the surface of the
Earth and keeping Moon and Earth in proper orbits, but the effect of electrical charges holds us
and other pieces of matter together, even against gravitational pulls.

B. What to Look For

Electrical charges are attracted to charges of opposite sign and thus tend to maVve towar
each other and compensate. Under proper conditions, however, electrical chargesare stabl
enough in location to give substantial electrostatic fields, at the microscopiatevel much
larger systems. Those fields then interact with mobile charges. Interactidvesgé<at a
distance are often best described by means of Gauss’s law, which treats eachschdsgeirce”
or “sink” for lines of force.

C. Pre-Test for Prior Comprehension

a. How does Coulomb’s law differ from Newton’s law of gravitation?

b. What unit of electrostatic potential is very commonly encountered in home and office?

c. What physical quantity appears to describe how much an object holds, when typically it
won't “hold” any?

d. Which law is almost equivalent to an earlier law, but appears to describe a flow of
something that doesn’t move?

D. Inquiry Question(s)

The rules for behavior of electric charge, including moving charges, can be neatly collapsed
into four equations that describe rates of changes (differentials) or, altdsndheesums of
those changes (integrals). Explore why these four equations (attributed to Maxwetilesie
incorporate nearly the entire subject of electricity plus the offshoot field of msmgnet

Comparisons are often made of the relative strengths of fercggravitationals.
electrostatio’s. magnetiovs. nuclear (“strong” or “weak” and others). Clearly it is not sufficient
to compare the magnitudes of constants of proportionality, because the constants have very
different units. It may be misleading to compare the magnitudes of forces experiehitd (w
would seem to indicate that gravitational forces are strongest). What would you suglgest as
“fairest” way to compare the relative strengths of different types of forces?

HHH
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Short Answers to Pre-Test Questions

a. Apart from dealing with electric charge, as against mass, and therefore wigh a ver
different numerical constank (nstead ofG), the major difference is that electric charge comes
with two signs and may be repulsive as well as attractive. Also, wherdasddsdepend on
mass or charge, thesponsdi.e. acceleration) in each case depends on mass (never on charge).

b. The unit of electric potential is thelt, most often met at the levels of 1.5 V to 9 V and
about 120 V.

c. Electricalcapacitanceypically describes the ability of an electric conductor to hold
electric charge on its surface, with no (net) charge “inside”.

d. Gauss’s law is nearly equivalent to Coulomb’s law, but is typically applied for quite
different purposes and is much better adapted to problems involving moving charges, although it
describe®lectric fluxthat doesn’t actually flow at all.

*kk*k

Smilarities of forces and fields for charged patrticles to the gravitatione¢$aand fields

already considered should be readily apparent. We define an electric field stee(agtinparable
to gravitational field strengtly); an electrostatic potential energy( =V) of the electric field
associated with the presence of a chaggand an electrostatic potential,

There are two types of chargeggativeandpositive specifically (of primary concern)
electrons and positively charged objects. It is also convenient to distinguish between two
(idealized) types of solid materials, jsulatorsor nonconductor®r dielectrics and 2)
conductors In a conducting fluid, the moving charges are typically both positive and negative,
with positive charges often moving more freely. In solids, only electrons (negative claagges)
free to move.

There are two major differences between the actions of gravitational fieldkeatrdstatic
fields. First, gravitational forces are attractive, only, whereas an elaticd®ld acts on a
positive charge in one direction and on a negative charge in the opposite direction. Secondly,
both the force causing acceleration and the resistance to acceleration in dgravitald
depend on mass. By contrast, in an electrostatic field, the force depends ong;lzargdhe
resistance to acceleration depends on mass.

14.1 Coulomb’s Law
Charles Augustin de Coulomb (1736-1806) found an inverse square dependence of force on
distance, expressed @sulomb’s law The force exerted by, onq,, at the distance,,=r, is

f=kblk or  f, =k,
where
2 2
k=—1 =107c? =898755x10° " = gox10° N
4p e, C C
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r is the distance between the centers of the spherical clipraedq,
and
r,, Is the vector frong, to g,.
(Some authors reverse the P notation.)

The unit of electric charge, is the coulomb, C. The constagt= 10°/4 c?is called the
permittivity constantor thepermittivity of vacuum;,= 8.854 x 1> € /N-rh = 1/&. These
constantsk and ,) are necessary to link electrical quantities with mechanical quantities.
Permittivity, 1Kk, is charge squared divided by force times area. (The uhits C/N-m may also be
expressed as farad/meter, F/m, as we will see below; sec. 14.5.) The 10 in therdefikiis
introduced by the choice of units for charge and force. The hitroduced here (called
rationalization) so that it will not appear in some other applications.

Coulomb’s law assumes the chargespmiat chargegnegligiblesize), or that the charges
are spherically symmetric. The force is repulsive if the charges have theiganwe & attractive
if the charges have opposite sign. The two types of charges were labeled as “resinous” and
“vitreous” , depending on whether they developed on silk or on glass. Franklin later arbitrarily
renamed these as “negative” and “positive” (retaining the same alphabetical order

14.2 Electric Field Strength and Flux
The force on a chargg, may be written

f=qE or f =qE

with E theelectric field strength The force is in the direction &, if q is positive; otherwise it is
in the opposite direction. We will often cglhtest chargeand require it to be very small, or
infinitesimal, to distinguish it from whatever charge, or charges, produce thé& fiekhe ratio of
force to test charge & = E, the field strength.

For a point charge, we can see from Coulomb’s law that the field produced by theggharge
at the displacemenmtfrom q,, is

E = kq—g or E =k q_g r
r r
with & a unit vector in the direction of When the field is produced by more than one point
chargeE is the vector sum of the fields of the contributing charges.
The equation gives the direction of the force on the charged particle, and hence the direction
of the acceleration. The actual acceleration depends, also, on the mass of tieeopantiath
the charge resides (and on any other forces acting). The velocity, and hence the path, depends on
the acceleration and on the initial velocity of the charged particle.

! The effect ¢.g, force) on the test charge is often calculated per coulomb. Nevertheless,
if we bring a substantial “test charge” near a set of pre-located charges,ighehaitges may
readjust their locations to accommodate the newcomer. There are no infinitgsangas, so
requiring that the test charge be infinitesimal is mostly a reminder that weexested in the
locations of the charges before we introduce the test charge to measure the field.
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Examples 14.1. The unit of charge is one coulomb, C. The charge on a single
electron ise = 1.6x10" C.

A. What force would you expect between two small spherical charges, each
of 1 C, a meter apart?

B. How many electrons must be collected together to give 1 C of charge?

C. If the radius of the “ball of charge” is 1 mm, estimate the force repelling
the “last electron” added to the charge, by assuming the other charges act as a
single charge at the center of the collection (with charge of 1€J.- 1

* * * *

Near a single chargg, is radial. However, we may produce a uniform field by placing
opposite charges on two parallel conducting plates with a separation small comparied to the
linear dimensions (Figure 14.1).

Any vector field such as an electrostatic field, may be compared to the vector field of a
flowing liquid, for which there is a velocity vector, at each point of the fluid. In analogy with
the flow, orflux, of a fluid, the array of electrostatic field vectors is also callbakaeven
though nothing moves in the electrostatic field (unless another, mobile, charge is introduced int
the field). Because the electrostatic field is fully described by the eleticdgeld vectors, we
may speak interchangeably of the electric fieldor of the electric flux, = E - dA, wheredA
Is a vector of magnitud@A, perpendicular to the element of ad®a(Figure 14.2).

£
[~
| Ao

Figure 14.1. The (vertical) field between two Figure 1&£2A is an increment of
uniformly charged (horizontal) parallel fluxE anddA are each perpendicular to
plates is uniform, perpendicular to the plates. the area dA.

Faraday developed the modellioks of forceto represent electric fields without invoking
mathematics. His model proved important in leading to acceptance of Newton’s gnaaitat
model, because it explained interactions between particles “at a distancefiodbwas also an
important aid to James Clerk Maxwell (1831-1879), who later developed a mathematiclal mode
that, in principle, replaced the lines of force. Faraday’s model remains helpful ihzinguthe
interactions between charges. The model consists of a set of rules:

1. The density of the lines, in (three-dimensional) space, is proportional to the fietdistre
E.
2. Each line shows the direction in which a positive charge would be pushed at that point.
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3. Each line is continuous, starting at a positive charge and running to a negative charge
(although sometimes one or the other charge may be assumed to be at infinity).

4. Lines of force cannot intersect or touch.

5. Lines of force seem to repel each other.

6. Lines of force seem to want to contract along their length.

These rules contain the information we have previously discussed. The first rule isemsiexrpr

of Coulomb’s law, which connects changes in field strength with variation in distancehom t
source of the field. The second interprets the meaning of the lines, as the directiouftios f

a (positive) charge. The third expresses the continuity of space; a positive chargedsapaghe

from a positive charge, toward a negative charge. Because at any given point in space, a charge
may be acted on by a force in one direction, only, the lines must be distinct, as indicated by rule
four. The fifth and sixth rules express the repulsion of like charges and the attraction deopposi
charges.

We often represent a field by a drawing of lines of force. Note, however, that a
representation of field lines in even the simplest example, about a point charge, shefyltsati
conditions:a) lines should be continuous (and radial), Bpthe density of lines should decrease
as 1% But the first condition demands that the density, in a two-dimensional drawing, must
decrease asl/in conflict with the second condition, so a two-dimensional representation of field
lines is inherently incorrect. Nevertheless, such drawings are often quite helfpiowing
directions of the field at different locations, and are thus useful, provided theationg are
recognized.

14.3 Work and Potential Energy
A uniform electric field is represented in Figure 14.3. If a positive charge moves ielthe f
through a displacemed;f the field transfers energy to (or from) the charge equal to
Whielgrq = +d E-d

Thus ifq is positive andl is in the same direction &S positive work is done by the field on the
charge. Alternatively, if the charge transfers energy to (or from) the field the worloddhe
field is

Wostielg = -9 E-d

Again, if q is positive andl is in the same direction &S then negative work is done by the
charge on the field, or positive work by the field on the charge.

-— @
&£

Figure 14.3. The electric field, pushes the positive charge in the direction of the field.
It follows that if the charge is toot be accelerated, then an external force must do work (+
or -) ong, equal but opposite to the work terms given above.
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Answers 14.1. A.f = gE =k Ch(jz =9x10° 1C2 =9x10° N or

r Im

roughly 1 million metric ton.
B.e=16x10° C,so1C=1/1.6x10 = 6.25%X%0 electrons
C. At0.5 mm, 1 C would produce a field &= 9x10 x 1 € /(5x 103 =
3.6 x 16° N/C. Don't try to assemble 1 C of charge in a 1 mm diameter sphere!
The force on the last electron would be 3.6 ¥10 x1.6%X10 =5.76x10 N.
The electron has a mass of 9.11 10 kg, so the electron would be sent off with
an initial acceleration of 6.3 x 70 /s .

* * * *

Wextig=-d E-d or W,

g/ext =tq E-d

The electric field can have potential energy, which increases as work is done ordtlo fiel
decreases as work is done by the field.

U =Wystieg = -9 E-dr

If the field is spherical, arising from a point charge, aisthe force ofj on the field, this
equation becomes

2

— — —_ ” qoq _ dod ' _ qoq qoq
DU =W, feg = fdr= -k—=-dr =+ k2% =kt -k
r I r2 rj_

n f

which can be rewritten as

W =work doneby chargeonfield =D (P.E) =DU =k 9.9 (r1 - rz)
r1r2

showing more explicitly that, j andg, have the same sign, the potential energy of the field
increases wheq is moved closer to the central charggj.e., whenr,<r.,.

To avoid the singularity (infinit&)) atr = 0, we choose the reference level for electrostatic
potential energy as the energy when the charges are infinitely far removed; thatis, at
TakingU(r,= ) =0, we get

Then ifg andq, have the same sigb, is everywhere positive, becoming infiniterat 0. Ifg and

g, have opposite signs, théhis everywhere negative, becoming (negatively) infinite=a0, as
shown in Figure 14.4. As for gravitational potential energy, it is important to remembdrethat t
equation folU arises from an integration between the limigss andr =r. Itisnotsimply f

r =k (g, o/r>) r, which looks similar but will usually give erroneous results. (Note, for example,
that r would be infinite, if taken between any finite value @indr = . Also, the
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Michael Faraday
Bob Poe

Michael Faraday learned how to read and to write
But his knowledge of math was pitifully slight
Apprenticed to a bookbinder he seized on the chance
To learn from the books that passed under his glance.

He learned from thBritannicaabout electricity
And later developed experimental felicity.

When given free tickets to Davy'’s lectures at night
He bound his own notes, to Sir Humphry’s delight.

When Davy was hurt in a small lab explosion

He needed a note taker and Michael was chosen.
He soon was assistant, and briefly valet --

Though Davy’s wife nearly chased him away.

In the lab, Michael proved to be a quick learner:
Diffusion, electrolysis, and design of a burner;

He studied chlorine, and “permanent gases”,
Benzene, and steel, and optical glasses.

His studies of electricity were singularly zealous.
It seems that Sir Humphry became a bit jealous.
He developed the first electrical motor;
When Davy died, Michael took over.

Without mathematics, Michael's models were critical;
They served to explain, in a style analytical,

What happened in space, and in wires, and ‘tween them,
For Newton’s gravity, and fdt and forM.

Faraday stated the law of induction --
Remarkable lab and theory production.
Electrolysis, transformers, the first generator
But he always remembered to thank his Creator.
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14.4 Potential

Electrostatic field strength depends on the “central” chargegr on the charges on parallel
plates that establish a uniform field, not on the test chgrg€he force exerted, by the field on
g, is the product

f=qE
and similarly, the potential energy (difference) may be written

U=g k% or U= (Exd)q

for a point charge or for a uniform field, respectively. The quantity in parentheses is inaepende
of . Itis the same for any test charge that may be inserted into the field. It isloalled t
potentialof the field.

= =k or = Exd
r

Potential = E
q

for spherical or uniform fields, respectively.
Electricpotentialhas the unit of N-m/C = J/C, which is calledddt, V. Electric potential is
therefore often calledoltage? The potential,, describes the field. Like shelves (in a
gravitational field), the potential of the field is determined by location in the fid¢ddther or not
an intruding charge is present. The potential determines the potential energy when any,charge,

’Calling a quantity by its unie(g, “voltage”) is generally inadvisable, but is sometimes so
embedded in common language that it becomes unavoidable. More important, electric potential
is not always defined and a second name is helpful. See sec.15.5.
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is introduced into the field at that location; thatastential energy J (=V = q ), describes the
field plus an intruding charge, or test chamge, Potential energy has units of N-m = J.
Electric field strengthE:, is (minus) the rate of change of potentialyith distancer, orE is
thenegative gradienof . If we think of as measuring the height of a hile(, analogous to
gh), E is the steepness of the hill, with a direction “down” the hill along the steepest path.

Recall thatE is a vector and is a vector, but is a scalar. It is customary to write the derivative

in the second form.g., as gpartial derivativg to emphasize that we are considemdy the

variation inr, not any possible changes in other variables. It follows that the electric potential is
the integral of electric field strength, over distance.

d =-E-dr
and therefore
=- Exdr

(These equations may replace the derivative with respect to a vector as thmdefirtite
gradient.)

Caution. Electric potential,, depends only on the chargg, that produces
the field and on its geometric distribution. In contrast, potential energy depends
on the product off and , and thus equally omand on . Therefore, the potential
energy,U =q , does not belong solely tpor to , the field of g, However,
because we are so often interested in the force exerted by the field on the charge,
and on work done by the field on the charge, it is more convenient, and less likely
to cause error, if we assign the potential energy to the field, rather than the charge.
Keep in mind, however, that the physical location of the potential energy is not
readily determinable.

Recall that in classical physics a negative energy has no particular signisaeqs to
show that we chose a reference level higher than the value in question. When we inclube specia
relativity, the total energy of charge plus field is always positive, although we may &ppear
neglect some of the energy (equalrt@? with the mass including the mass of the field) .

14.5 Capacitance
If the charge that produces an electric field is spherically distributed (in or onra)spie
have seen that from Coulomb’s law, the potential is

R
r
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relative to =0 atr = . Therefore

Consider now just the field produced by a central chaygend therefore representiggnow
by g, we define the reciprocal/ , as thecapacitanceC.

C:ﬂ or g=¢q, =C

For a spherical charge distribution, letting the radius of the charge distribution kg/ |

A large capacitance would mean that we could store a large charge without building up a large
potential, or large voltage. The large capacitance, and thus a large charge (per @di8, is t
expected for a large structure (lafge A small capacitance (sm&) means only a small charge
can be stored for a given voltage. The unit of capacitance is the farad, F; 1 F = 1 coulomb/volt =
1C?/N-m.

When electric field lines converge to a point, or to a line, the density of field lines ®ecome
very large. (For a true point or line, the density of field lines would become infinite. @®gnera
by a point or line, we mean a small volume or small diameter.) From Faraday’s model, a high
density of field lines corresponds to a high value of the electric feland therefore to large
forces on, and large accelerations of, free charges. A cube or other non-spherical conithuctor, w
sharp edges or corners, will hold fewer excess (or missing) electrons becausefielels are
greater near regions of small radius of curvature. Small tqualduces small and therefore
large for a given locafj or charge density.

A discharge is likely to occur at a region of high electric field because therevases a few
ions distributed through the air (produced, for example, by cosmic rays or weak local
radioactivity). An ion entering a field of 1000 V will be accelerated to a Speed enffibat
when it collides with a surface or neutral air molecule, one or more electromeWillocked out.
These electrons, in turn, are accelerated and cause further ionization. The expoué&htial of
charged particles soon creates a conducting path through the air that allows charge tbiflow. T

® The speed reached by an ion depends on the acceleration (field strength times charge
divided by massjE/m), called the “mobility”, multiplied by the time between collisions. Because
collisions are usually frequent, the maximum energy acquired is genatatlysmaller than the
product of ion charge and total field potential difference.
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is called a static discharde.

14.6 Superposition and Gauss’s Law

The electrostatic field at any point is the vector sum of the electrostéd dieall charges
(in the universe). The field is a sum, or integral, over all the charges contributing ®dhe fi
taking into consideration the sign, the magnitude, and the location of each charge element. We
neglect any field produced by our (small) test charge that samples the field. Irepraetroay
also neglect far distant charge distributions. Even if they carry a net charge, theediath
reduce the effect of that net charge to negligible magnitude.

In a three-dimensional plot, the lines drawn to reprelSdrgve a density, in each region, that
Is proportional to the magnitude Bfin that region. The field strength, or flux, from a central
point charge falls off as ¥ inversely proportional to the area of the concentric shell about the
central charge.

A quantitative lines-of-force representation is not possible in two dimensions.

The electric field contributiong;, add as vectors. Various tricks have been developed to

facilitate this summation process. One of the important techniques is to add pletetntials,
i» Which is easier becauseés a scalar. The procedure gives up some information about

directions, but the summation mathematics is greatly simplified.

We call an electric field Hux becausé& is a vector field and therefore shares many
properties with a flow. If one imagines a liquid spraying from a nozzle inside somargrbitr
volume (the source of the flux, or field), then in the steady state the amount of liquid crossing the
boundaries of the volume is equal to the amount of liquid entering the volume at the nozzle (the
strength of the field sourcg), unless they enter a drain or “sink’e(, a charge of opposite sign).
It should then be clear that the location of the sources and/ongithiks the volume is irrelevant
to flux through the surface. Similarly, any lines from an external source that enter the volum
must also leave, giving no net contribution to the integréd over the surface (if there are no
internal sinks).

Gauss showed, by means of a general mathematical theorem, theitlithes of force
passing through the boundaries of any closed surface is zero, unless there is a charge enclosed
within the volume. Recall that the vector element of at@ais described as a vector pointing
outward, from the closed volume, perpendicular to the scalar element alAraad therefore,
quite generally, ify is the charge inside the volume,

—oExda= X

(o]

The flux, , which is the integral of the field strengkh, over the surfacey, of
the closed volume, is equal to the net chaggeside that volume, divided by the
permittivity, ..

4 “Static discharges”, such as lightning or the spark between you and a doorknob,
emphasize that “static” electricity is not necessarily stationary.
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The result is independent of the shape of the volume, and independent of the
location of the charge(s) within the volume.

Gauss’s law depends on the geometric properties of the electric flux as it sprdaois @ut
point charge. Thus Gauss’s law may be derived from Coulomb’s law. Alternatively, Coulomb’s
law may be derived from Gauss’s law. They are equivalent for most pufposes. Thewvitgrmitt
appears again because we are linking force per charge times area to elagei@otdanust
reconcile mechanical with electrical units.

Provided the charges within a conductor are at equilibrium (no one is applying a voltage
between different points of the conductor, to cause the charges to move), the el&ttritHie
the conductor must be zeto. Now we may, in our imaginatigedankerexperiment), draw a
surface that will enclose any voluméhin the conductor. Because our imaginary surface is
entirely within the conductor, the electric fielel, must be zero at all points on that surface, so
E - dAis everywhere zero on that surface. Therefore, by Gauss’s law, the net charge contained
within that closed surface must be identically zero. But we can draw our surfdoseat®¢he
real surface of the conductor as we wish, provided only that we stay within the conductor. Thus
we prove that at no point within a conductor can there be a net charge.

Any charge placed on a conductor must reside entirely on the
surface(s) of the conductor.

The effect was tested Iyaraday’s ice-pail experimentFaraday put an electrically charged
object inside a metallic ice pail, then measured the interaction between dhaigesnd outside
the pail. He demonstrated that a conducting shell effectively divides “inside” andi&Sut#i
charge inside a conducting shell is totally isolated from what is happening outside th&\&hell
get the seeming contradiction:

A charge g enclosed by a conducting shell exerts a force on a test charge
outside the shell as if all the charge, g, were at the center of the shell,
but a charge outside the shell exerts no force on a charge inside the shell.

*Coulomb’s law tells us that the electric field around a point charge is spherically
symmetric. Gauss’s law integrates over all directions and therefore losetsodial information.
We will find that if we are moving with respect to the point charge that is the soutcefedld,
the spherical symmetry of the field disappears. Although Gauss’s law remain®vatithfive
motions of charge and observer, we cannot casually apply Coulomb’s law under these conditions.

®We measure the electric field over a distance that is large compared to the atom
structure of the conductor. Thus we neglect fields within atoms or molecules (whienewe
chargesare moving), and restrict our consideration to distances from the surface that are larger
than atomic dimensions, where the conductor may be considered homogeneous. Saying that the
field inside the conductor is zero is equivalent to saying that the charges are not (onatpe)aver
moving in that region.
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Important: As implied by the rules for vector addition, the field lines from one charge pass
through any other object (charged or uncharged, conducting or nonconducting) undisturbed. This
seems, again, to contradict the result above, where the field disappears within a conductor
surrounding a charge. However, what Gauss’ law tells us is that the field is zereebeoahg
surface(s) of the conductor, there are other charges, which produce other field linestielches
linesall pass through the conductor, albdadd vectorially to give a zero resultant field inside the
conductor.

We may illustrate the addition of fields most simply with the example of two paralle
conducting plates, each of arkawith one plate carrying a chargdq > 0) and the other plate
carrying a chargeq. We assume thatis very large, in comparison to the distardehetween
the plates, so that we can neglect edge effects. By the symmetry of the problem, veetltain se
E can only run perpendicular to the plates, from the positive charges on one plate to the negative
charges on the opposite plate (as we will confirm below).

Thesurface charge densitg = g/A. Now construct a closed volume as shown in Figure
14.5. The particular form of this Gaussian surface is called, because of its ghilijfpexa

When we apply Gauss’s law to the pill box, we note first of allEhiatparallel to the
cylindrical sides of the box, and therefore the field lines do not cut these $tdéa:= 0 for the
cylindrical sides becaugeanddA are perpendicular. Also, the electric field vanishes within the
conductor, so E-dA = 0 for the flat end of the pill box that is inside the conductor bedaise
zero. The only remaining surface of the pill box is between the plates, perpendiéylantbhas
an ared equal to the area of the conductor inside the pill box. Thus, the total flux through the
surface of the pill box is that through this one remaining surface,

j= Exda=zga= 3=~

[0} (0]

and therefore, because the location of the end of the pill box was arlatrgwherebetween the
parallel plates,

The electric potential difference between the two plates is

=- Exdr =-—d -ad
AO

o

The potential is proportional to the distance. The capacit@we)/ , for parallel plates,
separated by a distandgis

c = Ao
d
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This is called the capacitance gbarallel plate capacitor Note that the capacitance increases
with area, but decreases withthe separation of the plates. That mearsdesreases, the
voltage, or potential difference across the plates, will decrease, or for a fixée amount of
charge that can be stored on the platésrger whend is small. To store charge effectivedyy,
must be kept very small.

Figure 14.5. The integral d&&-dA
over the surfaces of the pill box

gi c llg a L‘;_ vanishes for the cylindrical sides and
for the end surface inside the conductor.
= = SR Therefore the integral IE-A=q/ 0
: 7 ) T regardless of the location of the upper end.
E=o E WA " & =0

Alternatively, keeping the charges on the plates fixed, work must be done to separate the
oppositely charged plates, so the potential energy, and therefore the potential (or voltage),
increases with increasirtj for fixed A andg. High voltage corresponds to low capacitance
(surface charge density being constant).

Although potential, , within the bulk of any conductor at equilibrium must have a constant
value, becausé =0 =- / r, the surfaces may have quite different potentials. In a gravitational
analogy, the constant potential corresponds to horizontal plateaus; the slopes of the plateaus
correspond td& = 0. But the plateaus may be bounded by cliffs (largeeither falling away or
rising sharply (Figure 14.6).
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Figure 14.6. Gravitational analog of electric field € slope) and potential (= height). If E
=0, Iis constant, but is not necessarily zero. Constant potential (-r = E = 0) may occur
at any value of the potential.

Because the capacitance is proportion& for a spherical surface, we have seen that a
surface with a small radius of curvature must have a small capacitance. Caonemtducting
spheres, of radR; andR, (R, > R,), with a long wire (so that they do not significantly affect each
other, the way one plate affects distribution of charge on the other plate in a capatitogesC
move between the spheres until the potentja§ the same for each. At equilibrium, the spheres
carry charges, andg,, and surface charge densitie8y) are
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1=0,/4 R? and ,=0,/4 RZ
From the equations for potential, we deduce that because
e 4 %
1= k =-= k=% = 2
R, R,

it follows (for R, > R,) that

> Q,
Also,
q q, _
E, kalz< kR—zz— E, so E <E,
and
dQ _ 49, _
= = = _R SO <
lRi 4 Rl 4 RZ 2° %2 1 2

Thus we see that wherever a conductor has a small radius of cureagura @ corner), not only
is the electric field stronger, but the surface charge density must be greater.

If there is a sharp point, the electric field may easily be sufficiently largaugedons in the
nearby air to accelerate, hit other atoms hard enough to ionize the target atoms, and thus produce
a conducting path in the air that leads giawv discharge The effect is particularly easy to see
with a demonstration van de Graaff generator, where a pin point or wire attached to a sphere
before it is charged produces a local discharge that may produce light, propel a smalbobject
simply reduce the charge on the sphere and thus prevent “lightning” strikes between the sphere
and ground.

14.7 Triboelectricity

If it were not for quantum mechanical restrictions, all electrons in an atom od ansaérial
would tend to “puddle” in the lowest-energy state (in spite of their intense “antl*dwainavior
— they repel each other, so they acgall in the same place). Because of the quantum
restriction that no two electrons can occupy the same state at the same ticheh@ghnothing
whatever to do with the pseudoscientific arguments about two bodies not occupying the same
space at the same time), the electrons occupy different energy states, likeiteaamalk-up
apartment building; some in desirable ground-floor apartments, some in less-dssicabld-
floor apartments, and so forth. The highest occupied energy level in a substance (at low
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temperature —e., when the tenants are not overly agitated) is calle&¢nmi level” As
temperature increases, some electrons are bumped up slightly, but the efiésmalstt room
temperature.

Different materials (like different apartment buildings) have different nusnifestates
available for electrons, and different energies associated with those stakesfFsrmi level
differs from one material to another. When an extra electron is added, it generalgormista
higher energy state, but it also makes its new neighbors uncomfortable; it raisgsthight
natural energy levels of all other electrons in the “building” because of the elegusiors. If
two materials, such as iron and copper, are brought into contact, electrons flow from one to the
other (from iron to copper) until tHeghestenergies of electrons are the same in each material.

Similarly, if glass and silk are brought into contact, electrons flow from the gldss sdk
until thelocal energies are the same. However, unlike the iron and copper, excess electrons do
not easily move from one part of the glass, or silk, to another part. Therefore, to get an
appreciable charge transfer, it is necessary to make contact at many points.

Compare the process of drying yourself with a towel after a shower. You can get just as dry
by patting with the towel, but it is faster to rub with the towel. Similarly, chargeféramscurs
just as well by simply making contaet.§, of shoe soles and rug), but more charge is transferred
more quickly by rubbing the materials together. The rubbing has no effect except to increase the
area of contact.

When you have succeeded in transferring charge between dissimilar materials, such as
between your hair and a comb, you will find each has new properties. Your hair strands now each
carry the same type of charge, so they repel each other. The comb carries an oppositeatharge t
is easy to observe when it is brought close to other materials. For example, the conui wpl pi
unchargedpieces of paper (Figure 14.7). This effect relies on a process palétation

Figure 14.7. @800 a Uncharged pieces of paper do not attract
each other, but if a charged comb is
brought near, the paper is polarized and
attracted to the comb.

A charged body brought near a conductor moves electrons toward or away from the charged
body. When the charged body is brought near a dielectric material (nonconductor), the electrons
are not free to move very far. Nevertheless, two processes may occur. FirsmeMdirmove
slightly within their own atoms or molecules. This very rapid adjustment, with times on the order

" Enrico Fermi (1901-1954) is best known for his recognition of the neutron and his
efforts on beta decay and nuclear reactors. We need not worry about the electrons banished to
higher energy states, because without any change in those states the electrons lig@sdye exc
places with each other.
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of 10*° s, is called@tomic polarizationAlso, the molecules may be naturally asymmetric with
respect to charge. (Water is a good example.) If so, they will rotate to bring the oppositely
charged end closer to the external charge. This slower adjustment, with times on toé bdder
s, is callednolecular polarization In either case, the molecules within the solid now are
polarized with the end closest to the external charge opposite in sign to that external charge.
Because the like charges are now closer than the unlike charges, the external charge and t
polarized molecules attract each other. Hence the charged comb picks up uncharged, but
polarized, pieces of paper.

14.8 Electric Fields of Uniformly Moving Charges

Electric charge does not change when the charge is moving relative to the observer or,
equivalently, when the observer is moving relative to the charge. When we apply Gauss’s law,
however, we mix measurements of electric field, distance (and area), and charigeow\kat
distances vary with relative motion, so we should anticipate there might well be a ohange
electric fields.

Two important problems can be analyzed qualitatively very easily — a point charge, and a
line of charge along the direction of the relative motion. Both are important in latgsesaf
charges in motion.

Consider, first, a line of charge of linear densityg/L, in coulomb per meter. If the
observer moves at a speegelative to the charges, parallel to the line of chagge unchanged

butL goes to
L' = y1- /L < L

and goesto” =¢/L"> . The apparent linear charge density is increased by relative motion of
linear charge and observer.

The charge density, depends on . It does not depend on the sigmgadr on the direction
of motion (parallel td.).

We will encounter an application of this principle when we look at charges in motion in a
wire or in a beam. In the wire, conduction electrons move relative to the wire, opposite to the
(positive) current (Chapter 15). The positively charged kernels (atoms less condadimns)
are stationary with respect to the wire, but may equally well be considered as movingynifor
in a direction opposite to the motion of the electrons, or in the direction of the (positive)tcurr
In any case, the (average) velocity of the electrons is different from the velodigy mdgitive
charges, so the linear density of negative charges appears different than the linganfdens
positive charges to an observer. The neutral wire therefore acts as if it hasraalegextrical
charge per unit length of -, the difference in linear densities of positive and negative
charges, which depends on the difference between the velocities of positive and negafése char

.and , evaluated with the relativistic addition formula. This effect is too small exdiet
ordinary laboratory-frame electrostatic measurements, but becomes appanesittier@al charge
moving at a speed , as we will see in Chapter 16.

When we measure the electric field about a point charge and apply Gauss’s law,
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o , = E-dA

we might first ask whether the Gaussian surface over which we integrate shouldha thke
reference frame df or the reference frame of the observer, when these differ. The answer is that
it makes no difference. The value of the integral is the same, giving the same \@lu@éhafrge is
invariant to relative motion of charge and observer. But, because lengths, and therefore area
change with relative motion, we must conclude Ehadlso, like lengths, will depend on the

relative motion of the charge and the observer.

£y Figure 14.8. The Gaussian integral can be broken into three parts.
' _ For an observer in relative motion (along the x axis), the first
£, integral E,-dA,, is unchanged, but the second and third integrals

&Ly involve dA, and d4 which are smaller (because of Lorentz
contraction along the x axis). Thereforg E and E must be
larger, to keep the integral, and the value of g, unchanged.

The most important character of the changé ia suggested by considering a Gaussian shell
consisting of a very thin pill box oriented as shown in Figure 14.8. Over the face of the box,
lengths are measured perpendicular to the motialfAss unchanged and H, is unchanged, the
contribution of these faces t&- dA is unchanged. Integrating over the curved sides of the pill
box, however, introduces the length (parallel o

2
dx' = 1-—2dx°%
\ c

which decreasedA. In order that E- dA remain constant, with, thereforef, = E, must
increase, so that

E,/=gE, andE =gk,

The electric field of a point charge is no longer spherically symmetric about the,dharge
exhibits a higher value perpendicular to the direction of (relative) motion (of charge and
observerf A rough representation of the electric field is shown in Figure 14.9.

®Rigorous analysis confirms this result. The field at an anglith respect to is

kq 1- ?*/c?

= s re [1- ( 2/cz)sin2 ]3’2

When =0 (parallel to ),

r':rm
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Figure 14.9. Schematic
representation of change in
relative magnitudes of electric
field components for an Ex £,
observer in relative motion.

—
/ <=2 > £,

14.9 Energy of an Electrostatic Potential Field

Thus far we have considered forces, and energies, of interaction of a point charge in a fixed
field, or the special case of interactions between two or some other small numbet of poi
charges. We have thus ignored any energy terms associated with the initial formation of the
electric field about a single charge. A more complete analysis must, of course, theledergy
of the electrostatic field itself. We may approach the problem by means of a queqfes
example, a spherical shell of charge, assembled by moving charge in from infinity against the
mutual repulsions of the elements of charge. The energy of the spherical shell of cequg is
to the work done on assembling the shell from charges brought in from infinity,

, E2
8ok
The energy required to assemble a charge is the integral of the square of thefieldctic=

EE.
The derivation started with a special case of a spherical shell, but the resaieigeneral,

DU =W = dv:e—2° E2 gV

and
_ kg _
Ey — = Ey
r
When = /2 (perpendicular to), r’ =r and
E/\l = ﬂ 1 = EI\

Note that the electric field changes with time for an observer moving relativedbatge, so
strictly speaking we should no longer call it an electrostatic field.
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as is suggested by the simplicity of the answer. The generality is suggested also rniuevalt
derivation. Writing the result in terms of point charges.

N .
1 ﬁ:l qi k —
2 i=1 jti I‘” 2 j

-
I
I

=~

and, because

k q_] =
J
i
is the potential, at;, produced by all the chargescepty, this can be labeled and the potential
energy written as

1
U ==— .
5 q

or, for a continuous charge distribution, of charge density

U:Er dv
2

Because is the potential produced &}l of the chargexcept dV, and dVis an infinitesimal
charge element, may be interpreted as the potential producedlbgf the charge in a
completely general charge distribution.

14.10 Alternative Mathematical Notations

The terminology and notation already introduced would be sufficient for our introductory
considerations of electrical fields, but there are some additional terms and synabaire
increasingly important for more advanced problems involving fields. We therefore givé a brie
introduction to these names and symbols.

14.10.1Gradient If we are on a mountain top, or arbitrary contour, “downhill” is
interpreted as the direction of steepest descent, and the slope along the line dfddsepesis
called thegradient(which we introduced previously). The gravitational force arises from a
component o, but the slope is the rate of change of altitude, or of gravitatamehtial gh.
Similarly, a charge placed in an electrical field experiences a force (wdmcbnty be in one
direction) along the gradient of the field, by which we mean the gradient of the electnitgbote
. That is, the direction of the fiel#, is the direction of the gradient of the potential,In
formal notation,
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, v..v.. v
=-grad/j =- —i+—j+—Kk
Jracy ﬂxI ﬂyJ 1z

with i, j, andk the unit vectors along y, andz axes, respectively.

Note particularly that the gradient is taken for a scalar quaniifyo(it the gradient has a
direction; it is a vector quantityej. As for a gravitational field, in which a mass moves to a
position of lower potential, in an electric field a positive charge moves naturally taiarpo$
lower electric potential, so a minus sign is required to ré&dtegrad .

The gradient appears so frequently that it is helpful to represent it by a special symtiol, w
has been chosen ascalleddel. (It is just an upside down Gredklta)

=- =-grad
Remember that is a scalar and is a vector quantity.

14.10.2 Divergence Gauss’s law suggests the model of a source of field lines, streaming
from a point source. L&t be an arbitrary vector function giving a flux through a surface
enclosing a volume. The flux is the integral over the surface.

flux =/ = SF xdA

If we divide by the volume of the closed surface, we get a quantity that describes tisdieofis
flux lines” per unit volume at any point in space. Because the model suggests fluiergsg
from a point, this integral is called thdevergenceof F.

div F = Lim i F xdA
vieoV, S

TF, + TF, + fiF,
X Ty 1z

when the flux is broken down into cartesian components.

The divergence, of the vector functiBnis a scalar function that describes flux from a point.
Equivalently, multiplying through bglV and integrating over all points enclosed by a surface of
arbitrary size, we get

F xdA = div F dV
s v

In the language of the model we have chosen, the amount of flux “emitted” in any volume
elementdV, is equal to the flux passing through the surface of an area that surrounds that volume
element. You should recognize that there is nothing “new” in the equation except the notation
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and the terminology of “divergence” for the amount of “emission”. This can be considered as a
general statement of the mathematical content of Gauss’s law, from whidl pgsulously
considered are corollaries.
Applied to an electric fieldE, r
divE =4pkr = -

0o

That is, the total flux, per unit volume, “emitted” from any arbitrary volume, and hence the tota
flux passing through a surface surrounding the arbitrary volume, is equal to the volume charge
density, , divided by the permittivity, ..

Chapter Summary
Coulomb’s law gives the force between two (point) charges with coefficrent
10'c?=1/4 ,, with , called the permittivity constant. The force on a chayge,
isf =gE, whereE is the electric field strength. An electric field is described by a
flux, = E-dA, animaginary flow along lines of force. Faraday provided rules, or
instructions, for interpreting field lines. An electric field has a potentisthe
integral of field lines over distance. The product of charge and potential
(difference) is the difference of potential energy, or work done to move the charge
in the field. Capacitance is a measure of how much charge can be stored per volt
(of potential). Electric field lines do not interfere so they may be added together to
find the total field. Different materials hold different densities of edastat
equilibrium and will share electrons with other materials, an effect called
triboelectricity. Charges moving with respect to an observer show a contraction
and apparent change of linear charge density. A single charge has a potential and
therefore a potential energy. Helpful mathematical descriptions of fields include
the gradient, a vector, and the divergence, scalar components of a vector.
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Chapter 15. Charge Flow

Chapter Introduction
A. Why?

Most applications of electricity involve moving electric charges in circuésinf a
conducting path that makes a complete loop — or a circle, distorted or otherwise). Beeause t
charges themselves are invisible, it is easy to acquire false models of whmidaihg and
common terminology encourages such self-deception.

B. What to Look For

A model for electric flow that can be very helpful is the hydraulic analogy, except that many
students have a very poor grasp of fluid flow and therefore tend to misunderstand the analogy.
Typical push-pull models give a working model with little understanding. The river-flow model
helps tie current electricity to electrical fields while providing bettagitsnto Ohm’s law.

Kirchhoff's laws are fundamental for circuit analysis. Electrochemidkd appear to be
growing in utility as well as diversity. Returning to hydraulic models eases theitnarnsit
electronic circuitry, particularly inductors and capacitors.

C. Pre-Test for Prior Comprehension
a. What constitutes a “source” for electric current?
b. How is power supplied to a point within an electric circuit, or loop?
. What is the fundamental basis of Kirchhoff's branch theorem?
. What is the fundamental basis of Kirchhoff's loop theorem?
. What is meant by the “cathode” in an electrochemical cell?

D Q0

D. Inquiry Question(s)
How many electrical devices can be modeled with hydraulic elemektg? résistors,
capacitors, inductors, electrochemical cells, diodes, rectifiers, resorcantsei)
HHHH#

Flow of electric charges through solids, liquids, and gases can be quite complex and highly

dependent on the medium through which they move. As usual, we seek to simplify the treatment
with models, emphasizing the similarities of behavior and keeping the mathemaimmplesas
possible consistent with an adequate description. For this purpose, there are three models
typically relied on, which we will designate as the free-electron gas model, the Inydnadkl,
and the river model.

The free-electron gas model is valuable for describing the electronic stavédsnand
particularly in semiconductors. We will largely avoid this model, but you are likely to encounte
it if you study transistors and other solid-state devices.
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Short Answers to Pre-Test Questions

a. There are no sources or sinks for electric current or charge.

b. Power is supplied by the electric field surrounding the conductor.

c. Conservation of electric charge ensures that charge entering a junction equals charge
leaving the junction.

d. Any state function that is not transferred in or out (including electric potential wisen it
defined) does not change for a complete circuit (return to starting point). Energy is nodl covere
by Kirchhoff's laws because it is lost.{, by resistors and radiation) and/or gained{ by
electrochemical cells or by induction).

e. The cathode is the electrode where negative charge enters a device. Hence, although the
cathode of a device with externally supplied power is the negative terminal, the cathode of a
electrochemical cell is the positive terminal.

*kkkk

The hydraulic model is by far the most common. It treats electric circuits lile hv@ses,
with the current depending on a pressure differential, or similar “push-pull” mechamgsed
across the length of a conducting medium. This is the model most frequently presented in
elementary discussions and presentations for the public.

The river-flow model (which may be considered a modified hydraulic model) allows us to
consider individual charges when we wish, and to include the effects of imposed akddsiarid
accompanying magnetic fields that lie primarily outside the conducting medium. Iy eas
move back and forth between the river-flow model and the hydraulic model, which we will do as
we proceed through the chapter.

15.1 Microscopic Model of Conduction — The River-Flow Model

Recall that there can be no electric fields within a conductor at equilibrium. Elighta s
field causes charges to move. That is, charges in a conductor behave like water in a lake or a
slow-moving river, drifting in whatever direction there may be the slightest differarfmush, but
predominantly moving “down stream” because of the small component of the field (gravitationa
or electric) in that direction. The driving force acts along the entire stream, nat pgnts é.g
the ends). For electric charges, the driving force is an electricE¢id,volt/meter), which is a
gradient of an electric potential, measured in volts.

A potential difference, or voltage, between two poietg,(between + and - terminals of a
dry cell) establishes a field in surrounding space, but the field generally is not unifadiabr r
In the presence of a conductor, the electric field follows the contour of the conductor, which we
will find creates a potential difference inside the conductor and supplies power Ibstraplbile
charges as they thread their way between the “fixed” atomic kernels. In a conducting solid, one
or two electrons per atom, or about310 pefcm , are free to move about. These are called
valence electrondree electronspr conduction electrons the solid. A nucleus with all its
electrons except the valence electron(s) is called an akaemel

If we impose an electric field, across the conductor, electrons accelerate under the force
Eqg=-Eein a direction to get rid dt. The electrons pick up speed but quickly bump into an
atomic kernel and give up energy and momentum to the kernel. The result is a slow progression
of each electron along the wire opposite the direction of the imposed electric fteld,dnift
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speed, 4 that is typically less than a centimeter per second. This process occurs nearly
simultaneously along the length of the wire, as the effect, mighal travels outside the wire

and hence along the wire at a speed on the ordefof 10 m/s, a substantial fraction of the speed of
light. Electrons quickly flow to smooth out variations, leading to a steady gradient along the
uniform wire.

Note that the process is very much like the more familiar flow of molecules irda fitie
typical average speed of molecules in air is close to the speed of sound. A slight difierenc
pressure is sufficient to bias the flow of molecules. Although the molecules continoggo m
randomly (at nearly 300 m/s), thet flow(the wind speed) is more likely to be on the order of a
meter per second. We usually measure only this net flow rate within a fluid.

The density of movable charges(electron/ni ) timee (1.6x10" C/electron) gives the
charge density. Multiplication by the average drift spegdyives thecurrent density vectoy,

j=ne

with units of C/ni x m/s = A/fh = ampere/unit area. The curteig,therefore
I =jJA=ne A
in ampere = coulomb per second.

*kkkk

Example 15.1. A. The charge on an electepis 1.6 x 10° C. The density of
electrons depends on the material of the wire. For copper (molar mass = 63.54
g/mol and density = 8.885 g/ém ) there is one conduction electron per atom. What
is the charge carrier density, for copper?

B. The cross-sectional ares,depends on the wire. For 16 gauge wire the
diameter is about 1 mm, so the area is ab@6tx 10*Y nf =7.85x 10 .
What is the drift speed,v , when the current density is 5.8 x 10 ampere/m (which
would be produced by a potential difference of 10 mV/m)?

*kkkk

Within a conductor, the number of conduction electrons is typically very close to the number
of positively charged kernels, so the wire is neutral, or nearly so. When there are excess
electrons, as we have seen already from Gauss’ theorem, they will reside on tteeddutfa
conductor. Thus a reasonably accurate model is to assume the driving force within the conductor
arises from excess charges on the surface. If we consider the field producedaaice dist
mm from each electron, we predict

-19
E = k%: k%: 144ﬂ
r (10-3) m

We had assumed a driving force of 10 mV/m, so something on the order of 7 excess electrons
per meter (compared to the normal population of 8.#x10 electfon/m ) is sufficient to produce
this driving force.
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Answers 15.1. A. The density of charge carriers is

. 3
= densityg/cnt) N, (atom/mol¥ (1electronf@m)* 100cm
molamasgg/mol)

= 8885 ¢ 0017+ 10 = 8410 m*
63.54

B. The drift speedisyv fne=5.8x10/(8.42x 18 x1.6x1® )=4.3x10

m/s.

(This may be compared to the signal speed of abdut 10 m/s).

*kkkk
Interpretation Most electronic circuits are much shorter than 1 m, more like 10 cm.

Therefore the electron imbalance required to push normal currents through such siouitsel
order of 1 extra (or deficient) electron. We are concerned, typically, with fracti@caion
charge imbalance, in the presence df10°%10 electrons, a seemingly negligible differenc
density or spacing. We have made some specific assumptions that affect the numerical
conclusions. We should not expect, with the crude approximations, to distinguish between one or
two electron per centimeter and some fraction of an electron. But clearly we shoudetuit e
wires carrying charges to exhibit a detectable charge, either positive or negdéast By most
methods of measuring net charge.

Examples 15.2. A. If there is a bend in the wire, electrons are driven forward
toward the bend and accumulate there until they establish a field that deflects
oncoming electrons around the bend. Approximately how many excess electrons
would be required to turn the electrons from “straight ahead” 1o 90 to the right or
left? (Recall about 7 electron/m supplies a 10 mV/m electric field that dhees
charges forward.)

B. Roughly what electron gradient (increase in density per meter) is required
to speed up electrons past a point where the wire changes from 16 gauge to 18
gauge (decreasing the area from 1.3k10 to 8.23x0 m).

*kkkk

Quantum mechanical restrictions on the energies of electronic states tiiatdale average
speed of conduction electrons is quite high, so drift speeds represent a small inaréheent t
natural speeds of the electrons. The acceleration of an electron in thieiféloh = eE/m so if
the average time between collisions,ithe average increase in velocity component in the
direction ofE is

_eE
m

We make two simplifying approximations, justified by observed values for conductors at
room temperaturea) Assume, in each collision, an electron loses all memory of previous

7/27/07 PT-15278



accelerations, anld) Assume , is sufficiently small compared to the rms speed théite time
between collisions, is independent of the electric figld,

The electric flow, or the current, is equal to the charge per eleet(drgx10™® C/electron),
times the density of conduction electrongelectron/ni ), times the drift speed, (m/s), times
the cross-sectional are@(m?), of the wire. The current, measured in units of coulomb/second =
ampere (A), is therefore

l=en A

or thecurrent densityector isj = en 4 (which is the current per unit cross-section alfég,
times area.

As we will see in Chapter 16, the current in the wire also produces a magnetiB fibiat,
envelops the wire with circular lines of force. The vector product of fiElas3, divided by the
permeability of spacey,, is a vector, called theoynting vectar directed perpendicular to and
into the wire. The Poynting vector gives the time rate of energy transfer, or the ratehat w
energy is pumped into the wire from the external field, to replace energy ldstileyheatingf
the copper. (The Poynting vector is typically postponed to later courses, but the function of the
vector, in describing transfer of power from the surrounding field to the conductor, id twitica
understanding why charges move within the wire.)

15.2 Macroscopic Model of Conduction: Ohm’s Law
The electric field in a uniform conducting wire of length

E = —

which is in volt/meter. The drift speed, we saw above, is

e_E
m
so the current,, is
. et A
l=jA=Ale ,)=Ane—— =52
m

The product of constantse? /m, which is characteristic of a particular conducting material at a
particular temperature, is called thenductivity, , in ampere-m/rh . (The reciprocal of the
conductivity, called theesistivity, ,in ohm-m, measures resistance as a property of the material
as contrasted to the particular conductor.) Th&h which is the conductivity times the area

! John Henry Poynting (1852-1914), Professor of Physics at Manchester, investigated the
transfer of energy in electromagnetic fields, the pressure of light, and gravitéietshatrength,
among other topics.
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Answers 15.2. A. To produce a field of 0.01 V/m at right angles requires a

gradient of about (7/m)»X = 10/m near the bend in the wire. In other words, one

excess electron is probably sufficient.

B. To increase the drift speed by a factor of 1.291/0.8231 = 1.568, the excess
electron gradient must increase by the same factor, or must increase from about
7/m to about 11/m.
*kkkk

divided by the length of conductor, tells us how easily charges will flow through the conductor.
The reciprocal of A/ is called theesistanceR. Thus

R
or
= IR

which is known a®©hm’s law? For any particular temperatufeshould be constant for each
piece of wire, so Ohm’s law tells us that the current in the wire should be equal to tit@pote
drop across the wire, divided by the constait

For any metallic conductor, resistance increases with increasing temperature.

The unit for resistance is tlilam (The reciprocal of resistancecasnductance.The unit for
conductance — which we do not need here — is (dhm) , often written mho.)

15.2.1. Resistors in Series and in Paralldh Figure 15.4, the two resistors aia series
and each therefore necessarily carriestimaecurrent,| = /Rwhere

R=R+R,= R
i
Any number of resistances in series add together to give the total resistance.
In Figure 15.b, the potential drop across the resistor ahd the current is= /R In

Figure 15.&, the current irR, is independent of the currenti), so

=1+ 1,= — + — = —
"2 R1 R R

from which we see that

i1, 11
R R R i

2 Georg Simon Ohm (1789-1854) discovered the relationship called Ohm’s law in Cologne
in 1826.
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The resistors are said to ibeparallel, and any number of resistances in parallel add as
reciprocals.

R R,
~NAAAAAN~
&)
Figure 15.1. a. Resistorsin b. Potential c. Resistors in d. Resistors in
in series drop across parallel series and in
R=R +R R:1= /R parallel.

1/R= 1R

Figure 15.8 combines features of each of the others. Lée the potential drop across the
two resistorsR, andR,) in parallel, and leR, be the resistance of this combination. The current
in R, is equal to the sum of the currentRandR;: |, =1, +1,. The potential drop acro8s is
equal to that acrod®,, so

and
o=l +1; =1, = /R,
Because
lo =1, +l,=—%~+F=_F
R R R
we confirm that
1 1 1
_ = 4 —
R R R
and the total resistance is
R=R*+R;

15.2.2. Summary of EquationsThe ratio of potential (difference) to currerit, is called
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resistance Ohm'’s law assumes that resistance (for metallic conductors, at fixed &unekeis a
constant, for any one conductor.
For resistors in seriekjs the same in all resistors

and
R=R +R + = R
i
= + + =

Thus for resistors in series, add volts and add ohms.
For resistors in parallel,is the same across all resistors

and

SO

1 1
= — + — + =
R R

Thus for parallel resistors, add amperes and add mhos.

po

15.3 Kirchhoff's Laws

Gustav Kirchhoff (1824-1887) is remembered particularly for his generalization that the
value of any state function is independent of the path by which it is achieved, so changes in state
functions may be calculated along arbitrary paths (as well as for his work, primihnilgunsen,
on spectroscopic analysis). Kirchhoff's two laws for electric circuits arecoommonly known
as thebranch theorenand thdoop theorem

The branch theorem states that current into any junction point, or branch point, is equal to
current out of the point. There are no current sources or sinks. This is simply a redtafeme
the law of conservation of electric charge.

Kirchhoff's second circuit law, the loop theorem, states that the sum of the changes in
electric potential around any closed loop is equal to zero. It is simply his law of @epaths
for state functions, adapted to electric circdits. Because electrgxitdittial is a state function,

% Itis easy, in retrospect, to make light of generalizations stated by the pioneegddn a fi
That such generalizations are often less than obvious is illustrated by the modern temdency t
confuse Kirchhoff's loop theorem (like Hess’s law) with a statement of conserwvdtenergy.
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changes are independent of path and are therefore zero for a closed loop, returning towthe starti
point. The law is valid wherever electric potential is defined (but not, for example, wifieae
produced by electromagnetic induction; sec. 17.1).
*kkkk
Examples 15.3. A. Which of the equations given in section 15.2 relies, implicitly,
on Kirchhoff's branch theorem?
B. What would be the analogous statement to Kirchhoff's loop theorem
applicable to hiking in the mountains?

*kkkk

15.4 Electrochemical Cells and Batteries

A typical electrochemical cell is represented by a piece of copper and a piene, ebzih
dipped into a saline solution. Zinc atoms go into solution, forming Zn and leaving electrons
behind. At the copper electrode’; H ions acquire electrons to fgrm H gas. Thus the net effect i
that electric charge is physically separated, to produce an electric poteferantié that will
initiate a current in a conductor linking the terminals. An electrochemicaheedifore
“produces” electricity by converting chemical energy to electrical energy. Bechtisenature
of chemical reactions, almost all electrochemical cells give a poteritexietice of about 1 to 2
V. To get greater voltage, the cells must be combined in series to form a battery.

A collection of similar items — guns, tests, or electrochemical cells —badtary Because
most people do not know how to distinguish between a cell and a battery of cells, most single
cells (including dry cells) are commonly known as batteries, but the distinction is helpful
describing cells and batteries accurately.

*kkkk
Examples 15.4. A. A“C” cell or “AA” cell give approximately 1.5 V. If you have
a device that operates at 9 V, do you insert a single cell or a battery?
B. Automobiles require a lead-acid battery. Each cell provides approximately
2 V. How many cells in a typical 12-V battery?
*kkkk

The metal (or other conducting material) that establishes electrical toittaa cell is
called arelectrode the “way” electricity goes. The electrode where electrons enter any device is
called thecathode(Greek “down way”). Where electrons leave any device is calleanibee
(Greek “up way”). Therefore, in a device such as a cathode ray tube, supplied from an external
power source, the cathode is the negative terminal. On the other hand, the cathode of an
electrochemical cell is where electrons return to the cell and is thetefopesitive terminal. If

Typically, electric energy is not preserved (is not constant within an electratkirlt is
dissipated by resistors to the surroundings and is produced by chemical reactions in
electrochemical cells. The loop theorem makes no provision for tracing energy flowdmor fr
the circuit. By contrast, the property of state functions applies not only to electriagddiant
also to such quantities as enthalpy (Hess’s law) and to entropy, whicbtamserved
guantities.
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Answers 15.3. A. When current splits to go through parallel resigters, + 1 ,.
This is an application of the branch theorem (conservation of charge). Charge
must go one way or the other, so the sum of the currents is the same on each side
of the branch point.

B. No matter where you start, at some altitbge,, and no matter where
you go in between, when you arrive back at your starting point you will be at the
altitudeh,;;,,- It may not seem very profound, but it is important in solving
problems involving electric circuits.

*kkkk

Answers 15.4. A. A 9-V battery is constructed with 6 dry cell units, internally, to
give 6 x 1.5V =9 V. Higher voltage gives the capability of drawing higher
power, =I

B. Early automobiles had batteries with 3 cells; 3 x 2V =6 V. After World
War Il, cars were converted to 6 cells; 6 x 2V =12 V. You may notice that
many cordless power tools also operate at higher voltage. Rather than two or four
dry cells, they operate at 18 V or more, requiring multiple cells in the rechargeable
batteries, to provide higher power.

*kkkk

there is chemicabxidation such as
Zn Zn™ + 2e

it produces electrons that subsequently leave the cell, so oxidation occurs at the anode. A
complete cell must include a companion reduction reaction, such as

2MnQ, ---- Mn,O,

which is a simplified version of the chemical reaction in a “dry cell”. Reductionjwdunsumes
electrons, occurs at the cathode.

In solutions, positively charged ions are cabations and always move toward the cathode.
Negatively charged ions are calladions and always move toward the anode. Either cations are
drawn to a negatively charged cathode (as in an electroplating cell) or cations arecpaddiee
anode, as a consequence of oxidation, and therefore diffuse away from the anode and thus toward
the cathode.

15.5 Hydraulic Analogs

One of the difficulties in following the processes of electric circuits isttigaflow cannot be
seen. An approach that may provide a more visual representation of what is going on is a
simple hydraulic model, in which the flow of water represents the flow of elebmiiges. The
height of a column of water corresponds to the potential, or voltage. The potential difference
determines the push on water leaving the column. (Although potential is not, itself, a push, the
gradient of the potential is the electric field strengthand the force isE.)

A simple water wheel, like that of Figure 15.3, with a speedometer on the shatft, teéls us t
quantity of water flowing through the circuit at that point. This would be analogous to a
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galvanometer, or an ammeter.
We may, instead, put a motor on the shaft of the wheel. Such a device would then serve as a

pump. It would thus correspond to an electrochemical cell, or a battery of cells, and would be an
appropriate device to get water into the column.

Figure 15.2. Hydraulic model for a simple DC electrical ~ } y/ N o
circuit. Gravitational height (hence potential) acts /) ;/ o /
equivalently to an electric potential. The drying tubes act /// 7 Z
equivalently to resistors, which may be arranged in series || |/

or in parallel (or both, as shown)The lift mechanism % A
(e.g., a pump, to raise potential) is omitted. #//77/77’ o 7

We may, instead, put a motor on the shaft of the wheel. Such a device would then serve as
a pump. It would thus correspond to an electrochemical cell, or a battery of cells, and would be
an appropriate device to get water into the column.

a

Figure 15.3. a. The water wheel measures flow, analogous to an ammeter, b, or with a
motor on the shaft, c, serves as a cell or generator.

To restrict water flow we choose a tube (such as a drying tube, from the chemistry lab),
filled with glass wool, as a representation of a resistor. The actual length of thartdltee
density of the packing, would determine the resistance vialug€lhe flow must be open to the
air at the top. We do not want siphons or other effects to determine the amount of flow.)
Resistors in series, resistors in parallel, and combinations of series ahel pesitors (Figure
15.4) may be constructed.
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Figure 15.4. Hydraulic equivalents of resistors in series with
resistors in parallel, or any other combination desired, may be
assembled.

We may assume no leaks in the tubing, and no faucets adding fluid along the way.
Electrochemical cells, for example, boost the flow but cannot add or subtract fromwthe fl
There are no current sources or sinks. From general properties of fluid flow we may conclude
(for water or for electrons):

a. The flow through resistors in series is the same.

b. The potential drop, , across resistors in series is the sum of the potential drops across
the individual resistors.

c. The flow through resistors in parallel is the sum of the flows through individual resistors

d. The potential drop is the same across all resistors in parallel with each
other.

e. The amount of fluid that leaves the vertical tube is equal to the amount of fluid that
returns to the tube, and equal to the amount of fluid through every part of the circuit if we add
together the flows through parts of the circuit that are in parallel.

Chapter Summary
Flow of electric charge may be modeled as a flow like a river, with a small driving
force at each point. The imposed field gives electrons a very small drift speed
superimposed on large random speeds. For metallic conductors, resistance is
constant for constant temperature, leading to Ohm’s laWR. For resistors in
series] is the same and voltage is additive. For resistors in parallel, voltage is the
same and currents are additive. Kirchhoff’'s laws tell us current in = current out,
and net potential change around a loop is zero. Oxidation at the anode of an
electrochemical cell releases electrons to a circuit; reduction o¢dhes@thode.
Within any cell, cations go to the cathode, anions go to the anode. If power is
supplied externally, the cathode is negative, the anode positive.
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Chapter 16. Magnetic Fields

Chapter Introduction
A. Why?

Apart from holding up notes and drawings on a refrigerator or file cabinet, magnets provide
the motive force for motors, are the guiding force for electron beams, and serve many parposes i
electric circuits.

B. What to Look For

Magnetic forces arise from a relativistic “side effect” and thus areentigrvery weak, but
modern design tricks increase the fields to almost arbitrary levels. Unlikeagicanal and
electrostatic fields, however, the magnetic lines of force form complete loapsluaing
peculiar special effects.

C. Pre-Test for Prior Comprehension

a. In a bar magnet, or the Earth, how can you find the location of the poles?

b. What is the source of a magnetic field?

c. What are the special magnetic properties of a long solenoid?

d. A straight wire carrying an electric current has equal numbers of positive and negative
charges and therefore has no net charge. How, then, can an electric charge outside the wire be
acted on by the current-carrying wire?

D. Inquiry Question(s)
Apart from current loops, magnetic fields arise from electron spin (generdéy para-
magnetism). The effects are typically very weak, except in certain crystasighally some
iron, cobalt, and nickel compounds but more recently some other metals). What causes the many-
fold increase in magnetic strength in some compounds, but not in most?
it

M agnets are almost always described in terms of fictional “magnetic polesédabe

and S, for north-seeking and south-seeking poles, respectively. An N pole tends to point toward
the north because the north magnetic pole of the Earth acts as an S pole. But no magnetic pole
has yet been observed. The “poles” of a conventional magnet are not identifiable with fixed
locations. In many respects, “direction” would be a preferable label to “pole”.

16.1 Magnetic Dipoles and Fields
Two equal and opposite magnetic pobgs,separated by a distancegyive a magnetidipole
momentequal to the product of pole strength and distance, typically lapgled p,,.

Pu =Hu =0u
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Short Answers to Pre-Test Questions

a. Magnetic poles are convenient fictitious points along the closed loops of lines of force.

b. Many magnetic fields arise from current loops. Permanent magnets generalisoarise
coupling, and thus augmentation, of electronic “spin” magnetic moments.

c. The region inside a solenoid is (approximately) a uniform magnetic field.

d. Because the electrons are moving, they appear (to the external charge) to be in a length-
contracted frame, or more dense along the direction of motion. The greater negative linear
charge density gives an apparent negative charge that is best described as the acagnetfi@a m
field acting on the external charge (that is moving with respect to the currendret@ctr

*kkkk
to which we assign the direction from the S pole to the N pole. In contrast to the hrtificia
concept of magnetic poles, magnetic dipoles are real.

The unit of magnetic field strength, is the tesld, T. A magnetic field, like an electric field
or gravitational field, is described lipes of force Following Faraday’s method for defining
lines of force of a magnetic field, we see many similarities, and an importaredife, compared
to the electric fieldE. The model consists of the set of rules:

1. The density of the magnetic lines of force, in three-dimensional space, is proportional to
the field strengthB.

2. Each line shows the direction in which an isolated N pole would be pushed at that point
(but not necessarily the direction the pole would move, because poles are attached,to matte
which has inertia, and are connected to an opposite pole as part of a magnetic dipole).

3. Each magnetic line of force is continuous, forming a continuous loop.

4. Magnetic lines of force cannot intersect or touch.

5. Magnetic lines of force seem to repel each other.

6. Magnetic lines of force seem to want to contract along their length.

These rules contain the well-known properties of magnetic fields. The first sui@es an
inverse-square decrease in field strength. The second interprets the meaninges$ tlas kihe
direction of the force on an N pole. The third expresses the continuity of space and the absence
of magnetic poles. From the continuous loops of magnetic field lines, we can understand why
breaking a bar magnet in two produces two bar magnets, each with its own continuous loops of
field lines. Because at any given point in space, a pole may be acted on by a force in one
direction, only, the lines must be distinct, as indicated by rule four. The fifth and sixth rules
express the repulsion of like poles and the attraction of opposite poles, as portrayed in Figure
16.1. Fields are additive. If the lines are in the same direction, the density of Imgsased so
repulsion is increased. If the lines are in opposite directions, they cancel, decteasiensity

! Until recently the gauss, G, has been more common. 1 G =10 T. The magnetic field of
the Earth is about %2 G. The unit of magnetic field strength is named for Nikola Tesla (1875-
1943), perhaps best known for the high-frequency high-voltage Tesla coil at the center of many
dramatic demonstrations, but also responsible for much of the technology of electricandtors
transmission systems.
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of lines. The fields are then attractive; they no longer resist being pushed together bgrtiad ext
fields. The last rule explains attractions of magnets when opposite poles approach.

Figure 16.1. Schematic representation of magnetic fields for bar magnets aligned to
oppose and to attract.
When a magnetic dipole is placed in a uniform magnetic field, one end is pushed one
direction, the other is pushed equally in the opposite direction, so there is no net force on the
magnetic dipole.

If the fields produced by magnets were uniform, there would be no
net attraction or repulsion between magnets.

In practice, real magnets produce non-uniform fields, so one end of the dipole is pulled more
strongly than the other end is pushed, and magnets do attract (or repel). Iron filingiscattere
above a magnet show the non-uniformity, both in the non-parallel directions of the filings and by
the clumping together of the filings where the field, in air, is greatest. The filiagdigned and
pulled by the non-uniform field. If the filings were, themselves, permanent magnets, some woul
be attracted but some would be repelled (at least until they became reoriented aticattied)a
Although we have no isolated magnetic poles, we can devise an adequate approximation for
many purposes. A very long magnetized knitting needle has the two poles sufficiently separated
that inserting one end into a region is equivalent, in many respects, to inserting an isolated pole

16.2 Electric Currents and Magnetic Fields

A moving electric charge produces an encircling magnetic field, an effect firsveddsy
Hans Christian Oersted (1777-1851). However, if we were to move alongside the moving
electric charged.g, an electron beam), at the same speed, the charge would appear stationary
and we would measure only the electric field, with no magnetic field. The magnetisfiel
therefore appropriately described as a relativistic effect, arising froreltiteve motion of the
electric charges and the observer.

A beam of electrons, with no compensating positive charges, produces a magnetic field for an
observer not moving with the same velocity as the electrons. More often, electrons move
between stationary positive charges in a neutral wire. Then an observer statiomaegmpatt to

2 A connection between electricity and magnetism had been anticipated, and specificall
sought, for centuries, including international conferences devoted to the topic. Oersted’s
discovery of the existence of a field around a wire carrying current was largely by chquick, a
“extra experiment” as he was taking down a lecture demonstration in Copenhagen. Ampere, in
Paris, soon afterward demonstrated B& in a plane perpendicular to the current.
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the wire sees electrons in motion. Equivalently, an observer moving with the averagg wélocit
the electrons would see a positive current in the opposite direction, and would attribute the
magnetic field observed to moving positive charges. Maxwell constructed a theory aiglectr
and magnetism, published in 1873, which properly took into account relative motions.
* * * * *
James Clerk Maxwell

James Clerk Maxwell came from a distinguished family of Scotland. Johr®Clerk (1676-
1755), the 2 Baronet, had three sons, Sir James Clerk (1709-1782), 3 Baronet, Sir George
Clerk (1715-1784),"a Baronet, and John Clerk of Eldin (1728-1812), and a brother, William
Clerk, who married Agnes Maxwell, heiress of the Maxwell clan estates of MiddI&bieir
daughter, Dorothea, married her cousin, Sir George Clerk, who, to become eligible to inherit
Middlebie, assumed the name Maxwell. His sons were Sir John Clerk (1736-1798), 5 Baronet,
and James Clerk Maxwell (d. 1793). James’ sons were Sir George Clerk (1787-1867), 6
Baronet, and John Clerk Maxwell (1790-1856), who married Francis Cay, of the Cays of
Northumberland, also a distinguished family, and whose son was James Clerk Maxwell (1831-
1879), the physicist.

Upon James Clerk Maxwell’'s death in 1879, the Maxwell title passed to his cousin, son of
James’ aunt Isabella, who became Andrew Wedderburn Maxwell of Middlebie and Gléhg&ir
other cousin, son of Sir George, was Major-General Henry Clerk, a Fellow of the Royy Soci
and contributor to the theory of magnetism. Other notable near relatives contributed the naval
tactics that allowed Great Britain to recover control of the seas (applied by btsoinNat
Trafalgar), and were a Solicitor-General for Scotland and a Lord of the Admiralty.

James Clerk Maxwell was Second Wrangler and First Smith’s prizeman in 1854. &ikly w
included a study of the rings of Saturn and the kinetic theory of gases. He made the first color
photographs, but his major contribution was to develop the field model of Faraday into a full
theory of electricity and magnetism.

* * * * *

André Marie Ampére (1775-1836) found that the magnetic field around a wire carrying a

current,l, is related to the current by
oBxds = I

(o]

which is known as Ampére’s law. In this equatiBris the magnetic field strengttis is an
increment of path along a loop that encloses the wirel enidhe (net) current in the wire. The
scalar product oB andds around the arbitrary loop (it need not be circular) is proportional to the
current enclosed by the loop. The constant,is called thepermeability of the vacuurequal

to 4 x 10 tesla-meter/ampere.

U, =4 x 10" T-m/A

Combiningy, and ,= 10/4 ¢? we see that

% According to theEncyclopedia BritannicalI" edition, Clerk was pronounced “Clurk”
in the north (as in America), although starting in thE 15 century it became “Clark” ioutte s
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The electric and magnetic constants, permittivity and permeability, are linked Ipetrebaf light
in vacuumg.*

As an example of Ampere’s law, we may find the magnetic field at a distdroara a long,
straight wire carrying curremt Integrate about a circular path, of radiug get

B= o!
2
The direction oB at any point is given by the right-hand rule. Point the extended thumb of your
right hand in the direction of the (conventional, positive) current. Then your curved fingers
point in the direction of the field, which is circular about the wire. If the field is produced by a
current that is not carried along a long, straight path, it may be necessary to add contributions
from small segments of currents, calculated from the Biot-Savart law:

4B = _© [dsxr :__olrxcb
4 r? 4 13

In the first expression)  is a unit vector. The field falls off 4s

16.3 Loops and Solenoids

If a wire, carrying a current, is bent into a loop, the circular magnetic field surrounding the
wire adds together on the inside of the loop and has opposite direction outside the loop. The
resultant field is equivalent to that of a short bar magnet. That is, the currgimgéoop forms
a magnetic dipolé. The magnetic dipole moment depends only on the dyiiretite loop and
on the area, of the loop.

Hy =1 A

* Maxwell required the constantsandp,, with no information on their magnitudes until
they were measured. Then he (and Weber) found the cortstaathting these to be “very
nearly” 3 x 16 m/s, or the speed of light. We now recognig®ould be the speed of light in
vacuum. The 107 factor is a consequence of the arbitrary choice of size of unjtsnidu .,

> Ampere recognized this similarity and jumped to the conclusion that all magnelsc fiel
are produced by current loops. He was not aware of quantum effects. The fields of common
permanent magnets arise from intrinsic magnetic moments of electrons, which daheot fi
description of classical current loops.
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The direction is determined by the right-hand rule. Pointing the thumb along the
circumference of the loop in the direction of the current, the fingers will point through the loop,
or outside the loop, in the directionBf(as expected from the field around any wire carrying a
current; see Figure 16.2). Alternatively, point the fingers around the loop, in the direction of the
(conventional) current. Then the extended thumb will point along the direction of the magnetic
field through the loop.

Figure 16.2. Current in a loop produces a

magnetic field through (and around) the loop.

The torque on a magnetic dipole, placed in a magnetic field, is the vector, or cross, product
of the dipole and field.
=puy XB=1AxB

The vectorA is equal to the ared, in magnitude and is perpendicularApin the direction
determined by,,, the direction of the S-N magnetic pole axis (hence the direction in which an N
pole would be pushed).

The potential energy of a magnetic dipole in a magnetic field is

Uy =-uuB

taken relative t@® = O or top,, perpendicular t@®. The energy is lowest wher, andB are
parallel, highest when they are antiparallel.

If we wind a long wire into a series of adjacent loops about a single axis, we $ofenaid
which resembles a coiled spring. The ideal solenoid is infinitely long and tightly coiled. hEhen t
magnetic field lines about each loop of wire combine with those of the adjacent loops toform a
essentially linear field inside the solenoid, parallel to the axis. Similarlyn#gmetic field lines
outside add together.

Figure 16.3. An ideal solenoid consists of tightly wound loops of a wire carrying a

current (with infinite length).

We can find the field inside a solenoidifoops and length, carrying a current, with
Ampere’s law (Figure 16.3). Choose a path of integration that is parallel to the axis of the
solenoid inside and outside, and perpendicular to the axis where it crosses the solenoid wires
Then the segment outside the solenoid contributes nothing to the int@giebecause there B
= 0. Passing through the solenoid windir§$s perpendicular to the path elemeis,so these
segments also contribute nothing to the integral. The only contributing term, tBeimes
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inside the solenoid. From Ampere’s law, the field inside would Beds = B =1, except that
each loop, or turn, contributes this amount, so

B =p NI

It was not necessary to specify how far the integration loop penetrated toward the faxis of t
solenoid. Hence we may conclude that the fiettdethe solenoid is uniform, and is equal to

Because the field depends only on the ratibl & , we may calculate the field for a segment
near the center of the solenoid, then extrapolate to (nearly) the full length.
*kkkk
Question: It is often assumed that the fieldsidea long solenoid is zero. On the
other hand, all magnetic lines of force must be complete loops, so one could argue
that there must be as many lines of force outside the solenoid as inside. Can you
reconcile these points of view?
*kkkk
We assumed the solenoid to be infinitely long, so that we did not need to worry about end
effects. For a real solenoid, the field drops to approximately half the value withineéheidat
the end plane, where the field lines have begun to spread outward.

Figure 16.4. At the ends of a solenoid, the magnetic field
lines diverge. Hence, if the solenoid is short, the field
may resemble a bar magnet.

Also, for a short solenoid, the field lines do not spread outward indefinitely, so the field
outside is not zero, but is more like that of a bar magnet. If the coil is loosely wound, the circul
fields from adjacent loops do not merge to form a straight line, so the integration path from
outside to inside is not everywhere perpendicular to the field. The integral, and hendd the fie
inside the solenoid, then depends on the details of the path, including the depth toward the axis of
the solenoid (Figure 16.4).

For magnetic fields, as for electric fields, it is convenient to defiflaxa ,, represented by
the number of magnetic lines of force, in three-dimensional space, passing through amincreme
of areadA.

f,, = BxdA or f,, =BxA

if B is uniform through the area (The proportionality constant betweer,and number of
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Answer to Question: From the way in which the internal and external fields are
constructed, we can see that
There must be exactly the same number of field lines
inside the solenoid and outside the solenoid.

Inside the solenoid, the lines of force are grouped together to pass through the
cross-sectional area of the solenoid. Outside the solenoid, the lines of force
expand, seeming to repel each other, so the same number of lines of force becomes
spread over an area of infinite extent. Thereforedémesityof field lines outside

the (infinitely long) solenoid is zero, and hence

The magnetic field outside an ideal solenoid is zero.

*kkkk

lines is arbitrary.) Magnetic flux is measured in the unit of weber {Wb) :
1 weber = 1 tesla-mefer .

16.4 Force on a Moving Charge
A chargeq in an electric fielcE is subject to a forceE,

f=qE

but if the charge is moving (with respect to the observer) and there is a magneti, fileéde is
an additional force

f=qg xB

Thus the total force would be
f=gE+q xB

A neutral wire of length carrying a current, in a magnetic fiel@, is subject to the forée

® Wilhelm Eduard Weber (1804-1891) contributed to early studies, with his brothers, on
wave motion and walking. He was professor of physics at Goéttingen, where he collaborated with
Gauss. He contributed definitions of electrical units and measurement of the edéototal
and magnetic units.¢., , ,= 1/c9).

" The chargeg, may be written as the volume of conductéy, times the volume density
of electronsn, times the charge on the electrgrs - Ane This is multiplied by the drift speed,
+ Of the electrons to get (C-m/s) Ane , (m-n?-electron/rh -Cl/electron -m/s). The
current densityj, (C/n?-s), is- ne 4 (electron/m -C/electron -m/s), and currertis j -dA = -
ne ;A sol = Ane =q ,showing the equivalence of the two expressions for force. In some
respects it would seem more appropriate to assign the vector property to currenti¢a®me
current density}), but current remains constant as a wire changes direetgnn a coil, and is
thus best regarded as a scalar.
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f =1 xB

Faraday’s rules show that two parallel current-carrying wires attragb@reach other as
the currents are parallel or anti-parallel, respectifely, somewhat likadsarets except that the
magnetic lines of force envelop the wire in planes perpendicular to the axis of the vaea. W
currents are anti-parallel, magnetic fields between them add together and tiemaqgmardsion of
lines of force leads to repulsion of the wires. Parallel currents give a decneageetic field
between, so the external fields push the wires together (Figure 16.5).

Figure 16.5. Faraday'’s rules predict
attraction or repulsion of adjacent
current-carrying wires. If the fields
between wires add vectorially, a higher
field density is repellant.

The forces may be treated quantitatively, without relying on Faraday’s models, by finding the
magnetic field produced by one current, then finding the force exerted by that magnetic field on
the second current, with the right-hand rule for cross produch, idfthe field produced by the
first current, then the force exerted by that field on the second current is

fi,=1, ,xB,

ReplacingB, with its value B, =y, 1,/2 r, from Ampere’s law, we find the force on a length
of a wire carrying currerit, exerted by a parallel infinitely long wire, at the distanasarrying a
currentl,, to be

foo= olals >
1® 2 2 1

Because the force on a moving free charge is perpendicular to the velocity of the charge, a
moving free charge will travel in a circle with plane perpendicul&; tr if there is a velocity
component parallel tB, that velocity component does not change so the motion is a helix. When
the moving charge gives up energy to the medium through which it passes, either by viscosity
(collisions) or by radiation, the circle or helix becomes a spiral or helical,spitaldecreasing
radius. Although the force is always perpendicular to the spiral path, it is in geosaalentral
force. There is no fixed, identifiable center of attraction.

An important special case is the circular motion of a charged particle. Thesforce i

f=g xB

8There is an apparent similarity between parallel currents and a “Bernoui,fadtich at
one time was considered of possible physical significance. It is, at best, perhapsalsedpful
mnemonic device (while showing misunderstanding of both Bernoulli and magnetism).
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and for a circular path

The period,, of an orbit is

so the angular frequency,=2 v=2/ = /Ir,is

L

m

This (angular frequency) is called tbygclotron frequency For constantn, the frequency is
independent of the speed, so a particle accelerated in a circular orbit in a cyclotri@amsa

constant frequency, and period, as it gains speed, until the energy becomes great enough for the
change in mass with kinetic energy to become important.

16.5 Relativistic Interpretation of Magnetic Fields

We have been discussing “moving charges” without carefully defining what we mean. When
the charges are moving in a wire, the wire forms a natural reference frame. Meralgewe
must remember that we cannot distinguish between a charge that is moving with cegpdtite
observers), or observers (us) moving with respect to the charge. Careful analysis of the
relativistic properties of charge motion confirms that the magnetic field maynisedered a
consequence of experiencing electric fields from a reference frame moving spigctréo the
charges producing the fields.

If we are at rest with respect to the (unaccelerated) charge that produdesttiostatic
field, we seeanly the electrostatic fields, and measure the force on a test chaygalso at rest
with respect to us, as

f=qE

If we and a wire, in which there is a flow of charge, arelabaratoryrest frame, we will
observe an apparent magnetic fi8dencircling the wire. That is, when we observe a charge
moving, parallel to the neutral wire, at a velocitythere will be a force oq given by

f=g xB

whereB is given by Ampere’s law,

andB encircles the wire, in the direction given by the right-hand rule.
In the reference frame of the external chaggéhe electric charges in the wire are moving.
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Positive charges (the atomic kernels, or nuclei less conduction electrons) are maokeng i
direction of the (positive) current; negative charges (electrons) are moving oppaisée t
current. We will arbitrarily assume thats positive and is in the direction of the current.

The magnitudes of the charges are independent of their motions, but lengths measured along
the directions of motion are not. All lengths are subject to the Lorentz contractioedasrad
from any reference frame moving with respect to those lengths). The speeds of posijes cha
and electrons are different, so any length measured in the frames of positive or nbgagjes c
will be contracted to different extents, when observed from any reference framimegine
charge densitpf positive charges is increased when measured from the reference frgme of
moving outside the wire, but the linear charge density of negative charges is increasedreven m

The electrostatic field produced by a linear array of charges is proportional to #re line
charge density. Thus, in the experiment described, the positive charges produce an ttectrosta
field pointing away from the wire, but the electrons produce a larger electromstiakigpbinting
toward the wire. The charggtherefore, sees a net electrostatic field that attracts it toward the
wire. It is this electrostatic attraction toward the wire (in the ratexrdérame of the charge)
that is described, from the laboratory reference frame, as a magnetic fieldftbatsq toward
the wire.

To the chargeqg, the force is an electrostatic pull toward the wire because the charge density
of negative charges appears to be greater than the charge density of positive chargasein the w
In the laboratory reference frame, we consglty be moving and interpret the attraction of the
external charge toward the neutral wire as a magnetic effect.

A similar analysis, taking into account the apparent asymmetry of the electrbstdtas
observed from a moving reference frame, explains the deflection of a charge moving toward a
current in a wire, by a force directed along the wire. In either case, we must loé toaaefl
velocities according to the relativistic addition formulas.

Thus, in summary, all forces between unaccelerated charges can be explainetbataélect
forces, except that when the interacting charges are in relative motion, the ferafeced by
the relative motions, and are no longer necessarily along the radius vector between dheages
additional effects, produced by the relative motions, are conveniently described by defialdg a fi
B, giving rise to the force

f=g xB

That is, what we calhagnetisnis a relativistic effect, produced when charges are in relative
motion.

16.6 Hall Effect

A magnetic field applied perpendicular to a current in a conductor or semiconductorsdeflect
the charge carriers, producing a potential difference perpendicular to the currentrend to t
magnetic field. This is called the Hall efféct. From a measurement ofitté@potential, the
strength of the magnetic field may be determined.

° Discovered in 1879 by Edwin H. Hall (1855-1938), who was a graduate student at the
time.
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The force on the moving charges is independent of the sign of the charge carriers. That is,
positive carriers moving to the right are equivalent to negative carriers moving tt,teeheth
gand change sign, leavingunchanged. For example, with current (+) to the right and a
magnetic field into the page, positive charge carriers are pushed upweegdative charges are
pushed upward. But in the first instance, there is a potential difference that is + atheve a
below; in the second instance, the potential difference is - above and + below. So the sign of the
potential difference tells us whether the charge carriers are positive aveegaich is
important information in many semiconducting materials, even though the terminology can be
somewhat misleading. (Examined carefully, we find as expected that only electrons move
appreciably in solid conductors or semiconductors.)

16.7 Coupling of Moments and Ferromagnetism

To get the kind of magnetic effects we are familiar wlg(in iron) which is called
ferromagnetismspecial circumstances must arise in the immediate environment of the atoms tha
have one or more electrons with unpaired spins. In 1907 Pierre-Ernest Weiss (1865-1940)
showed that the behavior of ferromagnetic materials is as would be expected ifareenw
"inner field", by which the moments of one atom were coupled to those of another atom. Such
spin-spin interactions are now known to be much too weak, but in certain crystals another
mechanism exists to provide the same net result.

Electronic states of adjacent atoms are coupled (by the dominant electrottatictions),
which leads to the phenomenon required by Weiss to yield self magnetization below a fixed
temperature, called the Cufle point. The net effect is that, within a small doh@amagnetic
moments of iron atoms or of various other elements in certain crystals work together, or
cooperate, giving microscopic (but not molecular) size domains that have large magnetic
moments per volume.

Typically, adjacent domains are aligned in different directions. Thus if you pick up a piece of
soft iron, it will probably be only a weak magnet, at best. However, if the iron is placed in a
magnetic field, there is a realignment that causes the domains aligned witldthe deercome
the uncooperative domains.

It was once thought that this effect was caused by rotation of the domains. In fact, with a
pickup coil placed above soft iron as a magnetic field is applied, one can hear clickg¢hat we
interpreted as domains flipping into place. Further investigation, and development of techniques
that allow the domains to be observed directly, have shown that the domains are in general much
too large to rotate within the crystal. The primary effect is "atom stealing".aDerthat are
favorably aligned have lower energies, and grow in size at the expense of neighboring domains
less favorably oriented. To a lesser extent, a domain may collectively change itsenagnet
alignment in the presence of the external field.

The special valence states and crystal forms that favor ferromagnetismyana@®of many
possibilities. In some crystals, the coupling is such as to cause cancellation efiaafamic

19 Pierre Curie (1859-1906), best known for his collaboration with his wife, Marie
Sklodovska Curie, on radioactivity but also discoverer of piezoelectricity and the Qurid e
unit of radioactivity is named after him (in 1910).
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moments (antiferromagnetism), and in others, there is an intermediate levelpiiboom
(ferrimagnetism). If the sample consists of particles that are suatficemall, the particles may
be single-domain. Thermal agitation may then disrupt the coupling of the magnetic moments
between domains, allowing the domain magnetization to rotate freely in an applied fiedd. Thi
gives rise to what has been called superferromagnetism.

16.8 Macroscopic Description of Magnetism
In more complete treatments of electromagnetic fields, it is convenient to irdrtidutield
vector represented &5 which we may describe as the magnetic field produced by a (real)
current,l.** In vacuum (and therefore approximately, also, in air),
B=B, =H,H

When a magnetic field is applied to certain substances, the substances becomeedagneti
and acquire a magnetic momemtor a magnetization, which is the magnetic moment per unit
volume,M = p/V.*? This adds to the magnetic field. The total magnetic field strength may
therefore now be written

B =B, +H,M= |, (H+M)

Most substances adtamagnetic An imposed magnetic field interacts with the weak
magnetic field of electrons moving about the nucleus. Lenz’s law (sec. 17.1.2) dictaties that
interaction is repulsive, so diamagnetic materials are repelled by an imposedioféagde
(except that other magnetic effects, especially ferromagnetism, when presemica stronger
and overcome the diamagnetic response).

Substances with an “unpaired” electron exhibit a weak form of magnetism called
paramagnetismthe magnetic response of the individual electron magnetic moments. In weakly
magnetic materials (diamagnetic and paramagnic3, proportional tdH.

M= H

with called the magnetic susceptibility. For weakly magnetic materials it is cemyeoi
introduce the permeability constang, =1 + . Then

B= yHH with M=(, -1)H
The permeability constant is close to one for nonferromagnetic materjalsy is typically 1¢°
to 10° . For diamagnetic substancgg,- 1 is negative and typically 20 or smaller.
Ferromagnetic materials may be described similarly, except that the pdityéalarge and is no
longer constant, depending not only on the applied field but also on temperature and the history of
the sample.

Chapter Summary
Real magnetic dipolepy, or ,,) are described as if they arose from (fictitious)

1 This could be called aamperianfield. It fits Ampere’s generalization about the source
of magnetic fields.

12 The magnetic momer, is not the same as the permeability, The magnetic
moment is a vector sum of the atomic-level moments. The permeabilijyid x107 T-m/A.
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magnetic “poles”, separated by a distancEield strength is measured in tesla, T.
Faraday’s rules describe the behavior of magnetic lines of force in aHfield,
Unlike gravitational or electrostatic fields, magnetic lines of force arentanits.

In non-uniform fields, a magnetic N pole is attracted to a magnetic S pole and
repelled by an N pole. A moving electric charge generates a magnetic field that
envelops the current, with a fieRl= p /2 r, wherep, = 1/ c% A loop carrying
current generates a field resembling a bar magnet. A tightly coiled (ideal) solenoid
has a uniform fieldB = p (N/)I, inside and zero field outside. An electric charge,
g, moving in an electrostatic field and a magnetic fielB experiences forcds=

g +gq xB. A charge therefore tends to circle magnetic field lines with angular
frequency =qgB/m Current-carrying parallel wires attract or repel as the
currents are in the same or opposite directions. Magnetic fields are best
considered a relativistic effect caused by relative motion of electric changkthe
observer (or test charge). The Hall effect is an electrostatic potenpahgesular

to the direction of charge flow that reveals the (apparent) sign of the moving
charges. Magnetic fields are characterized by the field stréBgghfield vector

H, and coefficientgl, , and ,, that arise from the coupling of internal moments
(of domains) and externally applied fields.
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Chapter 17. Alternating Current

Chapter Introduction
A. Why?

Battery-operated devices, from flashlights to cars, are quite common, and theredre di
current circuits within many electronic devices, but the bulk of our electrical deélyeon
alternating current, primarily 60 Hz power but extending to microwaves and radio frequencies

B. What to Look For

Alternating current can pass through capacitors and transformers (which would stbp direc
current), and trade voltage for current, keeping polvergonstant. An important characteristic
of many circuits is their natural tendency to oscillate, at a fixed frequency.

C. Pre-Test for Prior Comprehension

a. What is meant binductiorf?

b. What isLenz’s lav®

c. What is the basic difference betweematorand ageneratof

d. How, and when, doapacitancesadd?

e. In standard household and laboratory wiring, what is the difference between black, white,
green, and copper wires?

f. Where does “Elsie” belong in a laboratory?

D. Inquiry Question(s)

Hydraulic analogs of individual electrical components are easily drawn on paper. Is it
possible to construct a fully hydraulic model of an electrical circuit that willdeca power
source, resistors, inductors, capacitors, and rectifiers? What limitatigniseng@verning?

HHHH#

/ \n electric current produced by electrochemical cells is caltbcket current or DC.

The effect is the same whether the flow is positive charges, from + to -, or negatigesc
moving from - to +. In solutions, the current is carried primarily by positive charges,alspeci
hydrogen ions. In metallic conductors the flow is negative charges (electrons). Focdlistori
reasons and, more important, to simplify bookkeeping, we typically speak of any electric current
as a flow from positive to negative, known thereforeas/entionakurrent. Thus the current is
in the direction of the electric field gradient (+ to -). The motion of electrigesgroduces a
magnetic field, and such magnetic fields interact with moving charges.

For various reasons, discussed below, most of our encounters are with circuits in which the
sign of the voltage reverses periodically, so the charges move one direction, then back the other
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Short Answers to Pre-Test Questions

a. A changing magnetic field (usually caused by a changing cumnelnigesan emf between
any two points in local space. This is calieduction

b. Lenz's law tells us a changing field will induce a field that opposes that change.

c. A motor and generator are fundamentally equivalent. One is driven by electric power and
produces motion, the other is driven by motion and produces electric power.

d. Capacitances add when they are in parallel. In series, they add as reciprocals.

e. Standard color code is black for the “hot” wire, white for “neutral”, and green, or bare
copper, for a safety ground (not carrying current).

f. Simple electrical oscillators have an angular frequeti.C).

* * * * *

way. This is called aalternating currentor AC*

17.1 Inductance and Emf

We have seen that an electric charge that is stationary with respect to therapgesvan
electrostatic fieldE, but no magnetic field. A moving electric charge gives a magnetic Beld,
and thus a magnetic flux,,, , as well as an electric field.

Soon after Oersted’s discovery that magnetic fields are produced by moving elecgéscha
(an electric current), Faraday showed a corresponding effect: whereas argtatiagaet
produces only a magnetic field, a moving magnet produces both a magnetic field and an electric
field, called aremf(ee-em-ef). It can make no difference whether the magnet is stationary and
the observer moves past, or the observer is stationary and the magnet is moving.

The production of an electric field from a changing magnetic field is calteettion A

change, with time, of ,, produces an electric field, and therefore a voltagendr ,

d
dt

with the unit of volt, or joule per coulontb.

! “AC” has become a convenient label, now applied to alternating voltage, alternating
current, or any of the quantities associated with such circuits. Thus “AC current’coaseban
accepted aberrant. It is important to understand local wiring codes, for your own safetyt and tha
of others who may come into contact with your work. Although these are nearly uniform in the
United States, there are significant variations in other parts of the world, incluelugcies,
voltages, and color coding of wiring. We describe here only the U.S. standards.

Note on Terminology“Open” and “closed” have clear cut meanings — that change with context.
You open a faucet or valve to let water flow. You close an electrical switch to tgediaw.
(In railroading, you throw a switch to direct a train from one set of tracks to another.)

2 QOriginally the namemfcame from the name “electromotive force”, but it is not a force,
so the old name has largely been dropped and the initials retainesimfAs1measured in volts,
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Magnetic flux may change because a magnet moves (relative to the observer) or because the
observer moves (relative to the magnet) or because the magnetic field expands @scaltaps
when the current through a loop increases or decreases. For example, if a magnet is plunged into
or through a wire loop, an emf is established that pushes electrons around the loop. Exactly the
same result is observed if the wire loop is passed over a stationary magnet.

If we approximate the magnetic field of the Earth as horizontal (south to north) above the
equator, there is no electric field between the ends of a meter stick when it iaheidsy or
(regardless of orientation) moved north or south above the equator, but if the meter stick is
pointed east-west and raised or lowered, or the vertical stick is moved east, @wvessf is
created between the ends of the stick. If the meter stick were made of megps etrauld flow,
producing a build up of charge at one end, relative to the otherenttig produced between the
ends of the meter stick even if the meter stick is made of wood, and thus is not a conductor. Itis
time and space — the distance apart and the motion — responsible for the emf, not the meter
stick.

17.1.1. Self Inductance Such electromagnetic induction appears in many guises. If current
increases or decreases in a circuit, the changing current produces a changing melgretd, fi
in turn, produces an emf in the circuit.

L db
dt

whereL, called the (self) inductance, depends on the geometric arrangement of conductor
segments and on the properties of local space, including the presence of iron or other magnetic
materials. High self inductance is achieved with a coil of many loops, and augmented by placing
iron inside the coil.

Iron has the property of multiplying a magnetic field. The imposed field causes internal
magnetic regions in the iron (called “domains”) to become aligned with the applied fledd. T
domains add their intrinsic magnetic moments to the applied field. Increasing the cheatding f
increases themfproduced in the surrounding coil. Therefore iron inside an inductance coil
increases the inductance of the coil.

17.1.2. Lenz’'s Law Imagine what might be expected if a small current established in a loop
produced a magnetic field that induced a cunretite same directiom the loop. Such a system
would be highly unstable. The slightest current (even by a random fluctuation) would quickly
produce a “runaway” current. Lenz’s law tells us this cannot happen.

According to Lenz’s law, in all such situations, the emf induced is in a direction that opposes
the originalchangein current. This information is represented by the minus sign in equations for
induced emf.

It may, at first, seem strange that a current produces a field and the field producesta c
— sort of like “I'll create you and you create me” (which of course doesn'’t really happes). It

but it does not represent a potential Often we must distinguish betweeneanfand a potential
difference. We may apply the term “voltage” to cover both.
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probably more helpful to think of the process like Newton’s second law. If | try to change the
state of motion of a mass by exerting a net force, the mass resists, producing a @aetidrut
the mass is, nevertheless, set into motion). From Lenz’s law, we know initiating ef idbvarge
can be accomplished, but it is subject to restrictions that take the form (dbtezestain
observers) of an induced magnetic field that resists the change in flow of charge.

Thus a current produced in a loop causes a magnetic fieldgpaseghe creation of the
current. Magnetic effects act as a drag on changes of current, resisting thageaoictkeir
decrease.

17.1.3. Mutual Inductance A changing current in any circuit will also produceeam and
therefore a changing current, in a nearby circuit or conductor, which in turn (through magnetic
fields produced in intervening space) resists the change in the initial circuit. fétteietalled
mutual induction

dl, v d

=-M,— and =-M,,—=
2 12 dt 1 21 dt

whereM,, = M,, =M s called thenutual inductance Like the self inductance, it depends on
geometric arrangements of the circuit elements and on the properties of locallSjgdgcsutual
inductance is achieved by wrapping coils, from separate circuits, around an iron yoke that links
the circuits by their magnetic fields. That is, if the first circuit builds up a ntiagredd in an iron
core and the changing magnetic field in the iron core producesmfin a second circuit, the first
circuit is “coupled” to the second circuit by mutual inductance.

17.1.4. Inductors. A coil of wire acts as amductor, but so do lengths of straight wire (to a
much smaller extent). Every circuit has some inductance. Within a DC circuit, aromaltst
as a near-zero resistance connection. If the current attempts to change, howewdt (@asn
AC circuit) the inductor tries to block the change. That is, while charge flow insréasegh
the inductor, energy is being pumped into and stored by the magnetic field around the inductor.
That energy is subsequently fed back to keep the charges moving after the voltage applied to the
inductor has decreased, to zero and beyond.

The magnetic field produced by the changing current is always in a direction (by Lenz’s law)
that acts to prevent the change in the current. belok emf which is the voltage across the
inductor, is greatest when the current is increasing from (or passing through) zero. hdence t
voltage across the inductoy,, is 90 ahead ofthe current], , through the inductor, as
represented in Figure 17.1.
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The effect of an inductor is best illustrated with another hydraulic analog, another wate
wheel, but this time with a fly wheel on the shaft. A fly wheel has a substantial moneertiad
so when it is initially not rotating, it takes a while to accelerate the fly wheel sjpeed, and thus
allow water to pass through the wheel. (This corresponds to building up a magnetic field as a
flow is initiated. The spinning fly wheel stores energy, just as the magnetic fiedd stoergy.)
When the fly wheel is rotating it has rotational energly % so it takes a while to slow down,
acting as a pump during this process. This is precisely the behavior expected for an inductor.

The fly-wheel inductor is also helpful in understanding the phase relationships. As fluid is
pushed in at one side, there is great resistance because the fly wheel is not moving. Nothing ca
get through. Later, as the fly wheel has come up to speed, there is little or no resisiamce t
of the fluid. The resistance, or baghf comedeforethe flow. When current is approaching a
maximum, baclemfhas dropped to zero. When external forces stop pushing the fluid, the
spinning wheel keeps forcing the fluid, which slows down the wheel as the fluid is reaching its
maximum flow rate. The full value of the analogy is better appreciated when capadtadded
to inductance (section 17.7).

Even a straight wire, or tube of fluid, would provide a similar effect, but much smaller. The
inductance of a straight wire is less than that of a coil. There can be more storagygypirethe
flow within the spinning wheel than through a straight tube just as, pound for pound, or kilogram
for kilogram, you can store more energy in a spinning fly wheel than in a ball rolling on a track
because the rotational speeds are much greater than the linear speeds withitoaylal#dsa, it
Is easier to recover the energy from the rotating fly wheel than from linear motions.

17.1.5. Work by Emf Around a LoofElectrostatic potential, like gravitational potential, is
very important to understanding fields and for solving problems. Magnetic fields have many of
the properties of gravitational and electric fields, yet it is not generally hedptiyl to define a
magnetic potential because an indueadcan prevent the establishment of either electric or
magnetic potentials.

A potential is astate functiona function of the field associated with a gravitational body, an
electric charge, or a permanent magnet. If you start at a particular spot, go away, théadom
to the same spot, all the state functions will be the same, regardless of the aiih tiagdield.

For example, E = 0 for any physical particle (system) moved around a closed loop (any path
starting and ending at the same point). If changes along the path are reversible, the net work
done on the patrticle along the path will be zero.

However, in real situations, work around a closed path does not always vanish. If you drag a
box across the floor, returning eventually to the starting point, the work done by the box cannot
be calculated or measuréd, but it will be greater than zero. The path is not (thermodiyami
reversible. If an electric charge moves around a wire loop, resistance dissiEatpsso net
work must be done on the charge. But even within a field in free space, where there isono fricti

% See section 6.1.3. The work you do on the box is calculable (to the approximation that
the coefficient of friction is known and constant) and is measurable, but the work done by the box
on the surface is unknown. Energy is dissipated as thermal energy within each surfacem addit
to energy transferred as work.
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or resistance, the electric potential may be undefined. If there is an induced enairkpet w
positive or negative, is done on a charge as it moves around a closed path.

*kkkk

Examples 17.1. A. Figure 17.2 shows a continuous loop, lying in a changing
magnetic field that induces @mfin the loop. If theemfaround the full circle is
10 mV, and the two connection points showandb, lie 36° apart,

A. What will a voltmeter attached as shown in Figure d7ead?

B. What will a voltmeter attached as shown in FigLite2bread?

C. What is “the difference in voltage between poméndb?”

a b

Figure 17.2. What voltage should be expected in “a” and in “b"?
*kkkk

Magnetic fields present more of a challenge. Recall that magnetism is\astetagffect, so
magnetic fields depend on the relative motion of the observer and the apparatus, or charges.
Unless all the speeds are very small, observed vdluastdepend solely on position, so
returning to the same point in space does not provide assurance that electromagnetesquantit
and energies will be the same. A magnetic field can have a potential only when produced by a
permanent magnet and acting on uncharged, nonconducting magnetic bodies. We avoid these
difficulties by avoiding attempts to describe a magnetic potential.

As mentioned earlier, the work, per unit of charge, done around a closed loop carrying a
current is measured in volts but itnst a potential difference. The potential is not defined. We
thus have the unfortunate situation that a potential difference is measured in voltearigan
measured in volts; but @mfmay or may not be a potential difference. The teoitage
although not considered as “proper” a description, can be applied to either a potentialadiffere
or to a non-potentig@mt

17.1.6. Generators and Motor&araday’s discovery afiductionshowed that a changing
magnetic field produced amfin space. A conductor and a magnetic field, moving with respect
to each other, produce amfand hence a current in the conductor. Although many design
variations are possible, an electric generator and an electric motor area#g®mitivalent,
simple devices such as that shown in Figure 17.3.

A permanent magnet produces a magnetic field, or flyx, When the magnet is rotated
about an axis perpendicular to the N-S axis of the magnet, by an externally applied torque, the
magnetic field lines cross conducting loops surrounding it, generatiegn&across the loops and
therefore initiating a current in the loops.
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Figure 17.3. An electric generator and an electric motor are
intrinsically equivalent, although each may be adapted for better

performance in special applications.

Alternatively, a current may be produced in the loops by an external

emfsource, producing a magnetic field that attracts the permanent

magnet, causing it to rotate as a motor.

Modifications in the design

accommodate DC or AC input to the motor, or allow AC or pulsed DC

current output from the generator.

17.1.7. Rectifiers Some applications require a steady DC, which is readily obtained from

electrochemical cells. Other applications require, or permit, AC, which is tinahautput of

may be satisfied by pulsed DC, which may be obtained directly from a generator by means of a
commutatoywhich is a split ring that effectively throws a switch each time the AC output of a

generator changes sign. (A split ring alternately makes contact with one

most generators (now often calleliernatorsin specific applications). Still other applications
side or the other of the rotating coil during a rotation.)

Figure 17.4. Hydraulic models of rectifiers. a. Half-wave rectifier. b. Full-waudiezc
(with an ammeter in the circuit). The resultant wave shape is shown for each rectifier.

An alternative method of obtaining pulsed DC from AC isdifier, a device that allows
charge to flow in only one direction. Early rectifiers relied on the passage of eldotrors
heated filament, through a gas or vacuum, to a positively charged electrode, cagllatethe

Such vacuum (or gas) tubes required only two electrodes, the filament and the plate, and are
therefore calledliodes Solid-state devices are now available that act as rectifiers. Largely by
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Answers 17.2. Itis helpful to first consider the question, why is there an emf in
the coil?

A. The probes sample at points 1/10 of a circle apart, and thus read 0.1 x 10
mV =1 mV.

B. The probes sample at points 9/10 of a circle apart, and thus read 0.9 x 10
mV =9 mV.

C. The difference in voltage clearly depends on how it is measured. The
voltmeter leads are a significant part of the apparatus. Together, they pick up the
full 10 mV of the circular loop.

*kkkk
analogy with the early tubes, these devices are called diodes (they, also, have only tvabsjermi
and the term “diode” is usually interpreted to mean a rectifier.

The hydraulic analog of a rectifier is shown in Figure &7.A simple trap-door, or flap
valve, serves as a diode that lets water flow in only one direction. A somewhat moratelabor
arrangement, as shown in Figure by léts water flow in the same direction (through the center
leg) regardless of the direction of flow as water enters. Thus it serves #fiex,reonverting
AC to DC (pulsating). Where steady DC is required ( for audio and TV signals), smoothing
circuits have been designed with capacitors and inductors that remove the fluctuations fr
pulsating DC.

17.2 Capacitance in a Circuit
There is no electrical path across, or through, a capacitor, so DC is completely blocked by a
capacitor, of any size.¢., capacitance). The situation is different when the current is changing.
In Figure 17.5 we see a hydraulic analog of a capacitor. Coupled plungers move up and
down in two adjacent cylinders as water enters or leaves from the respectiveAsidester is
forced into the left-hand side, water is forced out on the right-handesidewater simply
flowed through the capacitor. Recalling that height (difference) corresponds to voltage

Figure 17.5. Hydraulic models of a capacitor. a. Linear charge- voltage model (volume-
heigh). b. Simple non-linear model.

(difference), we can see that voltage builds up as “charge” accumulates on one sia¢harthe
The amount of voltage for a given amount of “charge” depends on the cross-sectional area of the
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cylinders (.e., on thecapacitancg Every capacitor has a capacitance value, which gives the
ratio of charge held in the capacitor to the voltage applied.

What happens if too much voltage is applied to a capacitor? In the hydraulic analog, too
much water pressure applied from either side would cause an overflow of the corresponding tube
This is a rough analog dielectric breakdown Every capacitor has a maximum voltage rating,
quite apart from its capacitance value. Depending on the capacitor design, dieleaktniam
may be “self healing” or may be irremediable. If current burns a path through insulation, the
capacitor is of no further valde.

One can imagine a parallel plate capacitor divided into small pieces, therebjutiogsai set
of capacitors in parallel (Figure 17.6), without changing anything at all in the circuit. Thus, for
capacitors in parallel,

Capacitors in parallel C=C+C+C, == | C

Figure 17.6. Each piece (area) of a capacitor contributes to the total capacitance.

On the other hand, if capacitors are placed in series, the potential drop across edidn capa
adds to the drop across the others, or

When a voltage is applied across a capacitor, there is initially noebaicko maximum

* An alternative model of a capacitor is a flexible diaphragm stretched acrosdifiedpe
on both sides, with fluid (Figure 17.5b). In this (nonlinear) model, dielectric breakdown would be
the catastrophic rupturing of the diaphragm.

® In an ideal capacitor, no charge enters or leaves the circuit and no charge passes
between the plates of a capacitor. Therefore the charge on any plate must have come through a
wire from an adjacent plate in the series. In practice, some attention must be deaky t
capacitors, especially if the charged state is maintained for some time.
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current occurs initially. Then, as charge is acquired on the plates of the capacitack@afba
increases until it is equal to the appledf at which point the current has dropped to zero. The
voltage, ., across the capacitor isdfehindthe current|. , through the capacitor.

17.2.1. Energy Stored in a CapacitoThe energy stored in a charged capacitor is obtained
from
du=qgd

As the capacitor is being chargeds C  at each point, so

U= 'qd = C d=_C

where is now the final voltage.

If a capacitor is charged from a battery, the beokis less than the battery potential so the
process is not reversible. Althou@h is drawn from the battery, only half of this is stored by the
capacitor. Only if the current passes reversibly can energy dissipation be avoided. If the
capacitor is discharged through a resistor, the stored enef@y, %4s dissipated through Joule
heating in the resistor.

17.2.2. Dielectric Constant Capacitance is increased if the charged surfaces are brought
closer together. There is a simple way of achieving that effect, without changing physical
dimensions. In Figure 17.7 is portrayed a parallel-plate capacitor filled with a non-gngduct
(i.e., dielectric) material. A charge placed on the plates has caused a (much)smgitkesion of
charge within the dielectric. For example, unsymmetric molecules may rotatenmpibeed
field, or electrons may move within the atoms or molecules. The net effect istiitsesdiaset of
small dipoles within the dielectric material, which is equivalent in eftept@ducing a sheet of
charge within the capacitor that partially compensates for the layer of charge catélse phis
lowers the potential, and thus allows more charge to be stored on the plates for a given imposed
potential difference. The electric field within the dielectric matesialso decreased.

Figure 17.7. A dielectric material

placed between the plates of a capacitor
becomes polarized, which has an effect
equivalent to putting a smaller capacitor
of opposite polarization in the circuit
between the plates of the original
capacitor. This lowers the potential

and therefore increases the capacitance.

The ratio of the capacitance with the dielectric material pre€no the capacitance with
vacuum between the plateS) is called thalielectric constant, .
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The dielectric constant enters equations where the permittivity of vacywuappears. In the
presence of the dielectrig,is replaced by = ..

17.3. Phasors
Beginning first in the 18 centufy, it was recognized that the quantity representéd oy
had unusual properties and required special treatment in the mathematical soluiations.
It is now quite generally representedilfgxcept in electrical engineering where it is represented
by j to avoid confusion with current). dfandb are reali(e., ordinary) numbers, a number of the
form ai is called a “pure imaginary”. A number of the foam bi is called a complex number,
containing both real and imaginary parts. Because real and imaginary numbers maydadreate
independent, for many purposes, it is possible to plot real numbers along one axis and imaginary
numbers along a perpendicular axis. This is calleddhglex plane (The resulting graphs have
some interesting properties that are worth exploring on your own.)
*kkkk
Examples 17.2. A. What is the distance between the @®ints, + b;iand B, =
a, +b,i.
B. What is the distance &, + b,i anda, + b,i lie along the 45 diagonal?
C. One mathematician has proposed lion hunting by placing an empty cage at
the origin, then rotating an imposed coordinate system in the complex plane. What
“should be expected” if there is a lion somewhere in the countryside?
*kkkk
A very convenient property built into complex numbers is that, for certain types of problems,
they provide a pair of essentially independent equations that may be handled as a single equation.
For example, from the series representations of exponentials and trigonometranjneé can
show that
€ =cos +isin
When we apply a sinusoidal voltage across a capacitor, the current leads the voltége by 90 .
Welet = t, = ,sin t,andl =1,cos t, and plot voltage and current on a complex plane.
These two vectors then rotate in synchronization.
Some examples are shown in Figure 17.8. Voltage and current through a resistor are in
phase, so the current and voltage vectors coincide in direction and rotate together. The voltage,

® Dates of introduction of notations and concepts are uncertain, in part because early
introductions were not always followed up promptly, but recognition of imaginary numbers,
uniform notation for mathematical processes, such as + and -, and recognition of the meaningful
existence of negative quantities all occurred in roughly tie 16 century, not in any apparent
logical order.
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Answers 17.2. A. The distance between any two pamtg,f and &, Y,) is
{(%, - X)? + (Y, - Y3, so in the complex plane the distance would b - a,f
+i% (b, - b)3.

B. Ifa,-a, =Db,-b,, the distance between points is zero.

C. The conclusion, inescapably, is that when the lion lies along the 45
diagonal in the coordinate frame, the distance between the lion and the center of
the pen is zero, as desired.

*kkkk
¢, across a capacitor i&2 behind the current. The voltage,across an inductor ig2 ahead
of the current, and thusout of phase with the capacitor voltage. The various voltages may be
graphically represented, and added, in such a phasor diagram.

Figure 17.8. Phasor diagram relating
voltage and current in a complex plane.
V, =V, -\ is at right angles toyV .

Phasors are a specialized technique, but they can be very helpful in many types of problems.
They are especially important for handling current and voltage in AC circuits that involve
inductance and capacitance.

17.4 Transformers

An important characteristic of AC shows up when two coils are closely linked. Palver fe
one coil, from an external source, builds up a magnetic field around that coil, which is a mode of
storing energy. The changing magnetic field affects the second coil, producing a current in the
second coil. Thus the net effect is that power is transmitted from one coil to the ataut w
any physical connection between the coils. The effectiveness is improved by adding an iron core,
to multiply the effect of the magnetic fields.

A practical example is a charging circuit for an electric toothbrush. Becauseexbheted
presence of water, it is not safe to have exposed contacts for the charging circuit, seethe pow
transmitted, through the magnetic field, from one sealed electric circuit to another

Another important property of such links becomes apparent when the two linked circuits
have different numbers of coils. The changing current in the first coil produesesfemspace,
which may be sampled by any number of coils. Thus it is possible to multigyntéf, for
example, the first coil has 5 turns, a second colil, of 100 turns, will develEpf20 times as
great, but necessarily a current only 1/20 as great.

N

2 I
N

1
I2

e ln
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Thus, if 10 A at 20 V is supplied to the first coil, 0.5 A at 400 V appears in the second coil.
Neglecting losses (from resistance in the coils or losses in the magnetj¢poner in” is equal
to “power out”, so the electric energy is a constant.

L =15 5
Such an arrangement is callettansformer It transforms the electric power from low voltage
to high voltage, or from high to low.

An important application of transformers is to deliver electric power over longndesta
Joule heating in wires goes &g, so it is advantageous to decrease the current for transmission,
then increase it again as necessary at the consumer’s end. Power lines may lteaiperate
thousands of volts, decreased to 480 V, then 240, and finally 120 V, approximately, within the
home or office. (Voltages have steadily been increased over the last century, from 110 V to 115
V, and now to 120 or 125 V, to meet heavier demands for electric power while keeping currents
low.)

During the early years of development of electric power, in the ldte 19 century, there was
much argument about whether power should be delivered to customers as AC or DC. Arguments
in favor of AC included:

a. Production of AC was somewhat simpler, although generators can be designed to produce
a pulsating DC.

b. Transmission losses could be drastically reduced by going to high voltages, then reducing
voltages with transformers.

c. Itis easier to adjust voltages in the home or office with AC. Thus 120 V may easily be
reduced to 12 V (for phones, charging automobile batteries, and other applications) or less, or
increased to kilovolts (for television and other electronic applications). (Mostsaf the
applications were not envisioned when the decisions were made to change to AC.)

d. Itis easier to turn off AC than DC. Large DC currents simply arc across a sviien
the switch is opened, because of natural inductance in the lines. Large installatibmstalla
blower to blow away the arcé., the ionized column of air carrying the current) when a switch is
opened, in order to cut off the flow. Because AC voltage goes to zero once every 1/120 second,
the arcs that form are self-extinguishing.

Thomas Edison, responsible for many of the practical applications of electricityd dngue
average power carried by AC is too low. A sine wave voltage gives an average power of only
70% of peak power. Thus peak voltages would be too high, and thus too dangerous.

As you know, Edison lost the argument. For many decades, some dense metropolitan areas
(such as the Chicago Loop) received DC power, but the rest of the world is wired for AC.
Voltages in the U.S. and many other countries is limited to 120 V (rms; 170 V peak), but in most
countries 220 V (rms; 311 V peak) is standard. Also, the U.S. adopted 60 Hz; Europe adopted
50 Hz. The frequency difference is unimportant for some appliances, but critical far. other

17.5 Electric Instruments

Early experiments on electric circuits (as contrasted with staticielggtwere based on the
work of Luigi Galvani (1737-1798), who observed in 1791 that frog legs exhibited brief spasms
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when an electric machine was operated nearby or when the legs (on metal skewerd)otteche
metal. Alessandro Volta (1745-1827) showed that the effect appeared when dissitailar me
were brought together to give what we now would call an electrochemical cell. To gaesuff
voltage, he put together, in 1799, a number of such cells in series to vottaia pile an early
form of a battery of cells. Because of this history, a device to measure the flowgsd oleer
called agalvanometer Today, most such devices are call@imetergrecognizing the work of
André Marie Ampére, especially in exploiting the discovery of electromagnetism bie@ar
1820). Volta’'s name appears as the unit for electric potential adfathevolt.

A galvanometer is roughly equivalent to an electric motor fighting a spring. That is, it
typically consists of a permanent magnet and a loop of wire. A currénthe loop of are&
produces a magnetic dipo|g, = IA, which interacts with the magnetic fiel, of the permanent
magnet. The coil is mounted so that a restoring torque returns it to the equilibrium posk®n in t
absence of the torqug, x B. The hydraulic analog of the galvanometer is the water wheel,
previously considered, with a speedometer or tachometer on the shatft.

Galvanometers are typically very sensitive to current, but the coil has an appreciable
resistance. Both problems are solved by putting a low resistance bypass, shllatiacross
the coil. Most of the current passes through the shunt, but a known fraction (determined by the
ratio of resistances) passes through the coil. The calibration of the meter idjtistedaso that
the meter scale reports the total current. The galvanometer plus shunt is caftededara

To construct a voltmeter, we place a galvanometer, without shunt but with a large nesist
series, across the points of the circuit where we wish to know the potential défel®@hm’s law
then tells us the voltage difference across the known resistance (of sestes phss
galvanometer coil) for the current indicated by the galvanometer (calibrated in volts)

If we connect a known voltage source, such as a dry cell, to a galvanometer and connect this
assembly in series with an unknown resistor, the current read by the galvanometer isaianndic
of resistance of the unknown resistor. Unlike the ammeter or voltmeter, zeranesigives
maximum current and infinite resistance gives zero current, smuitameter which may serve
as ammeter, voltmeter, or ohmmeter, depending on switch selection, the ohmmetertteads i
opposite direction to ammeter and voltmeter functions. Because the internahoesisnd
therefore the terminal voltage, of dry cells varies with age, the ohmmeter mustdaanteohto
adjust the zero resistance (maximum current) reading. Many electrical eraastitools now
are constructed with electronic components, rather than moving coils.

For many service problems, a device that will read current in a wire without integrtip

" Several quite different phenomena may arise. Electrostatic fields can givegbotent
differences in space that would lead to conduction by nerve fibers, and thus excitation of nearby
muscles. By simple contact of dissimilar materials, charge travels letiaeza because of
differences in the Fermi levels, or natural electron energy levels. When antafgma‘back
door”, conducting path is present, there may be an electrochemical reaction, such & Fe
2e and 2e + Cti Cu with the electrons following the external conducting path. This would be
an electrochemical, or voltaic, cell. Galvani apparently observed at least twsettferts, but
his experiments led to electrochemical cells, or Voltaic piles, the first goocksoluelectric
currents for laboratory experimentation.
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circuit to insert a meter is particularly convenient. These are constructehws that surround

the wire. They measure the magnetic field around the wire, from which current may.be rea
Although the slide wire potentiometer is much less important since the advent of very high

resistance electronic devices, the potentiometer is conceptually important istandieg closely

related devices and important for calibration purposes. To measure a potentehcieg,

across an electrochemical cell) we need a “measuring stick” that vdlpaantial. From the

hydraulic analogy, we can see that we can obtain such a device by establishing a potestial acros

uniform resistor, then going “up” or “down” the resistor with one contact to find the potential

difference desired.

Figure 17.9 Laboratory Slide-Wire Potentiometdihe working cell provides a current

through the slide wire that establishes a potential, proportional to distance. A standard cell

or the unknown voltage source is “sampled” by a tapping contact, through the

galvanometer.

In the simplest laboratory realization, we stretch a length of wire along a tetetlsen
connect a “working cell” to the wire to establish a current in the wire and thus a dotentia
difference. Provided the wire is uniform, potential drop will be linear with distannaunknown
potential source may then be connected, on one end, to one end of the wire (such as 0 cm) and,
on the other end, to a probe wire (that includes a galvanometer) touched to the wire at some
other point. If the potentials are the same, the meter does not move. If the potentials are
different, the meter needle jumps in a direction determined by whether the point of @nisecti
to the right or left of the null point. The advantage of this device is that at the point when the
potential is read, there is no current through the galvanometer, and thus no current through the
device under test. The null point is independent of extraneous resistance in the device or its
connections.

The principle of the slide wire potentiometer is applied in volume controls. A potergiomet
coil, or “pot”, may be put into a circuit from an amplifier. A second circuit, to speakekesma
contact with the potentiometer coil at one end and at some other, selected, point. The choice of
the second contact point determines the voltage supplied to the speaker circuit, and hence the
volume of sound delivered by the speakers.

17.6 Household Circuits

Electrical generators typically produce “3-phase” current. Each of three airessa sine
wave, but the three sine waves are®120 out of phase with each other. The power is distributed
between groups of houses — one phase goes to one group, a second phase to a second group,
and the third to a third group. If the loads for the three groups remain the same, thexers littl
no imbalance. The net voltage, and power, at any instant is approximately zero, so a fourth wire
(if present) should carry negligible “return” current.
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Depending on needs, three-phase power may be wired to give values varying from 208 V to
280 V2 The generator typically has three coils. If these are connected as shown in Figure 17.9
called a Y configuration, the line current will be the same as the coil current antetheltage
will be 3 times the coil voltage. The center of the Y represents a neutral point. This is the
generally preferred method of connection. If the three coils are connected as shown in Figure
17.9D, called a delta configuration, the line voltage is equal to the coil voltage and the limg curre
is equal to 3 times the coil current.

Figure 17.9. Alternative connections of three-phase circuit componantg.connection.

b. connection.

Nearly all communities now require, by electrical code, that power be delivered to tae hom
or office as 240 V, single phase, from the distribution transformer on a nearby pole. The 240V is
carried by two wires, which are 180 out of phase with each other, each connected to one side of
the electrical circuit bok in the home, giving 120 V between each side andutral center,
which is grounded near the box. Only the imbalance is carried by the neutral wire. If the two
branches carry equal loads, the “return” current, through the neutral wire, is zero. Thettwo “
wires are color coded black; the neutral wire is color coded white. In addition, theéreds a
ground wire, which should not carry any current. It is either color coded green or is bare copper.
This is the safety ground.

Although one may think of 120 V AC as coming, then going, repeating 60 times per second,
the two lines are not equivalent. One sidedarly at ground, the other at 120-125 V. The
hydraulic analog is shown in Figure 17.10. At one instant, water that has been lifted runs freely
downhill through the black channel, returning through a white channel to a pump that lifts it
again. But the whole assembly may be thought of as rotating about a horizontal longitudinal axis,
so that 1/120 second later, the water is running downhill, through the black channel, then being
pumped back up to the white channel that is nearly at ground potential. (Note that if the white
channel were really at ground potential, nothing would run through it.) The difference in
potential between black and white varies from 0 to 170 V, with rms value 120 V. The black is
sometimes positive and sometimes negative with respect to ground, so the labels € ahde ar
help.

Color coding is continued wherever it is important. Outlets and switchedbhassrolored

8 Beware! Any of these may be labeled as 220 V. Only a voltmeter knows for sure.
Miscommunication can damage expensive equipment.

° In a very few communities, the splitting of 240 V occurs at wall outlets. This would be
strictly forbidden under most electrical codes.
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screws to be connectedlitackwires  onb), andwhite screws to be connectedwdite wires.
Green screws are connected to the sajeiynd(greenor bare copper).

Figure 17.10. Household AC has the black wire
“hot” with respect to ground, or “neutral”. It
varies with time, changing 120 times per second,
from positive to negative. The return is through
the neutral white wire at very low voltage.

Standard plugs now have three prongs, two flat blades and a round safety ground prong.
Especially where two-pronged plugs are provided, the wider blade is designed to go into the
wider slot, which is on the neutral line.

What happens if you get a “shock” with 120 V? Quite probably, it will be unpleasant, but not
serious. It may be fatal.

The chances of serious injury are probably not very different in England, for example, where
the power is at 220 V. Although it is possible to get a surface burn, where the current passes
through the skin, the most serious effects arise from interference with the Heahedrt
operates on small electrical signals. The electrical signals from 60 Hzob@blywill not
interrupt the heart signals, but they may! If the signals arrive at the wrong instantirthey c
disrupt the natural signals of the heart and cause the heart to stop or go into fibrillation, an
ineffective “flutter”. There is no easy way to predict the effect of any given shock.h&vHieim
120 V AC or a lightning stroke, the best remedy (usually effective) is rapid medicdicatie
The safest plan is avoidance of situations in which shock can occur.

Ground fault detection devices are becoming increasingly common and are now typically
required for bathrooms and other areas in which safety is of special concern. The flomg®f cha
to and from any appliance may range from zero to a maximum value, but at any instant, the flow
should be the same (though in opposite directions) in both black and white wires. If these flows
differ, it must be because there is some other path established to ground, which could be through
you or something else equally sensitive. When the two flows are unequal, there is a net flow in
one direction or the other that produces a magnetic field, which triggers a switch to the off
circuit. Ground fault interrupters operate on very small differences, such as 16 pA.rdhey a
designed to operate rapidly, to minimize the chances of fatal shock.
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17.7 Combinations of Capacitance and Inductance in Circuits

We have seen that capacitors and inductors — but not resistors — produce phase shifts in
AC circuits. Capacitors and inductors, in proper combinations, can smooth pulsed DC to almost
ripple-free DC, or they may emphasize a single “resonant” frequency.

17.7.1. Reactance In AC circuits, inductance and capacitance affect the relationship
between voltage and current. Nevertheless, it is convenient to ret&mnihaf Ohm'’s law,

and

The unit forX is volt/ampere = ohm.
We have already seen that the voltagesrof across an inductor is

_
- dt
If we let
I =I,sin t
then
dl
—=wl, coswt
dt
and therefore
dl

_=L—=Lwu, cosmt
dt

Neglecting, for the moment, the cosine function, which expresses the phase, we may thiterpret
equation to give

L= XL
or
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XL:I—L:WL

whereX is theinductive reactance.
Similarly, the voltage, oemf across a capacitor in an AC circuit may be written

- a
N

and letting
g=¢g,sin t

we find
| = % =wq, coswt
dt

Again, for the moment ignoring the cosine function, we write

and therefore

X
o]
1
_|0
1

whereX. is thecapacitive reactance.

17.7.2. Impedance.Heavisid&® introduceiinpedance, Zas the general expression for the
ratio of voltage to current in the presence of inductance and capacitance. In 1886 he wrote, “Let
us call the ratio of theeni to the current in a line ... the impedance of the line, from the verb
impede.” From the definition, we write

19 Oliver Heaviside (1850-1925), a British telegraph operator without a university
education, was elected as an honorary member of the Institution of Electrical Englioe&)
and received the Faraday Medal (1922) for his contributions to the field and his recognition of the
“Heaviside layer” of charged particles in the upper atmosphere.
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For electric circuits, the unit of electrical impedance is the ohm.
Qualitatively, we recognize that (by which wealwaysmean a ) is a generalized force.
That is, it is proportional to the force exerted on a charge.

d
f=gE=-q—~D
q a7

Also, because it is electric charge that is oscillating in an AC circuit,

q = g, cosmt
dq :
| =q=—=- sin mt
q at wq,

sol represents a generalized speed, or time derivative. Thus, quite generally, impedabee ma
taken to be a ratio of a generalized force to a generalized speed.

Z :f_

although the generalized force and generalized speed may be quite different from fopmednd s
For example, for a wave on a string, with ten§idnand linear density , = T/pand

Z:1:1/Tm: m

soZ has units of N-s/m = kg/s. But for sound waves in air, the impedance is the ratio of the bulk
modulus to the speed, which may also be expressed in terms of density, B/ and

Ezw/Bm:r

Z

with units of N-s/m = kg/rh -s.

We dropped the harmonic functions in our development of the definitions of reactance, but
now, to find the impedancg, we must take phases into account. To do so, we may look at the
phasor representation of, ., and . Because. and  are out of phase, they are collinear,
in opposite directions. We therefore take the differedge; X, . That resultant is/2 out of
phase with ;, so Pythagorean addition gives

Z=|R+X.- X :\/R2+ % L

2

1 Recall that tension isot a force, but tension is proportional to an applied force.
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17.7.3. Resonant Circuits An important application of this equation arises when the last
term vanishes; that is, when

or

LC

This is called theesonantcondition.

The hydraulic analog for inductors in conjunction with capacitors is a circuit such as that
shown in Figure 17.11. Recall thgtandX. are out of phase. If the frequency is adjusted to
the proper value, the capacitor will be charged up when the inductor is just beginning to move.
About the time the inductor gets up to speed, the capacitor will be discharged and the flow from
the inductor will proceed to charge the capacitor with opposite polarity. The wateisdbasihke
and forth, at a fixed frequency. This is the behavior of electrical oscillators|tvas ais to
broadcast at a fixed frequency, or in a narrow frequency range, and allows our radios and
television sets to select the one frequency band we want from the many available to us.

Figure 17.11. Hydraulic analog for a resonant circuit.

Addendum
Properties of some infinite series
=1 +xH2! +X33! +xY4! + ... (all real values of)
sinx =x-x33! +x°/5! - X7 + ... (all real values of)
cosx =1 -x42! +x4! - x¥6! + ... (all real values of)

Therefore: € =cos +isin
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Chapter Summary
To minimize difficulties with sign conventions, conventional current is taken as a
positive charge flow (+ to -). A majority of circuits alternate voltages and
therefore direction of charge flow, which is known as AC. A changing magnetic
flux produces aemf(or voltage). Therefore a changing current producesydn
in the same conductor (self inductance) and in neighboring circuits (mutual
inductance). A coil (often with iron core) has a relatively high inductance and is
called an inductor. Electric potential is not defined wheerafis produced by
induction. A rotating permanent magnet or electromagnet (coil) can produce an
emf as a generator, or be driven byesnf as a motor. A rectifier is a device for
converting AC to DC, or pulsed DC. Capacitors effectively conduct AC but not
DC. An inductor conducts DC but is primarily helpful with AC, where it
temporarily delays the current, causing phase shifts. Capacitors in parallel add
capacitance; capacitors in series add voltages and therefore add capacitance as
reciprocals. The energy stored by a capacitor is ¥5. Phasors are a
mathematical application of complex functions to represent phases in the presence
of inductors and capacitors. A transformer changes voltage without change of
power. A galvanometer measures small currents and may be combined with
shunts, series resistors, or an external voltage supply to produce an ammeter,
voltmeter, or ohmmeter. A potentiometer acts as a voltage divider. Household
circuits are primarily (about) 120 V, with color coding to distinguish “hot” (black)
from “neutral” (white) and “ground”. Reactance is a label fbin the presence
of inductance or capacitance. Impedance includes the effects of resistance,
inductance, capacitance, and phase.
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