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Chapter 18.  Geometric Optics 

Chapter Introduction
A.  Why?

Vision is generally considered the most critical of our senses.  Geometric optics, or ray
optics, provides the simplest explanation of visual aids provided by eye glasses, microscopes, and
telescopes, as well as image projectors.

B.  What to Look For
Properties of (thin) lenses are adequately characterized by the focal length.  A single, simple

equation links the focal length to object and image distances and to relative sizes, for lenses and
mirrors.

C.  Pre-Test for Prior Comprehension
a.  What property of a transparent substance is represented by the refractive index?
b.  What is meant by the optic axis?
c.   If an object, or source, moves toward a lens or mirror, which way does the image move?
d.  What is meant by a principal ray?
e.  What is the general rule for magnification by a single lens or mirror?
f.   How can a virtual image be distinguished, visually, from a real image?
g.  What is the distinction between magnification and power?
h.  What common type of optical aberrations are most often encountered?

#####

I saac Newton occupied the chair in mathematics at Cambridge and laid the foundation for

differential and integral calculus.  As we have seen, he produced the first comprehensive study of
mechanics.  He also wrote Opticks (1704), the first systematic treatment, which reads much like a
laboratory manual introduction to the field, describing successive experiments that build up the
subject from the beginning.  Much of his experimentation was carried out in his bedroom, half of
the upper floor of the four-room home, “Woolsthorpe Manor”, a small farmhouse in Grantham,
Lincolnshire.

Newton was primarily concerned with geometric optics, in which light is regarded as
traveling as “rays”, in straight lines.  Geometric optics is accordingly quite suitable as an
introductory topic and has been recently moved to this position by a number of physics teachers. 
On the other hand, geometric optics leads directly into wave optics, which requires an
understanding of Newtonian mechanics.  We have therefore retained the traditional separation,
placing optics after mechanics, in this treatment.



 One of the problems Newton faced was whether light should be considered “everywhere1

at once” along a ray (consistent with Descartes’ model of infinite speed), or progressing from
point to point at a finite speed (as required by  Rømer's measurements on the satellites of Jupiter,
which implied a finite speed of light — seven minutes from Sun to Earth).  He deliberately chose
terminology that could fit either model.  Hence: By the rays of light I understand its least parts, at
any instant of time and in successive intervals of time.  It is clear that light is spatially divisible.  At
any one place you may stop light at one time and allow it to pass at another instant, or at one

7/27/07                                                           PT-18-326

Short Answers to Pre-Test Questions
a.  For any wavelength, the refractive index is the ratio of the speed of light in vacuum to the

speed in the medium (usually less).
b.  The optic axis is the center line of a system, usually determined by the symmetry axis of a

lens or mirror.
c.  The image moves in the same direction as the object (along the optic axis; as shown in

Figure 18.3.
d.  A principal ray is one of the three or four rays most easily (or predictably) drawn.
e.  Magnification is equal to image distance, divided by object distance, and therefore equal to

image size divided by object size (with sign included).
f.  Visually, there is no distinction between virtual and real images because, in either instance,

the eye detects the real image formed by the eye lens-eyeball optical system.
g.  Magnification describes relative size of image and object.  Power designates the angular

size of the image, relative to the object.
h.  Spherical and chromatic aberration, astigmatism, and focus problems are most common.

*****
Throughout most of recorded history, light was believed to originate in the eye and travel out

to intercept distant objects (as currently suggested by cartoon and other fantasy-fiction characters
with x-ray vision).  Even when it was recognized that light came from external objects to the eye,
there was disagreement as to whether it should be described as waves or as particles.  Newton’s
particle model of light explained most features of his experiments, before being set aside by
demonstrations of wave interference properties.  Later it was partially revived, in somewhat
different form, at the beginning of the 20  century.th

It is not correct to assume that light behaves like tightly stretched ribbon streamers. or like
water waves, or like flying baseballs.  And yet, for many purposes, light (and related electro-
magnetic radiation of other energies) may be treated as rays (traveling in straight lines), or as
waves, or as particles, provided we remember there must be variations in each model to meet
special circumstances.  We begin with geometric optics, where it is sufficient to describe light as
traveling in straight lines, or rays.  Later we will examine other models.

18.1.  Reflection and Refraction
For centuries, the principal characteristics of light that could be studied were the reflection of

a light beam from a smooth surface and the bending of light as it entered one substance from
another.  Each of these is best considered by modeling light as something that travels in a straight
line from one point to another.  1



instant of time you may stop light in one location and allow it to pass in other locations.  Thus
light is divisible temporally and spatially.  The smallest segment of light that may be permitted to
pass or prevented from passing I call a ray of light.  [Opticks, Book 1, Definition 1]

  When Alexander the Great, of Macedonia, conquered most of the known world, one of2

his generals, Ptolemy, was left in charge of Egypt (324 B.C.) and his successors ruled the nation
until Rome took over from Cleopatra (a Macedonian Ptolemy, although unlike her predecessors
she did learn Egyptian) in 30 B.C..  Ptolemy of Alexandria, ca. 150 A.D., presumably a
descendant member of the family, was head librarian in Alexandria.
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18.1.1.  Law of Reflection.  If you bounce a ball from a wall or the floor, it will very nearly
follow the standard law of reflection.

a.  The angle of incidence (conventionally measured from the perpendicular) is equal to the
angle of reflection (from the perpendicular), and

b.  The path approaching the point of reflection and the path leaving the point of reflection lie
in the same plane that includes the perpendicular to the reflecting surface, drawn at the point of
reflection.
The bouncing ball typically deviates somewhat from this idealized law because friction with the
surface causes the ball to change its rate of rotation (well known, for example, to basketball
players who can make a basketball return to where it started with proper initial spin on the ball). 
Light rays follow the law of reflection exactly provided the surface is sufficiently flat.

i = r

where i is the angle of incidence and r is the angle of reflection. 

Figure 18.1.  Angle of reflection, r, is equal to angle of incidence, i (on opposite side
of the perpendicular to the surface).
It is understood that i and r are on opposite sides of the perpendicular.  We could include this

information by writing i = - r, but that is usually considered superfluous, both here and in
describing refraction.

18.1.2.  Law of Refraction.  As recently as Ptolemy of Alexandria,  it was accepted that a2

very similar rule applied to the bending of light.  Each substance has a characteristic index of
refraction, n (which we now understand varies somewhat with the color of the light).  For
example, the refractive index of water is 1.33, whereas vacuum has a refractive index of one and



�
c

n =

i

r

n
n

r
i

=
sin
sin

 Willebrord Snell (or Snellius, or Snel von Royen) born 1580 (or, less likely, 1591); died3

1626.    He succeeded his father (in 1613) as professor of mathematics at Leiden. He expressed
his law of refraction in terms of reciprocals (cosecants).  He measured the size of the Earth (with
a triangulation method that compared latitude and longitude distances), to within about 3%.
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dry air (at 15 C) varies from about 1.000275 (red) to 1.000325 (violet) and typical glasses varyo

from about 1.5 to 1.7.  In 1850 it was shown that the index of refraction is a measure of the speed
of light in the medium,

with v the phase speed (section 12.4.1.).
Ptolemy had written that the angle of refraction, r, which is the angle, measured from the

perpendicular, at which a light ray enters a medium of index of refraction n from air, is equal to
the angle of incidence, i, also from the perpendicular, multiplied by the refractive index.
 

(Ptolemy approximation)                    i = n r
 

(Note that r here is now the angle of refraction, not the angle of reflection as in the preceding
discussion.)
 

Figure 18.2.  A ray passing from air (ni), above,
to a medium of refractive index n , below, isr

bent according to Snell’s law: 
    n  sin i = n  sin r.i r
 

Kepler recognized that Ptolemy’s formula was incorrect, but could not find a better
description.  In 1621, Snell  found a more accurate representation of  refraction, known as Snell’s3

law, which is now written as



Any lens that is thicker in the middle than at the edges, or a plastic magnifier sheet lens4

for reading, should suffice.

 If there is a mirror, placed at an angle to the optic axis, the optic axis bends at that point,5

with no substantial effect on the system, except to avoid physical juxtaposition of elements.
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The left-hand side of Snell’s law is easily represented by the ratio of the two vertical lengths
shown in Figure 18.2.

*****
Examples 18.1.  A.  Figure 18.2 shows a ray traveling from air into some other
substance.  

a.  What is the angle of incidence?
b.  What is the angle of refraction?
B.  From the sines of the angles, what is the index n ?2

*****

18.2. Thin Lenses and Mirrors
Begin with a simple experiment.  Find a magnifying lens  and identify a distant light source —4

the sun, or a lamp that is well beyond arm’s reach.  Hold the lens between the source and a sheet
of paper, moving it until there is a clear picture of the light source on the sheet of paper.  That
distance is the focal length of the lens.  If you cover half the lens (e.g., with a piece of paper or
with opaque tape), how does the image change?  Must the source emit light, or can it be a bright
object that reflects light?

18.2.1.  Optic axis or center line.  The reference line of any optical system is the center line
called the optic axis. A ray traveling along the optic axis is not bent or 

Figure 18.3.  “Folding” an optical path, with mirrors, avoids
physical interference between elements, as well as keeping
over-all size to a minimum.

deflected,  except as it is returned along itself, or deviated, by a mirror (Figure 18.3).5

Usually optical elements are centered on the optic axis.  If an element is not so centered, it is
identified as an “off-axis” element.

18.2.2.  Focal length and object and image distances.  A point source of light emits equally
in all directions.  Light coming from a shining object or, more often, an object illuminated by the
sun or by lamps, is bent by a lens so that, rather than go off more or less equally in all directions,
the light from the object that strikes the lens is collected together to form an image, which may  be 
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Answers 18.1.  A.  The angle of incidence is 40  and the angle of refraction is 25 ,o o

each measured from the perpendicular.
B.  The ratio, sin i/sin r, is 1.52, which is characteristic of common glass.

*****
on paper or a wall, on a screen, or on photographic film or an electronic light detector.  The
simple lens is basically equivalent to a camera, a slide projector, or an overhead projector.

If the lens is quite thin and the light source is very far away, the distance from the lens to the
image is called the focal length of the lens.  Letting f  be the focal length, d  the distance from theo

object (or source) to the lens, and d the distance from the lens to the image,i

f = d                                                 (d  >> f )        i o

As the object is brought nearer the lens, the image moves farther away from the lens.  That is, 
 

the image moves in the same direction that the object moves.  
 

 A B
Figure 18.4.  The lens-mirror equation shows that as object image increases or 
decreases, the image distance decreases or increases, moving in the same direction.
  A.  For a positive focal length (taken to be 10) the negative image distance increases 

and positive image distance decreases (curved lines) as the object distance (horizontal axis)
increases.  If the focal length is negative the image distance remains negative and 
changes slightly.  B.  Similar results are obtained if the object distances are negative.

For any distances, the lens/mirror equation is

or

when we make the customary substitution of p = d  and q = d.  The distances are as shown ino i

Figure 18.5, defined in terms of the standard, or “natural”, order — light travels from object to
lens to image.  
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18.5  Rays coming from infinity along the axis will be focused to a point one focal 
length from the lens.  Rays coming from an object at a distance d  will be focused o

at the image distance d .  c.  Points closer to the lens form an image farther from the lens.i
 

All distances are taken as positive measured along the direction the light travels.
 

The focal length of the lens shown is positive, so the lens is called a positive lens.  In the
drawings, 

we usually consider light coming from a single point of the object, 
and therefore collected at a single point of the image.  

The image is inverted in relation to the object.

18.2.3.  Concave Mirrors.  Light is bent by lenses, but it may also be redirected by a mirror,
as shown in Figure 18.6.  If the mirror is curved, each ray follows the law of reflection for the
point on the mirror where it strikes, but the perpendiculars differ from one point to another.

Figure 18.6.  Rays near the optic axis are focused at half the radius of curvature.

Therefore, different rays are deflected in different ways (as for a lens), and may be brought to a
focal point.  It is easily shown that if all rays are close to the optic axis and the incident rays are
parallel to the optic axis (Figure 18.6), the reflected rays will come together at one-half the radius
of the mirror; f  = R/2.  Again taking all distances as positive when measured along the direction
the light actually travels (to the right in the figure, then to the left after reflection), f  is positive
for the concave mirror and the object and image distances are given by
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We take the center of the mirror as the point for measuring distances.  Because we6

assume the mirror is “thin” and all rays are close to the optic axis, all parts of the mirror are very
close to the flat plane passing through this point, perpendicular to the optic axis.  The optic axis of
a spherical mirror is determined by its placement in the optical system, but always includes the
center of curvature of the mirror.

7/27/07                                                           PT-18-332

or

again letting  p = d  and q = d.  In the drawing, all distances are positive.  Lenses and mirrorso i

obey the same equation.

18.2.4.  Principal Rays. In constructing drawings of image formation by a lens, it is usually
convenient to select only three directions, or three rays of light, as was shown in Figure 18.5.  The
top ray, as it passes through the lens, is bent downward to cross the center line at the distance f 
from the lens.  A second ray passes through the center of the lens and, because at present we are
assuming the lens to be very thin, this ray is not bent.  The third ray is like the first, but backward. 
That is, because light-ray paths are reversible, and a ray traveling from the right, parallel to the
optic axis, would be bent upward to cross the optic axis a distance f  to the left of the lens, so a
ray coming from the left (the bottom ray in Figure 18.5), that crosses the optic axis a distance f  to
the left of the lens, will be bent by the lens to travel parallel to the optic axis.  These three rays are
called the principal rays, because they are easiest to draw. 

In each case, we are interested in the direction of the ray, so it is possible that a ray may
“come from” a point, such as a point on the optic axis at the distance f  from the lens, before
reaching the object and continuing from the object.  The path is the same whether the ray begins
before or after the object or is emitted at the object, moving in the same direction.

For the mirror, there are four principal rays (Figure 18.7), although not all are easily drawn
in some cases.  As for the lens, a ray leaving the object parallel to the optic axis is reflected back
to pass through the optic axis at the distance f  from the mirror.   Similarly, a ray leaving the6

object that crosses the optic axis at the distance f  from the mirror will be reflected parallel to the 

Figure 18.7.  There are four principal rays for a mirror.  a.  A ray parallel to the optic axis.  
b.  A ray striking the center of the mirror continues at the same angle on the opposite side.  
c.  A ray passing through the center of curvature returns through the center of curvature.  
d.  A ray passing through the focal point returns parallel to the optic axis.
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optic axis.  A ray striking the mirror at a point on the optic axis will be reflected at an equal angle
from the optic axis (like the ray passing through the center of a lens, undeflected).  And a ray that
travels along any radius of the mirror (passing through the center of curvature at the point R =
2f), will be reflected back on itself.

Because the focal length of the concave mirror is positive, the mirror is called a positive
mirror.  Parallel rays are brought to a focus, after reflection, along the direction the light rays are
then traveling.

Figure 18.8  By comparing similar triangles we find M = h/h  = - (d /d ).o i o

18.2.5.  Magnification.  Figure 18.8 shows one of the principal rays, plus the optic axis, and
portions of the object and image, forming two similar triangles.  Corresponding sides of similar
triangles are proportional, so we can see immediately that the image height, h , and the objecti

height, h , are in the ratioo

called the magnification.  For the lens shown, p and q are positive, so if the object height is taken
as positive (i.e., upward), the image height is negative (downward).  The image is inverted and
the magnification, M, is negative.  From the properties of triangles we conclude:
 

The farther the image is from the lens, the larger it will be.

Often we approximate a thick lens as if it were thin.  A thick lens may be “collapsed” to
become physically thin, without accurately following the thin lens equation, by removing the glass
or other material between the curved surfaces, without changing
the curvatures of the surfaces.  The effect is shown in Figure 18.9. 
The thin structure on the right is, in most respects, optically
equivalent to the thick structure on the left.  This design saves
material, weight, and space.  The design is attributed to Fresnel,
so such lenses, often stamped in plastic, are called Fresnel lenses
(or simply Fresnels = “fray-nels”).  They are common for reading,
in theater lighting, and in overhead projectors.
 
Figure 18.9.  Imagine cutting away rectangular blocks of solid glass, so that the right-hand side
of the remaining glass is everywhere parallel to the original right-hand side of the lens, but the
new lens is much thinner.  This is the concept of the Fresnel lens.
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18.3. Other Lenses and Mirrors; Virtual Images
We have considered thus far only symmetric positive thin lenses.  Refraction at the first

surface of a lens is independent of refraction at the second surface, so the lens need not be
symmetric.  Common options include asymmetric positive lenses but also diverging lenses.

18.3.1.  Negative Lenses.  If a lens is thicker at the rim than in the center, parallel rays
reaching the lens will be spread apart.  Such a “diverging” lens will have a negative focal length
and therefore is called a negative lens.

Lenses may be classified by obvious shape characteristics as double convex, plano convex,
double concave, plano concave, or meniscus (convex/concave) lenses, in addition to the
description as positive or negative.  Similarly, in addition to concave mirrors (entering light enters
“a cave”) we may have convex mirrors, as well as plane mirrors.  (A plane lens would be called a
window.)

Regardless of the shape of the lens or mirror, we define the positive direction as being in the
direction light travels, to or from the lens or mirror.  The object and image distance and focal
length then follow the standard equation,

18.3.2.  Virtual Images.  All of the images considered above are called real images.  A real
image will show up on a screen or a piece of paper put into the light beam.  The image you see
when you look in a mirror in the morning is called a virtual image.  

There is no way to tell by simply looking at an image whether it is real or virtual.  In each
case, what we actually “see” is a real image (formed by our eyes on the backs of the eyeballs or by
a camera lens on the film) of the real or virtual image formed by the lens or mirror.  

When there is only one lens, or only one mirror, a real image is always inverted with respect
to the object.  A virtual image is always erect with respect to the object.

A plane mirror, and the formation of a virtual image, is shown in Figure 18.10.  Reflected
rays travel in directions as if  they had come from an object behind the mirror, which is called the
virtual image.  In this example, no rays pass through the virtual image, but the more important,
and more general, rule is that rays are not collected to a point to form the virtual image.

Figure 18.10.  A plane mirror forms a virtual image behind the mirror.

Anyone who has tried writing, shaving, putting on make-up, or performing other space-
dependent operations while observing the operation in a mirror is aware of image reversal
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characteristics of a plane mirror.  Often this has been described as left-right reversal, but that is
inaccurate and misleading.  A model ship placed before a mirror, headed toward the mirror
(Figure 18.11), will experience no change in left and right or in up and down, but the image is
reversed with respect to direction, in and out.  Hence there is a reversal of port and starboard.  It
is the reversal of direction along the path of the light rays, without an accompanying change in
left-right directions, that throws off our spatial intuition.

[photo]
Figure 18.11.  A plane mirror exchanges “forward” and “back” without changing left 
and right or up and down.  Port and starboard are exchanged.

Virtual images may be produced by curved mirrors and by lenses.  For a positive lens, or
positive mirror, the image is always real if p > f,  but the image is virtual if the object is inside the
focal length (closer to the lens),  p < f.  The lens equation then gives a negative value for q, the
image distance, which tells us that the image has moved to the opposite side of the lens or mirror,
as shown in Figure 18.12.  Rays do not converge to form a real image, but the rays diverge, as if 
they come from the location of the virtual image.

Figure 18.12. A positive lens or mirror will form a virtual image if the object
distance is less than the focal length.

Virtual images are also formed by negative lenses and negative mirrors, as shown in Figure
18.13  Here f < 0, so for any value of p, q < 0 and the image is virtual.  

a
b
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Figure 18.13.  A negative lens (a) or mirror (b) will form a virtual image from a real object.

Regardless of whether the image is real or virtual, however, it is always true that 
 

as the object moves toward or away from the lens or mirror,
 the image moves in the same direction.  

 

That is, if the object moves toward the lens or mirror, the image moves away from the lens or
mirror, along the optic axis.  If the object away from the lens or mirror, the image moves toward
the lens or mirror.  The only variation is that at some point the image may move to an infinite
distance on one side, then reappear at an infinite distance on the other side, otherwise retaining its
direction of motion.

18.4  Multisurfaces and Multielements
If a lens has more than negligible thickness, accurate prediction of image location requires a

more complex analytical method.  Light is bent at the first surface, travels in straight lines to the
second surface, then is bent at the second surface (Figure 18.14).  Thick lenses are generally not
reversible in an optical system.  The focal length measured (from the lens surface) in one direction
is not the same as the focal length measured (from the lens surface) in the opposite direction. 
Computer programs are readily available that trace the progress of rays, or bundles of rays,
through successive surfaces for purposes of lens design.

Figure 18.14.  A “thick” lens must be analyzed by following a ray, or clump of rays,
through the system.
Similarly, if “off-axis” rays strike a lens or curved mirror at a distance from the optic axis that

is not negligible compared to the radius of curvature, the rays will not be brought to a single focal
point (Figure 18.15).  Behavior of the rays can only be accurately predicted by calculating the
paths for different rays, or bundles of rays.

Figure 18.15.  Points not close to the optic axis are not imaged at a sharp point, or region.
When more than one optical element is present in a system, but each element may be

approximated as a thin lens or the equivalent “thin” mirror, analysis is easier.  The first element
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forms an image of the object at a calculable location.  That image (real or virtual) acts as an object
(real or virtual) for the second element (Figure 18.16), so the lens equation predicts the location
of the image (real or virtual) formed by the second element.  Where necessary, this procedure may
be repeated through the optical chain.

Figure 18.16.  Telescope designs (a. astronomical and b. terrestrial) illustrate how
an image formed by one element serves as the object for another element.

18.5  Common Optical Devices
Human vision is of particular importance in applications of optical devices.  Properties of

optical systems are therefore often calculated with reference to properties of the human eye. 
Human eyes are not all the same.  Do not be surprised if your eyes differ from the “standard” eye
properties commonly chosen for reference purposes.

18.5.1.  Magnification and Power.  We typically take advantage of magnification in one of
three ways: viewing the object through a simple magnifier; projecting an enlarged image onto a
screen or film; or forming, with one lens, an image that can then be viewed with a magnifier, or
eyepiece.

Making substitutions from the lens equation, the magnification of a single magnifier may be
written in the alternative form

A “standard” or  “normal” human eye focuses at a minimum distance (near point) of 25 cm, so
substituting q = - 25 cm (for a virtual image) and neglecting differences between lens-image and
eye-image distances, the magnification of a simple magnifier is often approximated as 1 + 25 cm/f,
or as 25 cm/f  for magnifications significantly larger than 1.

Note, however, that as magnification is increased, the image distance, or distance from the
eye, is typically being increased.  To a first approximation, therefore, although we get a larger
image, it is farther away and appears, to the eye, to be the same size.  If you double the (linear)
size and double the distance, the apparent size is unchanged.  Quite often it is not the
magnification, but the angular magnification, or power, that is important.  
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18.5.2.  Simple Magnifier.  To see a small object, such as a splinter, more clearly, we might
simply move our eye close to the object. This helps only up to a “near point” distance of about 25
cm, or 10 in.  Closer than that, our eyes cannot focus so the image becomes fuzzy.  The magnifier
forms an image at or beyond the near point, which appears to be of the same apparent size as if
we had moved close to the object (i.e., of about the same angular size) but far enough away that
we can see the image clearly.

Both convenience and effectiveness of a magnifier depend on where it is positioned.  A
magnifier very close to the eye, like a jeweler’s loupe, provides the greatest effective
magnification but may require the object to also be brought quite close to the eye.  That is
inconvenient if the object is a page of a large dictionary or encyclopedia.  As the distance to the
object is increased, the magnifier must be moved farther from the eye.  The angular size of the
object remains unchanged as measured from the lens, but decreases when the lens-to-eye distance
is included.

*****
Examples 18.2.  A.  We have seen that in some instances, at least, increased
magnification does not increase the power, or apparent magnification, because the
image gets moved farther away.  Is there any way, with a single-lens magnifier, to
increase the power?

B.  Would you prefer a real image or a virtual image of a splinter or other
small object?

*****

18.5.3.  Projected Image.  We have already seen that a simple magnifier, which is a single
positive lens, is all that is required for a camera, a slide projector, or, with a plane mirror or
equivalent added, an overhead projector.  A somewhat less common, but occasionally very
important, device is the opaque projector.  It is identical in concept to the slide projector except
that the illumination is from the front surface, relying on reflection from the opaque sheet rather
than transmission of light through a nearly transparent film.  Movie projectors are equivalent to
slide projectors but with added machinery to open and close the shutter and to advance the film.

There is usually a second lens or mirror focusing light from a lamp onto the film, page, or
transparency.  The illuminating optics are not part of the projection optics, except that they 
increase the brightness of the object (e.g., the film).  Matching the illuminating cone to the
projection cone increases optical efficiency.

18.5.4.  Microscopes and Telescopes.  A microscope (Figure 18.17) has a short-focal-length
lens, called the objective because it is nearest the object to be examined.  The object is positioned
near the focal distance of this lens, which gives a real image much farther away from the lens, and
inverted.  The image is therefore large and the magnification is large, and negative.  Now add an
eyepiece, a lens with a moderately short focal length, placed so that the first image is just inside
the focal length of the eyepiece.  The eyepiece then gives a large virtual image 25 cm, or more,
from the eye on the same side of the eyepiece as the object (i.e., in front of the observer).
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Approximate the objective lens to object distance as f , ando

approximate the (first) image distance from the objective as equal to L,
the length of the microscope tube.  Magnification by the objective lens is
then - L/f .  Magnification by the eyepiece, for an image at 25 cm (ofteno

outside the microscope tube, beyond the sample), is approximately 25
cm/f .  The overall magnification is equal to the product of these twoe

factors and (without sign) is equal to the angular magnification, or
power.

Actual magnification and power depend on the adjustment of the
microscope by the operator.  Small changes in adjustment can produce
large changes in the image.

Figure 18.17.  A microscope forms a real, enlarged image, 
which is then viewed with the eyepiece to give an image at 
a convenient distance (e.g., 25 cm) from the eye.

A telescope is designed for a different purpose, seeing a large object which has a very small
angular size because it is very far away (see Figure 18.16).  The objective lens is therefore chosen
to have as long a focal length as is practicable, forming a real image, still very much smaller than
the object, at the opposite end (the near end) of the telescope tube.  The eyepiece then gives a
magnified image, real or virtual, of the first image.  The result is a magnification that is very small
(viewing the Moon, for example, we see an image much smaller than the Moon) but a power, or
angular magnification, that may be very large.  Magnification of the first image is approximately
the focal length of the objective divided by the distance of the object; magnification of the second
image is approximately the final image distance divided by the focal length of the eyepiece; and
the power is the magnification multiplied by the distance of the object divided by the distance of
the final image.  Hence the power of the telescope is approximately

The actual magnification is the power, or angular magnification, times 25 cm divided by the 
(very large) distance to the object.  This factor is about 6 x 10  for the Moon.-10

The first image is inverted and the final image is virtual (so that it will be on the same side of
the eyepiece as the original object) and therefore still inverted, relative to the object.  Changing
the eyepiece to a negative lens allows an inversion of the final image relative to the 
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Answers 18.2.  A.  For a single element, magnification is proportional to image
distance, so the power remains constant.  The advantage of the magnifier is simply
getting the image in a good viewing range.

B.  If the image were real, it would be on your side of the magnifier, very
likely behind your head, which would be quite disadvantageous.  Virtual images
are better, and look the same.

*****
initial image, so that the final image is erect with respect to the original object.  This is an
advantage for terrestrial telescopes.

18.5.5.  Pin-Hole Camera.  An interesting and ancient device for seeing an image without
forming an image (as we have defined it) is the pin-hole camera, or camera obscura.  If a box, or
unlighted room, has a very small hole in one wall, rays from objects outside enter and may strike a
screen or opposite wall.  The rays are not focused; hence there is no image in the usual sense, but
because the entrance hole is small, we may think of (approximately) a single ray from each single
point outside as being able to enter and strike the screen.  Thus each point of the outside scene
contributes a single ray to the picture on the wall (Fig. 18.18).  The distance to the wall is not
critical.  There is no focal length.

Figure 18.18.  A pinhole camera gives an apparent image on a screen
(in this example, inside the box) at any distance.

The human eye is quite good as a light detector under optimum conditions.  When the eye is
well adapted to the dark, light is primarily detected by the rods (rather than the central cones, of
normal vision).  The rods do not give as sharp an image, and give no color discrimination, but a
trained observer can detect a light signal consisting of only a few photons (typically fewer than 10
per second).  Therefore we can often see an image that cannot be photographed (although recent
improvements in detectors have largely overcome this difference).  Because very little light enters
a pin-hole camera, it may take a long time to get a picture on film, in comparison to what we see
or can photograph with standard cameras.

18.6  Aberrations in Optical Systems
Real optical systems differ from the idealized systems we have considered in any or all of

several ways.  Spherical and non-spherical aberrations, chromatic aberration, and astigmatism are
among the most common difficulties.
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 Newton believed that the ability to separate colors (change of refractive index with7

wavelength) depended on refractive index.  He concluded that telescopes with lenses could not be
substantially improved, and therefore designed a very good telescope based on a mirror.
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18.6.1.  Spherical Aberrations.  The focal properties of a thin lens, or a mirror with only rays
close to the optic axis, follow the rules considered.  In practice, lenses often are quite thick, to
obtain the necessary focal lengths and other properties, and may accept rays quite far from the
optic axis.  Most of the resulting errors, or aberrations, are describable as spherical aberrations,
meaning that a thick lens or a mirror with spherical surfaces does not give a good focus for rays
significantly away from the optic axis.  Lenses and mirrors are therefore often made with non-
spherical surfaces, to correct for the major defects.  Such non-spherical surfaces then introduce
their own aberrations except for special rays.  Lens design is a complex art and science, now much
advanced over even a few decades ago.

18.6.2.  Chromatic Aberration.  The focal length of a lens depends on the refractive index of
the lens material (sec. 18.1).  For a thin lens, of refractive index n, in air, the focal length is given
by the lens-maker’s equation,

where r  and r  are the radii of the two lens surfaces, with the same sign convention; that is, r  is1 2 1

positive if the center of curvature (with respect to the first lens surface) lies in the direction the
light is traveling, or negative if it is opposite the direction of light travel (Figure 18.19).  

Figure 18.19.  a. Double convex lens:  left (first) surface has negative r; second surface
has positive r; b. double concave lens:  first r is negative, second r is positive; 
c.  meniscus lens:  both radii positive (or both negative, for light moving right to left).

 
In practice, the refractive index varies with the color, or wavelength, of the light.  Thus a lens

that gives a very good focus for red light may give a good focus for blue light at a different focal
distance; one image, blue or red, may be sharp only when the other is blurred.  The effect is called
chromatic aberration.  It can be corrected, for N choices of wavelengths, by constructing a
compound lens consisting of N distinct elements, made of different materials.  Good color
corrected lenses are therefore expensive.  

Chromatic aberration can also be avoided, where design permits, by substituting mirrors for
lenses.  Mirrors rely on reflection, which does not depend on refractive index.  Therefore they7

have the same focal length for any wavelength.  Mirrors are critically important for some
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applications, such as spectrometers that may operate in infrared, visible, and ultraviolet regions,
but for other applications, design considerations often prohibit substitution of mirrors.

18.6.3.  Astigmatism.  A cylindrical lens may focus in one plane (e.g., the horizontal plane)
and not in a perpendicular plane (e.g., the vertical plane).  If a spherical lens has some cylindrical
character, the focal length will be different in different planes.  An object that is a point is then
imaged as a point in one plane but is spread out to a line in the other; hence the point is imaged as
a line.  This is called astigmatism (that is, the lens is not stigmatic).  Spherical lenses do not have
this problem, but non-spherical lenses often do, and spherical lenses not properly shaped, or
placed off-axis, exhibit the effect.  An astigmatic eye typically sees vertical lines more clearly than
horizontal, or vice versa (or the pattern may be rotated by something less than 90 ).o

18.6.4.  Vision.  The human eye is a very poor quality optical device with very powerful
image processing systems that correct for most of the optical aberrations.  For example, a distant
telephone line may be too small to be seen clearly by the optical system of the eye, but is
nevertheless seen as a continuous line because the optic nerve and brain interpret the signals
received as being connected points forming a line.  (This has led to misinterpretation at times, as
when “canals” were seen on Mars in the early 20  century by human interpretation of spots asth

connected lines.) 
To a first approximation, the eye is a sphere, with the front surface of the sphere bending rays

to a focal point at the rear inner surface where the sensors (rods and cones) are located.  Vision is
markedly improved, however, by a flexible lens on the front surface of this sphere.  Eye muscles
change the shape of the lens to adjust the focal length of the eye to accommodate for objects
closer than about 6 m.  Thus the eye is not even approximately a thin lens.  Nevertheless, it is
often convenient to represent it by an equivalent thin lens, of focal length about 2 cm.

Three common optical difficulties occur for human eyes.  Most common is myopia, or near-
sightedness.  The eyeball is too long, or the lens too powerful, so an object at a distance is imaged
within the eyeball, rather than at the back, on the optic nerve.  The common solution is to provide
a negative lens in front of the eye, which has the effect of producing a virtual image closer to the
eye.  The myopic eye can focus on this closer image (Figure 18.20a).  Less common is hyperopia,
or far-sightedness.  The correction is a positive lens, which for a close object gives a virtual image
farther from the eye, which can therefore be seen more clearly (Figure 18.20b).  Eyes also may
have astigmatism, requiring that the eyeglasses have a cylindrical correction.



 It would be nice, for many people, if increasing age brought hyperopia that would8

overcome myopia.  Unfortunately, it usually brings only the need for different glasses.  Because
myopia and presbyopia have quite different causes, they very seldom compensate each other.
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Figure 18.20.  a.  Myopic vision.  Without corrective lens, image is formed in front of 
retina.  b.  Hyperopic vision.  Corrective lens forms virtual image farther from eye.
With age (typically soon after 40), the eye begins to lose its property of accommodation, the

ability to adjust focal length for objects closer than 6 m.  This condition is known as presbyopia
(roughly “vision of old age”).   Then the person with otherwise normal vision requires glasses for8

close work, such as reading, and the person with vision requiring other correction may need a
different correction for close work, and hence bifocal lenses.  More serious vision problems are
caused by cataracts, which is a loss of transparency in a region of the eye lens associated with
degeneration of the lens material.  The problem is now correctable by replacing the natural lens
with an artificial lens, of necessarily fixed focal length.

New surgical procedures with lasers can correct most myopia, hyperopia, and astigmatism. 
The eye is reshaped by removal of a microscopic layer from the front of the eye, called the cornea. 
New techniques are being explored to compensate for loss of accommodation.

Chapter Summary
Geometric optics treats light as rays, traveling in straight lines until reflected or
bent by refraction.  For a thin lens or mirror, 1/f = 1/p + 1/q, where f is the focal
length and p and q are object and image distances, all measured from the lens or
mirror in the direction the light travels.  Simple ray tracing follows at least two, but
usually three or four, principal rays.  Magnification is the ratio of image height to
object height which, for single optical elements, is equal to (minus) image distance
divided by object distance.  A virtual image is an apparent source of (diverging)
rays, not formed by convergence of rays.  The image formed by one element may
serve as the object for the next.  Magnification is often less important than power,
or angular magnification.  Common aberrations include spherical and chromatic
aberrations, astigmatism, and loss of accommodation.
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Chapter 19.  Physical Optics

Chapter Introduction
A.  Why?

Formation of images may be explained with ray optics, but an understanding of the wave
properties of light is required for more detailed descriptions of refraction, interference, diffraction,
and color.

B.  What to Look For
Refraction is explained by a change of speed, but the change of speed depends on phase shifts

(not simple time delays) which rely on oscillator behavior.  Basic properties of interference follow
from addition of wave forms.  The laws of Lambert and Beer are critical to quantitative
measurements.

C.  Pre-Test for Prior Comprehension
a.  What causes an index of refraction different from one?
b.  What was the probable reason for Newton ignoring his own measurements that would

have given him the wavelength of light?
c.  Why should a “perfect emitter” be called a black body?
d.  What is the best mirror surface?
e.  Can a refractive index be less than 1?
f.  What is the difference between resolution and resolving power?
g.  What causes the colors of rainbows?

D.  Inquiry Question(s)
Recent studies of the mental processes of vision have shown “pattern matching”.  Incoming

visual signals are compared with a “computed” anticipatory match, which explains how we can
recognize images related to but different from those stored in memory.  What optical illusions are
explained by this?  Is there experimental (or anecdotal) evidence of similar matching in our
hearing?

#####

Models generally represent a similarity of behavior between a system and a simpler or

more familiar system. Thus we represented the behavior of light in Chapter 18 by means of a ray
model, in which the light travels in straight lines except where it is reflected, or bent by entering a
substance of different refractive index.  In this chapter we will represent light by a wave model.  In
the following chapter, we add particle properties of light.  Because each of these models is an 
example from classical physics, no one of these is adequate to describe the actual behavior of
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Short Answers to Pre-Test Questions
a.  For frequencies near an absorption band, wave progress is aided or retarded by phase

shifts.
b.  Apparently Newton rejected wave models primarily because it was known (as first shown

by Torricelli) that light could travel through a vacuum.
c.  A perfect emitter is also a perfect absorber and therefore appears black when it is at room

temperature (hence not strongly emitting).
d.  A surface that gives total internal reflection (because of change of refractive index at the

surface) is the best reflector, or mirror.
e.  Near a strong absorption band, the (phase) speed of light may exceed c, and thus n may be

less than 1.
f.  Resolving power is the dimensionless ratio � /� �  or � /� � , where � �  or � �  is the theoretical

resolution limit.  For various reasons, actual resolution may be substantially poorer (or slightly
better) than this theoretical value.

g.  By internal reflection within water drops, different colors are reflected at different angles,
but each color is most concentrated in its own characteristic direction.

#####
light in all respects.  We utilize several models, choosing the one that fits a particular experiment
best.  In section 20.4 we will show, in outline form, how the particle model is modified to remove
the disparities.

19.1  Refraction
Although the property of refraction, or bending, of light was recognized from ancient times,

there was no understanding of the meaning of the refractive index until the 19  century. Aboutth

1000 A.D., Alhazen pointed out that the incident ray and the refracted ray lie in the plane with the
perpendicular to the surface, but he recognized that Ptolemy’s generalization (constant ratio of
angles) was incorrect.  Kepler looked in vain for an accurate representation of refraction, but Snell
soon afterward found the relationship that bears his name.

Starting with a commitment to a particle model of light, Newton explained refraction by
assuming an attraction between light and condensed matter that caused light to speed up as it
entered glass or water, for example.  After Thomas Young provided substantial evidence for wave
properties of light in 1800-1803 (in the face of serious objections), others undertook serious
studies of light and its propagation, showing that light must be transverse (rather than
longitudinal) vibrations and that the speed of light was less in condensed matter.

Refraction of waves is easily demonstrated, and therefore considered to be understood.  If the
waves strike a medium of higher index (lower speed) at an angle, the part of the wave front that
strikes first is delayed (Figure 19.1).  That causes the wave front to bend closer to the
perpendicular.

Figure 19.1.  Waves descending from the left strike
the denser medium and “drag their tail”, bending
toward the perpendicular.  The reverse occurs on
emerging from the denser medium.
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 The value given is exact, because the meter was redefined by this measurement.  That is,9

the meter is now defined as the distance an electromagnetic wave travels in 1/299792458 s in
vacuum.
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Figure 19.2.  Snell’s law for entry and exit from (optically) denser medium.
Snell’s law corrected Ptolemy’s approximation by replacing the angles with the sines of the

angles.

 

where i is the angle of incidence, measured from the perpendicular to the surface, r is the angle of
refraction, measured from the perpendicular, n  is the index of refraction of the medium ofi

incidence, and n  is the index of refraction of the refracting medium as we saw in Figure 18.1. r

The refractive index may vary with color, as well as substance.
Although the speed of all electromagnetic waves is the same in vacuum  (for all observers),9

represented by c = 2.99792458 x 10  m/s, in other media the speed may differ.  In a medium in8

which the speed is � , wavelength and frequency are related by
 

��  = �
 

The ratio of the speed of light in vacuum to the speed in the medium is the index of refraction.
 

This speed is called the phase speed of the wave, which may differ from the group speed, u.  (The
group speed is the maximum speed at which a signal may be sent from one location to another.  It
must always be equal to or less than c.)

Wave pulses cannot accumulate along the path, so the number of pulses per second arriving
at any surface must equal the number leaving.  That is, frequency is constant, so for any given
(monochromatic) wave



  The term “diffraction” was introduced by Grimaldi, in 1665, to indicate the breaking up10

of a beam of light, due to interference.

  I. Newton, Opticks, Book 2, Part 1, 4  Edition, 1730.11 th
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It follows that the wavelength changes as the beam passes from one medium to another of
different wave speed.

If the second medium has a greater index of refraction, n  > n ,  the wave is shortened andr i

bent closer to the perpendicular as it enters the medium and bent away from the perpendicular as
it leaves.  If two surfaces are plane and parallel, the second bend exactly compensates for the first,
leaving the ray traveling in the same direction, but slightly displaced (Figure 19.2).  If the surfaces
are not parallel, the beam is deflected (Figure 19.3).

Figure 19.3.  If the second
surface is not parallel to
the first, the beam will be
deflected.

19.2  Interference
The energy crossing unit area in unit time is called the intensity.  Intensity is proportional to

the square of the amplitude, or displacement.  As for waves on a string, when two electro-
magnetic waves are in the same location at the same time, the displacements add (including signs),
giving a net displacement that may be larger or smaller than either.  The waves retain their own
characteristics of energy and velocity, so they pass through each other “without interfering”. 
However, if there is interaction between the medium and any external body, at the location of
coincidence (e.g., if a measurement is made), the sum of the displacements gives rise to a local
displacement that may be different from that of either of the waves, and the energy measured is
attributable to the sum of the displacements.  This is called interference.  

Interference of waves is evidence that energy has been shifted from one region of space to
another.  Total energy is unchanged, but local energy values may be increased or decreased.  For
two equal waves, the energy may be four times as great (constructive interference) or may be zero
(destructive interference), or any value between.

Interference effects in two and three dimensions are sometimes labeled as interference and
sometimes as diffraction , where there is a consequent change in direction of the light rays.  In10

practice, there is no sharp line between “pure” interference and diffraction, so artificial distinctions
are sometimes drawn.  Diffraction always involves interference but interference need not involve
diffraction.  We will not make an issue of the distinctions, but will choose labels depending on the
significance of the deviations in angle.

19.2.1.  Newton’s Rings.  Newton described an example of interference.   When two slightly11



  Newton repeated the experiments described by Grimaldi.  His reluctance to seriously12

consider a wave model for light. as suggested by his own and Grimaldi’s experiments, probably
was based primarily on the experiment of Torricelli, who showed that light passed through the
vacuum produced above a column of mercury in a closed tube.  This could be expected for
particles, but it was generally accepted that there could be no wave in a vacuum where there was
nothing to “wave”.

 Humphrey Lloyd (1800-1881) of Dublin was provost of Trinity College, president of13

the Royal Irish Academy, and author of two textbooks on optics.
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convex pieces of glass (or one convex and one plane piece) are placed in contact, rings are seen
about the point of contact.  At the center, all incident light is transmitted.  No light is reflected,
because reflected light from the two adjacent surfaces interferes destructively.  Therefore the
center appears black by reflection and appears light by transmission.  As we now understand, this
is evidence that light reflected at a surface where the index of refraction increases undergoes a
phase change of � , or 180 .  There is no such phase change as the light iso

reflected within the glass above, so the two reflected waves are exactly
out of phase.  Also, there is no phase change for the transmitted beam so
it proceeds unhindered.

Figure 19.4.  Newton’s rings, showing dark spot in center
(by reflection).  From Jenkins and White.

Farther from the center, the distance between the two reflecting
surfaces is greater, so that the reflected waves come into phase, then
again out of phase, and so forth.  Concentric rings appear, of regularly
changing colors, evidence that different colors have different
wavelengths.  From Newton’s measurements, it is possible to calculate
the wavelengths of the various colors of light, although Newton did not so interpret his results.12

19.2.2.  Lloyd’s Mirror.  Newton’s results do not themselves prove where the change in
phase occurs.  Is it at the reflection inside the glass or at the reflection passing from air into glass? 
A simple test is provided by Lloyd’s mirror,  a long plane mirror with a slit placed very close to13

the surface.  Then light travels from the slit to a screen at the other end by a path totally in air and
along a path reflected at the mirror surface.  The result found is that the two beams are out of
phase if the distances are the same (i.e., very close to the mirror surface).  Hence we may
conclude that the phase change occurs when light is reflected where it otherwise passes from air
into glass, or more generally from low index to high index of refraction.

19.2.3.  Thin Films.  Interference is often observed from thin films.  A trace of oil on water in
the street, for example, may give a variety of colors that depend on the thickness of the film and
on the angle of observation.  Colors observed from soap bubbles and from some insect and
hummingbird wings are other familiar thin-film interference effects.  



  Developed between 1896 and 1906 by Charles Fabry (1867-1945) and Alfred Pérot14

(1863-1925).
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One of the striking features of thin-film interference is that a film may reflect, on first
incidence, some substantial fraction of the light, yet when multiple reflection-transmission paths
are considered, the film may transmit all of the incident radiation (of a given wavelength).  The
proof is given in the addendum.

If the light is incident at an angle from the perpendicular, such that the angle of refraction
within the medium of index of refraction n, is r, then the more general condition for total
transmission will be
 

m�  = 2 n t cos r
 

with m an integer and t the thickness of the film.

19.2.4.  Fabry-Perot Interferometer.  Because the interference between plane parallel
surfaces is independent of the reflectivity of the surfaces, silvered surfaces, that seem to be highly
reflective, may yield zero reflectance for a proper film thickness (see Addendum).  The Fabry-
Perot  interferometer is an optical device with reflective plane parallel surfaces at a large14

separation, t (typically centimeters).  The interferometer effectively isolates certain wavelengths
from others by passing a narrow band while rejecting nearby wavelengths.  If the plate distance is
fixed, the device is called an etalon.

19.2.5.  Michelson Interferometer.  Interference may also be observed with a Michelson
interferometer, shown in Figure 19.5.  Monochromatic light, typically green from a mercury arc,
passes through a glass plate and is partially reflected to a movable mirror and back, through the
plate, to the detector.  The other portion of the beam passes on from the plate to a fixed mirror
and back and is reflected to the detector.  The second surface of the glass plate may be partially
silvered.  A compensating plate, cut from the same piece of glass with plane-parallel surfaces, may
be inserted between the first plate and the fixed mirror, to make the two paths fully equivalent.

Figure 19.5.  Michelson Interferometer.

If the two mirrors are effectively parallel (actually, at right angles), the interference pattern
produced is circular, with diameter decreasing as the path difference increases.  Otherwise the
fringes will be linear, as for a thin wedge.  As the movable mirror moves a distance � x, the path



�
� x

�� 4=D

Each band varies in phase across its width, but it is sufficient for the present to consider15

the phase for the center of each band.
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length involving that mirror changes by 2 � x, which causes a phase shift, at the detector, of

 

(The variations in amplitude may alternatively be regarded as beats between two sources.)  Phase
shifts of �  cause a change between constructive and destructive interference, or between light and
dark fringes, so a mirror displacement of � x = � /4 is quite obvious, and with some care as little as
one-tenth of this may be detectable.  Hence the interferometer allows measurement of
displacements on the order of 20 nm or less (� /25).  By counting fringes as the mirror is moved
over a long distance, such longer distances can be measured to an accuracy of 20 nm or better, or
roughly 200 atoms.

19.2.6.  Zone Plate.  Another special case of interference is the zone plate.  Consider light
coming from a plane to a point, P, on a line perpendicular to the plane.  Along the axis, the phase
of the light reaching P depends on the distance of P from the plane.  Light coming from a circular
band surrounding the center will travel farther to reach P, and may therefore be �  out of phase
with the central ray.  Light from another band, slightly farther from the center, may be 2�  out of
phase with the first ray, and therefore in phase.  Each successive band is either out of phase or in
phase.15

Suppose now we darken alternate bands.  Then all contributions from the remaining bands
are in phase with the central band and add intensity at the central point.  Each successive zone
contributes a smaller amplitude, but the series adds to give a finite amplitude at the center.  Hence
the zone plate is a device consisting of alternating transmitting and blocking circular bands that
acts as a lens.

The zone plate, as such, is more an “in principle” gadget than a practical device.  With a
slight modification, however, it becomes very important.  If the zones are parallel, rather than
circular, the focusing of reflected (or transmitted) light depends on angle, and on wavelength. 
The zone plate is then called a diffraction grating.

19.3.  Energy, Attenuation, and Reflectance
We examine, in sequence, the intensity of a traveling electromagnetic wave, the intensity

emitted by a “perfectly absorbing” body as a function of temperature, the intensity removed from
a beam by an absorbing substance, and the intensity reflected by a non-absorbing object or when a
beam passes from a substance of higher refractive index to a region of lower refractive index.

19.3.1.  The Poynting Vector.  Energy of an electromagnetic wave is usually described in
terms of intensity, the energy passing any plane, perpendicular to wave velocity, per second per
unit area.  Intensity varies as the square of the amplitude of the wave.  The intensity is
proportional to E , the square of the (maximum) electric field strength, and to B ,  the square of 2 2
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The electric and magnetic constants, �  = permittivity and µ  = permeability, are linked by theo o

speed of light in vacuum, c.

 Joseph Stefan (1835-1893) worked on the theory of gases, discovered evidence for the17

fourth-power law in emission, and showed it could be derived from thermodynamics.  Ludwig
Boltzmann (1844-1906), a student of Stefan, made major contributions to the theory of gases, to
probability, and to statistical mechanics.
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the (maximum) magnetic field strength.  These are related, in SI units, by E = c B, with E and B
mutually perpendicular.  Note that B, the magnetic field strength, is inherently much smaller (in SI
units), by a factor of c = 3x10  m/s, than the electric field, E.  8

The intensity, or power per unit area, is given by the Poynting vector, 
 

 where µ  is the permeability constant, or the permeability of the vacuum, equal to 4�  x 10o
-7

tesla·meter/ampere.   The Poynting vector gives the direction (by the right-hand rule), as well as16

the magnitude, of energy flow.  (We met the Poynting vector in examining power flow into a
conducting wire in section 15.1).

19.3.2.  Stefan-Boltzmann Law.   Thermodynamic equilibrium conditions require Kirchhoff’s17

law of radiation, which states that any body can emit only those frequencies that it can absorb. 
When a body is in equilibrium with the radiation field near it, the amount of radiation emitted must
be equal to the amount absorbed at each frequency.

Equilibrium is most easily achieved by surrounding the radiation with matter so that,
regardless of what fraction of the radiation may be absorbed on each incidence, all radiation is
eventually absorbed, and may be re-emitted.  For example, we produce a sphere with only a small
hole, so that any radiation entering will be reflected back and forth and eventually absorbed.  Such
a sphere, viewed through the hole, appears perfectly black.  Hence it is called a black body.  A
black body is a perfect absorber and therefore also a perfect emitter.  Any radiation emitted within
the sphere will be re-absorbed and re-emitted many times before escaping through the small hole. 
Radiation inside the sphere is thus in equilibrium with the walls and its frequency distribution is
determined solely by the temperature of the walls, irrespective of their composition.

It can be shown, from thermodynamic arguments, that the power, � , emitted from any area A
at the temperature T must follow the Stefan-Boltzmann law,
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 Pierre Bouguer (1698-1758) first studied absorption in the atmosphere.  Johann18

Heinrich Lambert (1728-1777) and August Beer (1825-1863) completed the formulation of the
absorption law.

7/27/07                                                           PT-19-353

The universal constant � , called the Stefan-Boltzmann constant, is

and �  is a quantity between 0 for a perfectly transparent material and 1 for a perfect absorber (= a
black body) ; �  depends on the absorbing-emitting substance and is a function of frequency.  (It is
not related to � , the permittivity.)o

For an object at or near room temperature, even with �  = 1, the power, � , is extremely low
for frequencies in the visible region (�  < 800 nm; �  > c/8x10  �  4x10  Hz).  Therefore even a-7 14

perfect emitter at room temperature appears black.

19.3.3.  Attenuation.  If a beam passes through a thin slice of matter, typically some
predetermined fraction of the beam will be absorbed or scattered.  The fraction does not depend
on the intensity of the beam or on its history, so if 1% is lost in some thickness, � x, another 1% of
the remaining intensity will be lost in the next slice of thickness � x, and so forth.

or

with µ a constant (not related to the magnetic permeability constants), and therefore

or

or equivalently,

This law of absorption was obtained by Bouguer , and later by Lambert.  Beer recognized that18

the absorption constant k = µ/2.3 often depends on the presence of a particular absorbing
component in the otherwise transparent material (e.g., a solvent).  The exponent may then be
written
 

 k �  x = A =  a b c
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 The absorbance, A, has also been called “optical density”(based on properties of19

photographic film, once the standard for measuring intensities), which conflicts with the usage of
optical density as refractive index.  Also, the form implies an intensive property, which is
appropriate for refractive index but not for absorbance.  Density is independent of thickness.
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where A is called the absorbance, a is the absorptivity of the component, b is the thickness of the
sample, or cell, and c is the concentration of the absorbing component.  The natural unit for A is
the bel.   The equation is generally known as Beer’s law.19

19.3.4.  Reflectance.  For perpendicular incidence from a medium of index n  into a medium1

of index n , both of which are transparent, the reflectance is2

For example, the refractive index for air is 1.0 and a typical index for glass is 1.5.  For
perpendicular incidence, the reflectance is therefore 1/25 or 4%.  This seems like a modest
amount, but many optical devices have several optical elements, each with two surfaces.  If there
are 6 elements, or 12 such surfaces, the fraction of the beam intensity transmitted is (0.96) =12 

61%, representing nearly a 40% loss.  Equally important, the reflected light may appear where it is
not wanted, bouncing around within the system as stray light.  To avoid such losses, surfaces are
often coated with a material of intermediate index, or coated with a thin transparent film that gives
100% transmittance, by thin-film interference effects, for the most important wavelengths in the
beam.

*****
Examples 19.1.  A.  If a thin layer of index 1.25 is deposited on glass of index 1.5,
what is the reflectance at the first surface (with air)?

B.  What is the reflectance at the second surface (with glass)?
C.  What is the total loss for the two surfaces?  (Find the transmittance.)

*****
Reflectance increases with angle of incidence (measured from the perpendicular to the

surface, as usual).  At grazing incidence, plastic, wood, and even asphalt and concrete surfaces
are highly reflecting, although the reflection may be diffuse, rather than specular (Figure 19.6).  A
thin layer of water or wax smooths out the surface and increases reflectance significantly.

[photo]
Figure 19.6.  Diffuse vs. specular reflection depends on the angle of incidence and



  FTIR may also mean Fourier transform infrared spectroscopy, a very different20

technique.
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on the character (smoothness) of the surface.

19.3.5.  Total Internal Reflection.  A beam passing from water to air is refracted and
reflected, with the reflected intensity dependent on the angle of incidence.  By the time the angle
of refraction reaches 90 , so that the refracted beam (as well as the reflected beam) would remaino

in the water, the intensity of the refracted beam must have decreased to zero, leaving the total
intensity in the reflected beam.  The effect is called total internal reflection.  Such a reflection
process, within a prism for example, is more efficient than reflection in a mirror (typically no
better than 96-98 %).

Total internal reflection provides an efficient means of guiding light through a flexible narrow
tube, called a light pipe, or optical fiber.  These now appear in communication systems, including
phone lines and computer connections, in medical imaging devices for observations inside the
body, and in such mundane applications as illumination of dashboard instruments and brake
signals.  A bundle of fibers give much more light than a single fiber.  However, unless great care is
taken in assembling the bundle, the spatial relationship of the fibers will be scrambled at one end
compared to the other, yielding light but no image.

Refractive index varies strongly near an absorption band, so if the surface that is normally
totally internally reflecting is coated with an absorbing compound, the reflected intensity varies 
strongly as the wavelength is scanned through an absorption band of the coating.  This provides a
very sensitive analytical technique, applicable for opaque substances, particularly in the infrared
region where there are usually many absorption bands arising from vibrations of the molecules. 
The technique has been called frustrated total internal reflection, or FTIR.20

19.4  Diffraction
If light coming from a light bulb falls directly on a pinhole or a slit, or is focused onto the

pinhole or slit by a lens, no special effects are observed.  What is required is the equivalent of

Figure 19.7.  If a light beam strikes a
pin hole, the image produced on the far
side is what would be expected by ray
optics; e.g., two pin holes give two round
spots of light.

parallel rays or a small light source very far away.  We can achieve that with two pin holes. 
Light coming through the first acts as the source for the second, providing rays that have the
same phase (Figure 19.8).  Such a source is said to be spatially coherent.  If the initial source was
monochromatic (e.g., a single color from a mercury arc), the beam will also be, to a good
approximation, temporally coherent, or of a single frequency (sec. 19.4.3).



 When the left edge is � /2 behind the center, these rays destructively interfere but also21

each ray to the right (L + �   vs. C + � ,  L + 2�  vs. C + 2� , etc.) also cancel, so the left half
interferes destructively with the right half.
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Answers 19.1.  A.  R = (1.25 - 1) /(1.25 + 1)  = 0.0123456 2 2

B.  R = (1.5 - 1.25) /(1.5 + 1.25)  = 0.00826452 2

C.  T = (1 - 0.0123456)(1 - 0.0082645) = 0.97949; 1 - T = 0.0205.  Even
though there are now two reflecting layers, the effective reflectance has dropped
from 4% to 2%.

*****

Figure 19.8.  If the beam
first passes through a pin
hole, as it passes through
the second pin hole it
produces a diffraction
pattern.

19.4.1.  Single Slit.  If coherent light goes through a pin hole or a narrow slit, Huygens’
model predicts, correctly, that it will spread out on the other side.  As shown by Fresnel and,
especially, Kirchhoff, the amplitude varies with angle, falling off approximately as the cosine of
the angle measured from the forward direction.  In practice, we usually work close to the forward
direction and ignore this inclination factor.

Fresnel analyzed the simple arrangement of a coherent beam, or parallel rays, passing through
an opening and then on to a screen.  The nature of the pattern varies with the wavelength of the
light, the opening, and the distance to the screen.  Such experiments are called Fresnel
diffraction.

Light always reaches a detector placed along the center line of the original beam.  As the slit
width is increased, light rays coming from one part of the slit have farther to go to reach a point
on a screen or detector than rays from another part of the slit.  When the additional distance is
one wavelength, rays from the left half of the slit are exactly one-half wavelength behind (or 
ahead of) rays from the right half of the slit, leading to destructive interference.   As the angle is21

increased, there is a series of (decreasing) maxima and intermediate regions of zero intensity, 
corresponding to illumination coming from some fraction of a zone, or from two or more zones, 
of a zone plate.

Josef von Fraunhofer (1787-1826) later analyzed the limiting case in which the screen is
sufficiently far from the opening that the rays reaching the screen may be considered as parallel,
called Fraunhofer diffraction.  We achieve these results, in a simple way, by inserting a lens
between the opening and the screen, to render the rays nearly parallel, but focused to give an 
image on the screen, as shown in Figure 19.9.  Then the phase difference between rays from 
one edge of the slit and the other edge is the difference in distance traveled by the two rays, L,
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divided by the wavelength of the light, multiplied by 2� .  At the center of the pattern, the phase
difference is always zero and the intensity is a maximum.

Figure 19.9.  Fraunhofer diffraction. Light leaves the diffracting 
slit as parallel rays.

The Fraunhofer diffraction pattern from a single slit is represented in Figure 19.10.  At the
center of the image, all segments are in phase.  At the first minimum, the phase difference is 2� ,
corresponding to a closed circle.  A submaximum appears when the phase difference is 3� , with
an amplitude of 2/(3� ) and therefore an intensity of 0.045, slightly less than 5% of the intensity at
the central maximum.  Another minimum at a phase difference of 4�  is followed by the next
submaximum at 5� , with an intensity of about 1.6% relative to the central maximum.

Figure 19.10.  Fraunhofer diffraction  pattern from a single slit.

19.4.2.  Double Slit.  The best-known example of interference, or diffraction, is that studied
by Young, with coherent radiation incident on two equal slits.  The pattern is equivalent to (the
forward half of) the pattern formed by water waves or sound waves generated by two sources (in
phase)  separated by a short distance (Figure 19.11).  Maximum intensity (constructive
interference) appears wherever the two sources give maximum (positive) amplitude, or the two
sources give minimum (maximum negative) amplitude.  Energy flows along the lines of
constructive interference.



In early classical models, the monochromaticity of a line from a source that should, in22

principle, give monochromatic radiation, was related to a time over which emission occurred. 
There is an alternative analysis, based on quantum physics, that considers the lifetimes of initial
and final states.  The energy, or frequency, spread is then related to the time uncertainty.
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Figure 19.11.  Two-Slit Diffraction Pattern.  Interference pattern as observed in water.

Configured for Fraunhofer diffraction, two slits give a series of lines, of roughly equal
intensity.  Interference effects from the width of the individual slits may be superimposed on the
two-slit pattern, but we will ignore any such possible fine structure.  The maxima appear for path
differences L given by 

L = n�  = d sin 	
 
 

with n an integer and d the distance between the two slits (center to center).

19.4.3. Coherence and Coherence Length.  Parallel rays are a convenient fiction.  To achieve
parallel rays would require a point source or an infinite distance from a finite source, either of
which would ensure zero intensity.  Any experiment must compromise, achieving approximately
parallel rays or, equivalently, an approximately plane wave front.  It is convenient to describe the
degree of approximation to a plane wave front as spatial coherence.

Similarly, any finite wave train may be described as a sum of waves, of different frequencies,
that gives a wave packet.  Therefore every wave (that did not start at t = - �  and continue to t = +
� ) can be, at best, an approximation to a single frequency, or to a  monochromatic wave, in the
strict sense.  As shown by Lord Rayleigh (John William Strutt, 1842-1919), in practice the
monochromaticity of a wave is determined not by the source, but by the subsequent processing of
the beam, through a monochromator (any of several devices to separate out a “single frequency”
from the incident beam).   It is convenient to describe the degree of approximation to a single22

frequency of radiation as temporal coherence.
Experimental results with real apparatus depend on the degree of coherence of the beams that

interfere.  If there is a lack of temporal coherence, fringes will be colored and will soon disappear
into the background as constructive interference of one frequency, or color, and constructive
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interference of another frequency, get significantly out of phase with each other.  Similarly, lack
of spatial coherence limits the number of “black and white” (or, e.g., black and green) fringes that
may be seen.  This is usually summarized by assigning a coherence length to the beam, defined as
the maximum distance over which interference effects are observable.

19.4.4.  Multiple Slits and Gratings.  As the number of slits is increased, additional
submaxima appear in the image, but many of these are reduced in intensity, as shown in Figure
19.12.  The tendency is toward narrow lines, equally spaced, following the same equation as for

Figure 19.12.  Diffraction pattern from n lines.  As n increases from 2 toward a large
number, the intermediate maxima disappear.  From R.W. Wood, Optics, Macmillan, 1934.

two slits,
n�  = d sin 	

 

called now the grating equation, with n called the order of the line and d the separation between
the slits.  The slits are often replaced by reflecting strips, ruled in aluminum on glass by a ruling
machine, or an aluminized plastic replica of such a ruled surface.  If the incident radiation consists
of multiple frequencies, the grating sorts them out, sending longer wavelengths at larger angles,
for a given order.  Each “order” then consists of one complete set of the wavelengths of the
original beam, possibly overlapping adjacent orders in part.

An important advance in grating design was the introduction of the blazed grating.  The
location of the orders is determined solely by the grating equation, but the intensity of one order
vs. another is determined by the reflective properties of the grating surface, and in particular, by
the law of reflection at the microscopic groove surfaces.  By selecting a proper angle for the
groove surfaces (relative to the grating surface), any one of the orders may be emphasized at the
expense of other orders.  Thus, for example, the second order, on one side, may be much stronger
than the first or third, or zero or fourth, orders.  The blazed grating is much more efficient in
separating wavelengths while achieving high intensity at the detector.

19.4.5.  Gratings vs. Prisms.  Pierre de Fermat (1601-1665) deduced that light follows a path
through space (including reflections and other variations in path properties), consistent with the
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constraints placed on its motion, that leads to a minimum (or an extremum, sometimes a
maximum or constant) time of travel between fixed end points, taking into consideration the
refractive index.  We now recognize that the path of the light depends upon constructive
interference along the proper path and destructive interference along possible alternative paths. 
Thus it intimately involves the phases of beams as they go from the source to the detector.

The same argument applies for light reflected by a grating or passing through a prism.  It can
be shown that there is a fundamental similarity between the operation of a prism and the operation
of a grating.  Each produces phases differences, by refractive index and/or distance, causing
different wavelengths to appear at different angles.  On the other hand, because refractive index
increases with frequency, prisms bend high frequencies (blue light) more strongly than low
frequencies (red light), whereas gratings bend long wavelengths (red) more strongly than short
wavelengths (blue).

Because prisms show high dispersion only near absorption bands, they inherently have a 
limited range of utility.  Gratings are, in principle, functional for almost any wavelength that is
smaller than the groove spacing, provided difficulties of overlapping orders can be managed.

19.4.6.  Resolution and Resolving Power.  The purpose of a prism or grating, in a
spectrometer, is to separate one frequency or wavelength from another.  Usually this involves
deviation of the beam, a change in direction.  However, perhaps surprisingly, deviation is of
relatively little importance.  For example, a prism generally functions best when adjusted for
minimum deviation of the beam.

More important is the angular dispersion, the difference in angle (of deviation) of one
frequency as compared to another.  Angular dispersion would thus be d	 /d� , or  d	 /d� .  Angular
dispersion of a grating depends on the diffraction properties of the grating, including especially
the line spacing, and on the wavelength of the radiation.  Angular dispersion of a prism depends
on the apex angle and on the dispersion, which is the change in index of refraction with frequency
or wavelength; dispersion is equal to dn/d�  or dn/d� .  Dispersion of a prism depends on detailed
properties of the prism material, and is therefore a measured property, rather than one that can be
calculated.  

These three properties — dispersion, angular dispersion, and deviation — are quite
distinguishable.  It is possible to have deviation without dispersion, angular dispersion without
deviation, and so forth.

A measure of the performance of a prism or grating is the resolving power, which is the
ability to separate two adjacent frequencies.  More specifically, it is the ratio of wavelength, or
frequency, to the smallest wavelength, or frequency, that can be distinguished.   That is, the
resolving power of a prism or grating is

Note that resolving power is a dimensionless number.  
For a prism, the two important measures are the linear aperture of the beam, a, and d	 /d�

which is the rate of change of angle of the beam with wavelength.  Then the resolving power is
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Dependence on aperture may be replaced by a dependence on base length of the prism, defined as
the longest distance traveled by the beam through the prism.  Resolving power is then
independent of aperture, as well as positioning of the prism.

For a grating (with lines of proper spacing), resolving power is determined solely by the
number of lines, N, and by the order, n, of the spectrum.

A large number of lines packed into a narrow width is equally effective with the same number of
lines, more widely spaced, spread over a wider area.  Also, the resolving power of a grating may
be increased markedly by operating in a high order, close to grazing incidence and angle of
diffraction.  Because adjacent orders may overlap, it becomes necessary to add a second grating
or a prism (often rotated at right angles) to separate adjacent orders to take advantage of the high
resolving power.

The overall performance of the spectrometer is most conveniently described by the
resolution, or resolution limit, the smallest frequency (or wavelength) difference that can be
distinguished by the instrument.  “High resolution” indicates a small resolution limit, and thus
good performance.  Resolving power and resolution are often confused, but they are quite
different, including different units.

Rayleigh proposed a simple test of whether two frequencies can be distinguished by an
optical system.  As we have already seen, each frequency produces a diffraction pattern, with a
strong central maximum and weaker side bands.  The two diffraction patterns will be displaced
from each other by a distance that depends on the properties of the system and on the difference
in frequencies.  The Rayleigh limit requires that the central maximum of one frequency should fall
at the first minimum of the other frequency.  With careful analysis, frequencies somewhat closer
together  than the Rayleigh limit can be detected, so the Rayleigh limit is too conservative.  In
practice, however, one is often trying to separate bands of frequencies, rather than single
frequencies.  For such practical separations, the Rayleigh limit, which is based on resolving
power, may be too optimistic.

19.5  Maxwell’s Electromagnetic Waves
One of the important outcomes of Maxwell’s theory of electromagnetism was the recognition

that waves should be emitted and/or absorbed whenever an electric charge is accelerated.  The
original assumption was that waves required some medium to oscillate, so Maxwell adopted the
fuzzy model of a “luminiferous aether”, which could undergo resonant oscillations at any
frequency, pervaded all space (and matter), and possessed various other seemingly incompatible
properties.  Later it was recognized that the ether was an unnecessary appendage. 
Electromagnetic waves propagate in vacuum, without ether.
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Electric and magnetic fields (like gravitational fields) have infinite range.  They fall off as the
square of inverse distance — i.e., the field strengths, E and B, are proportional to 1/r .  Thus, in2

principle, electric, magnetic, and gravitational fields of distant stars might be detectable on Earth,
given detectors of adequate sensitivity.  But with the best sensors available, we detect none of
these fields.  Why, then, do we see the stars?  If the fields are too weak to effectively reach the
Earth, why can we detect the electromagnetic fields that we call light coming from those stars?

The answer lies in the special origin and properties of light.  Recall that the field lines we
have considered (for any substantial distance from the origin) are straight lines directed radially
outward.  When a charge is accelerated, an electric field is established that is perpendicular to the
radial direction.  A magnetic field is also established perpendicular to the radial direction.  So the
light ray moves outward, with electric and magnetic fields perpendicular to the direction of
propagation, and also perpendicular to each other.

A nice model for this would be an electric field that rises and falls, producing a magnetic field
that rises and fall, which in turn produces an electric field, and so forth, somewhat like the fields
produced in a transformer.  The “nice model” is incorrect.  Looking at waves on a string, we saw
that kinetic and potential energies appear at the same place and the same time along a moving
wave train.  The energy travels in pulses, which are half kinetic and half potential.  In much the
same way, the energy of a light wave travels in pulses, with electric and magnetic fields
maximized at the same time in the same plane perpendicular to direction of travel, with null points
between the wave maxima.  In other words, the electric and magnetic maxima accompany each
other, then go to zero together, then appear with opposite phase together, and so forth (Figure
19.13).  This is predicted by Maxwell’s theory, which shows that the E vector and the B vector
are mutually perpendicular and perpendicular to the velocity vector, � .  

Figure 19.13.  Maxwell’s theory shows that electric and magnetic fields rise and fall
together, in perpendicular planes.

It is convenient to consider the total electromagnetic field as a sum of the local, or “near”,
radial field and a radiation, or “far”, field.  The radiation field is initially smaller than the radial
field (by a factor on the order of radial distance times the length of the “antenna”, divided by
wavelength squared, or rL/� ), but falls off as 1/r, rather than 1/r , so the radiation from a distant2 2

star is greater than the initial radial field by roughly the ratio of the distance to the star divided by
a distance smaller than the diameter of the star.
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19.6  Huygens’ Construction and Phase Shifts
Young, in 1803, gave the first significant evidence for the wave nature of light, but a

conjectural model proposed by Huygens more than a century earlier proved to be valuable in
explaining the propagation of light.  Huygens suggested that light waves are absorbed and re-
emitted at multiple points along the wave front.  Lacking additional explanation, he suggested the
emission was only along the forward direction, perpendicular to the contour of the wave front
(Figure 19.14).  Fresnel interpreted and modified Huygens' construction in 1818.  Maxwell
subsequently explained how light is emitted and absorbed by changing local electric fields
associated with accelerated charges, and Kirchhoff, in 1882, showed how the Huygens-Fresnel
theory could be obtained without arbitrary assumptions. 

Figure 19.14.  Huygens’ original model
assumed emission only in the forward
direction.

The modified Huygens-Fresnel theory provides a convenient model even today for many
interference and diffraction experiments.  Perhaps most important, the theory and experiments
show that one cannot explain refractive index as a time delay between absorption and re-emission. 
The modern interpretation of Huygens’ model is based on Maxwell’s explanation of the effect of
an electromagnetic field on an electric charge, and the effect of the electric charge, when it is
accelerated, on the field.  

19.6.1.  Maxwell’s Accelerated Charges.  A stationary, or steadily moving, charge is
associated with electromagnetic lines of force that radiate in straight lines from the charge. 
However, if the charge is accelerated, the “new” lines of force are not aligned with the original
lines.  There is a kink, much as water coming from a hose shows a kink when the nozzle is moved
rapidly sideways (although the water drops move only radially).  The region linking old and new
lines of force (arising from the acceleration of the charge) has a component that is not radial, but
perpendicular to the radial lines (connecting radial segments).  It is this E�  segment that falls off
as 1/r, rather than 1/r , and is recognized as electromagnetic radiation.  That is why we can see a2

star or a planet although we do not detect the electrical fields associated with the star or planet.
Radiation from an accelerated charge is not in phase with the motion of the charge, but rather

with the acceleration.  The charge motion lags (typically by � /2) behind the field that causes it to
move, but the acceleration is �  radians out of phase with the motion, and therefore � /2 ahead of
the incident field.  Normal light, however, comes from a broad surface, or wave front.  Adding
together, vectorially, the rays coming from the several parts of the wave front causes a phase lag,
that exactly compensates for the phase advance from the Huygens wavelets.    This surprising
result is confirmed by experiments in which the light passes through a pinhole, then allowed to
interfere with the original wave.

There are several results that follow.  First of all, because of the phase relationship of each
“new addition” to the wave, a wave is sent backward that exactly compensates for the natural
backward wave, so there is no net backward wave.  The light beam moves only forward.  Second,



  Robert P. Bauman, “Wave Propagation”, Phys. Teach. 39, 545-551 (Dec., 2001)23
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the phase difference is such that the source of the Huygens wavelet, interacting with the incident
wave, is itself extinguished, so it does not continue to oscillate.  There is no “afterglow”.  All of
that just means that the model works.  We can postulate each point on the wave front emitting
new radiation (as Huygens did) and not have to explain why it goes only forward, and why it
doesn’t continue to radiate after the incident wave has gone on.

The wave model described is effectively carried over to, or incorporated into, the far more
complex particle description of section 20.4, which accommodates additional factors in the more
comprehensive model.  The relatively simpler Huygens model, as extended by Fresnel and
Kirchhoff, provides a “simple explanation” of why the more complex model gives simple answers.

19.6.2.  Phase Shifts.  The important point at the moment, however, is that we have done the
calculation for a “perfect absorber” and/or a “perfect emitter”, an undamped oscillator that has
exactly the right phase relationship to the incident wave.  What happens if the oscillator is not
quite a simple harmonic oscillator?  The natural frequency of the oscillator may be below or above
the frequency of the incident wave, in which case there is a phase shift that either retards or
boosts the wave, so the wave passing through the medium has a lower speed (more common) or a
higher speed (most frequently observed for x-rays).  In other words, when light or other
electromagnetic waves pass through matter, it usually is retarded, but then speeds up again when
it returns to air (or vacuum).  But sometimes the waves passing through matter speed up, then
slow down again when they return to air (or vacuum).  Thus most substances show a refractive
index less than one, but at times a refractive index greater than one is observed.   Recall that this23

is related to the phase speed of the waves.  The group speed, which is the signal speed, is always
less than or equal to one.

19.6.3.  Dispersion.  When the index of refraction changes with frequency, the effect is called
dispersion.  In the absence of dispersion, the group speed and phase speed are identical, but near
an absorption band, the phase speed becomes small, then large, and may exceed c, while the
group speed remains < c.

Often dispersion is not easily detectable.  For example, a beam striking a plane surface along
the perpendicular has some parts of the beam traveling faster than other parts of the beam, but
when they emerge on the other side, all are traveling again at the same speed so the delays are not
noticeable (except for very short optical pulses).  By contrast, when the beam is bent, dispersion
becomes apparent.

For example, a prism bends some colors more than others, producing an image, or spectrum,
similar to a rainbow.  Quite generally, short wavelengths, violet and blue, are bent more strongly
than long wavelengths, yellow, orange, and red.  This is called normal dispersion.

If there is a strong absorption band within the region under examination, the refractive index
will increase with frequency above the band and also increase with frequency below the band, but
may drop sufficiently low within the absorption band that there is a net decrease in refractive
index with frequency across the band.  This is now not unexpected, but it acquired the name



 Some prefer to remember Roy G. Biv.24
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anomalous dispersion during the 19  century.th

Because the refractive index changes rapidly with frequency only near a strong absorption
band, prisms show good dispersion only near major absorption bands.  Unfortunately, as the
absorption band is approached, the fraction of the radiation transmitted decreases.  Thus prisms
inherently have relatively narrow ranges of high performance.  They are effective only as they
approach their own cutoff frequency (from above or below). 
  
19.7  Other Effects

Vision is a combination of physical, physiological, and psychological effects.  We “see” an
object when the light rays coming from it to our eyes differ from those coming from the
surroundings of the object.  Typically the differences arise because the object emits or absorbs
light, or absorbs certain colors of light, or because it scatters light.  Under proper circumstances,
however, we may see an object because it reflects light or because it refracts light.

Generally, a transparent object can be seen only when it is subject to non-uniform
illumination.  Visibility depends upon uneven illumination coming from the object.  Place an
object of any color, markings, or degree of whiteness, inside a box such that all radiation coming
from the object and from the walls of the box tends to be reflected, absorbed, and re-emitted
before reaching the eye viewing through a pin hole.  Then the object will be totally invisible to the
eye.

19.7.1.  Color.  Frequency of radiation is a physical property.  Color is primarily a
physiological property.  The simplest model of color, related to wavelength or frequency, is
illustrated with the color wheel, shown in Figure 19.15.  Monochromatic radiation is perceived to
have a color as indicated by the labels on the color wheel.  The longest wavelengths (700 to 800
nm) are perceived as red; the shortest wavelengths (near 400 nm) are perceived as violet.  The
sequence may be listed as VIBGYOR,  retaining the “indigo” label for what is now more often24

called blue and “blue” for what is more often called blue-green.  (Limits of the visible region are
obviously defined subjectively, depending on the maximum range a given observer can visually
detect.)

If two frequencies are mixed, the perceived color lies, to a good approximation, midway on
the circle between them.  Three colors may be added in any order.  Opposite colors give white.



 Edwin H. Land (1909-1991) invented inexpensive polarizing films while on leave of25

absence following his freshman year of college.  He is credited with more than 500 patents
(second only to Thomas Edison).
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Figure 19.15.  Traditional color wheel. In this approximation, any two colors add    
to give the intermediate color around the circle and opposite colors add to give white.

Color mixing assumes what may be called a reversibility, or reciprocity, relationship.  It
follows, then, that if blue and orange, or blue, yellow, and red, add to give white light, then
yellow and red give orange, which is the same as subtracting blue from white light.  Any three
equally spaced colors may be labeled as “primary” colors, with blue, yellow, and red among the
most common choices.

In practice, there are difficulties with the simple model.  First of all, color is very subjective,
depending on the observer and strongly on conditions, so the best one can hope for as a
generalization is color matching.  We find it is often necessary to add some white light to a
mixture to match another color.  Secondly, greater precision of description requires names other
than violet, indigo, blue, green, yellow, orange, and red.  And third and perhaps most important,
we seldom do experiments in which we add or subtract single frequencies.  Most color
experiments involve white-light sources and colored filters, which pass or absorb one or more
broad bands of color.  Under these conditions, the filters that produce our colored light are not
the best filters for removing colors from light, so those who work in the field distinguish between
addition of color bands and subtraction of color bands, and choose a different set of “primary”
colors for addition experiments and for subtraction experiments.  The reciprocity relationship fails
when we change definitions between steps.

Furthermore, any simple model tends to overlook the importance of relative intensities. 
Older television sets had controls that would allow adjustment of color, which provided a simple
demonstration of relative intensities.  Changing relative intensities can turn ripe bananas green and
generally wreak havoc with the apparent colors of the images.

Edwin Land,  inventor of Polaroid films and instant pictures, showed a few decades ago that25

the basic three-color model of human vision can be quite misleading because it fails to take into
consideration the adaptability of the human optical system and brain in accommodating to
environmental conditions.  With standard color filters, color differences may be seen with only
two primary colors or under “monochromatic” illumination.  (The effect had been noted
previously but largely ignored.)  Nevertheless, the simple color wheel, which has proved adequate
for art classes for many decades, is generally sufficient for consideration of the physical aspects of
color.

19.7.2.  Rainbows.  Formation of a rainbow by reflections within drops of water is depicted
in Figure 19.16.  A ray of light entering the water drop is refracted at the spherical surface,
reflected off the rear surface, and refracted again on emerging at the front surface into air.  Blue
light is bent more strongly than red light, so the emerging light is separated into a continuous
range of frequencies, or colors, perceived as the standard rainbow colors.



There are many good references on meteorological optics, including M. Minnaert, The26

Nature of Light and Color in the Open Air, Dover, 1954, and Robert Greenler,  Rainbows, Halos,
and Glories, Cambridge Univ. Press, 1980.
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Figure 19.16.  Rainbows form by total internal reflection within raindrops.
 The angles within a drop depend on refractive index, and therefore on 
wavelength, with a reversal near 42. o

Not explained by this simple picture is why the light rays so conveniently strike each rain
drop at the correct angle to give this result.  That explanation was supplied by Descartes, in 1637,
by tedious hand calculations for 10,000 possible angles of incidence on a drop of water.  His
conclusion can best be expressed in modern terminology as an example of the density of states. 
For any angle of incidence, the light will enter and follow a predictable path.  In general, however,
each angle of incidence gives a different angle of emergence, so the light is diffused by its
encounter with the rain drop.  

For an angle at which the emergent ray differs in direction from the incident ray by about 42 ,o

however, the differences in angle of emergence become small, then change sign.  Hence there are
many rays crowded together, so that the rays coming out at the angle of 42  31' are significantlyo

brighter than rays coming out at other angles.  Looking away from the Sun toward a dispersed
distribution of rain drops, we see primarily the reflected rays centered around this angle of
minimum deviation, with the blue rays closer to the center line and the red rays farther from the
center.  We see only one dominant color from any given raindrop, but other raindrops, which are
viewed at different angles, give other colors in our direction.  The rainbow is thus a construct
from many different raindrops, at different viewing angles.  In addition to the primary rainbow,
the center of the arc is brightened by reflected rays of many colors, and other arcs are formed by
multiple reflections within the droplets and other variations in optical paths.26

19.7.3.  Doppler Shift.  Sound waves coming from a moving source, or received by a moving
detector, are shifted in frequency.  For low speeds, the change in frequency is approximately the
same percentage of the original frequency as the speed of the source, or detector, compared to
the speed of sound.  When the speed of sound is 330 m/s, a relative speed of the source, or
observer, of 33 m/s raises or lowers the apparent frequency by 10%.  Higher speeds require more
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elaborate formulas:

Light also exhibits a shift in frequency, but neither the speed of the source nor the speed of the
detector has any meaning; it is only the relative speeds that can be measured. If the source, in its
own reference frame, emits the frequency v , the frequency observed by an observer movingo

toward, or away from, the source with relative speed u, is

If radiation is emitted and received by the same apparatus, after reflecting off another object (such
as a car or a baseball), the frequency shift is twice as great, as would be expected if the initial
radiation was absorbed and then re-emitted by the reflecting object, giving a frequency shift for
each leg of the journey.

Doppler shifts may be quite large if the speeds are great.  In astronomy, wavelengths may be
doubled, or more, when coming from distant galaxies moving away at high speeds relative to
Earth.

19.7.4.  Vision and Recognition of Images.  As previously mentioned, vision is a process that
involves the eye and the optic nerve (appropriately considered a part of the brain that connects
with the eye) as well as several parts of the brain.  There is still substantial uncertainty in many
details of the vision process, but a broad picture is emerging that explains many of the
peculiarities.

Perhaps the most striking feature of vision is the large number of “pictures” we recognize,
from simple letters and numbers (in quite different fonts) to faces of friends and acquaintances to
homes, trees, maps, and the myriad other objects that we identify, often seemingly without effort. 
Even given the enormous information storage capacity of the human brain, there is nowhere near
enough storage capacity to hold that many separate pictures, including variations in size, lighting,
and other features (including smiling, frowning, or astonished faces) and variations we have not
seen previously.

There is much accumulated evidence that visual recognition is a combination of “upward”
and “downward” paths.  At the risk of over simplification, the eye receives a signal that is
assembled by the optic nerve into a tentative pattern, which goes to a central holding station.  A
remote part of the brain reacts to a trigger and sends a “proposed match”.  If the “original” and
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the “match” agree, you believe you have identified what you see (whether it is Grandma or Lassie
or a letter C or a spider).  If, as usually happens, the two do not agree, return signals in both
directions cause a re-examination of the original image (by slight eye movement, for example, to
better judge size and distance) and a modification of the “proposed match” including size of the
image, interpretation of shadows and colors, and other interpretive feedback.  Because both
processes occur simultaneously, a comparatively small number of stored images suffice for rapid
identification of the enormous variety of images we recognize (and a few amusing
misidentifications with which we are all familiar). 

Reference
There are many good books available on optics.  One of the more comprehensive, but quite

readable and inexpensive, is Robert W. Wood, Physical Optics, Third Edition, 1934, Dover.

Chapter Summary
Snell’s law describes the behavior of light on refraction: n sin 	  is constant across a
boundary, and thus � /�  is constant.  Light waves do not interfere except with third-
party intervention, in which case energy is proportional to the sum of instantaneous
amplitudes (displacements).  Important examples of interference include Newton’s
rings, Lloyd’s mirror, thin films, Fabry-Perot and Michelson interferometers, and
the zone plate.  Maxwell tied light waves to oscillating electromagnetic fields, with
emission and absorption caused by acceleration of charges.  Huygens had earlier
proposed a model for propagation of waves by constant absorption and re-
emission along the wavefront, which leads to an explanation of dispersion when
phase shifts are properly included.  Interference of waves causes diffraction, or
bending, of waves though slits and gratings.  Colors of rainbows and Doppler
shifts are explained by wave properties.  Human vision is complex but of particular
interest.

Addendum
Thin Film Reflection.

When monochromatic light is incident on a non-absorbing thin film, or on a plate of selected
thickness with parallel surfaces, there may be zero reflection, and therefore total transmission. 
This result holds for any value of the reflectivity of the surfaces.  For example, a surface that
reflects 80% and transmits 20% may reflect 0% and transmit 100% if matched with an equivalent
surface at the proper thickness.

Consider rays incident on a glass plate along a perpendicular, although we draw the rays
incident at an angle to facilitate distinguishing multiple reflection paths (Figure 19.17).  It will be
sufficient to assume for the present that the plate thickness does not affect the phases of the rays. 
That is, we consider the thickness of the plate to be effectively zero or, more generally, for
refractive index n and thickness t, for some integer m,
 

nt = m � /2
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We may take the amplitude incident on the upper surface as 1, the amplitude (initially)
reflected at the upper surface as 
  (with 
  < 1), and the amplitude transmitted at the upper surface
as �  (with �  < 1).  Then, if we were to reverse the two rays, of amplitude �  and � , they should
combine to give a ray of amplitude 1 emerging from the upper surface and a ray of amplitude zero
along the dotted line, at angle r on the other side (Figure 19.18).  Let �  be the fraction reflected
within the plate and �  the fraction transmitted from the plate to air.  Then

��  + �
  = 0             and            
  + ��  = 12

Thus �  = - 
 , indicating a change of phase of the internally reflected ray, and ��  = 1 - 
 .2

The rays passing back and forth between upper and lower surfaces of the plate have
amplitudes, successively, of � , -
� , 
 � , -
 � , etc, where the positive values are for the downward2 3

rays and the negative for the upward rays (showing the phase change at each reflection within the
plate at the surface).  The rays emerging from the plate at the upper surface therefore have
amplitudes of �  times - 
� -
 �  -
 �  - ..., or amplitudes of - 
�� (1 + 
  + 
  + ...).  If we divide 1 -3 5 2 4


  by 1 - 
 , we get 1 + 
  + 
  + ...  Hence the total amplitude of the reflected ray may be2n 2 2 4

written as

But we know that ��  = 1 - 
 ,  and if we include all terms (i.e., let n �  � ), 
  �  0, so the total2 2n

amplitude of the reflected ray is 
  - 
  = 0.
Thus we have shown that when the reflectivity at the upper surface is 
  (for any 1> 
  >0),

and the thickness of the plate fits the condition nt = m � /2, the net reflectivity becomes zero.  All
of the beam is transmitted through the plate.

If the light is incident at an angle from the perpendicular, such that the angle of refraction
within the medium of index of refraction n, is r, then the more general condition for total
transmission will be
 

m�  = 2 n t cos r



 One demonstration that sight and feel are quite distinct in interpretation is the1

observation that an individual who is sightless from birth, gaining sight, can recognize a key by
feel but not by sight, until it has been seen and felt.
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Chapter 20.  Electromagnetic Waves and Particles

Chapter Introduction
A.  Why?

Most people would argue that sight is the most important of our senses.   Life on Earth relies1

on warming from the Sun, by electromagnetic radiation.  And most of our detailed information
about the sizes, shapes, and behaviors of atoms and molecules has come from measurements
made with electromagnetic radiation.  Yet electromagnetic radiation has been one of the last
pieces to be accommodated into physics theory.  Physics is (or should be) a “theory of
everything”.  Initially it was fragmented, as different tools, theoretical and experimental, were
developed for different purposes.  Recently substantial progress has been made in getting these
fragments put together.  Students (and teachers) of physics are entitled to see how the disparate
parts fit together.

B.  What to Look For
The question of whether light (and other electromagnetic radiation) is better described as

waves or as particles has been firmly settled, several times, each way.  Classical waves and
particles provide inadequate models for electromagnetic radiation.  The difficult task is to take
advantage of the information we have about classical models, without falling into the trap of
believing these provide accurate descriptions of real radiation, whether regarded as waves or as
photons.  We will find there is a reconciliation of what Einstein called “wave-particle duality” in a
surprising, basically very simple (but frustratingly complex, in detail) model.

C.  Pre-Test for Prior Comprehension
a.  Photons have an intrinsic angular momentum of ½ � , directed along the line of travel or

the reverse direction.  How is the plane of polarization of a light wave related to this left/right
(counterclockwise/clockwise) polarization?

b.  What is meant by a quarter-wave plate?
c.  What is Brewster’s angle, and how does it differ from one substance to another?
d.  Is the “plane of polarization” defined to be coincident with the plane of the E vectors or

the B vectors?
e.  Does scattering of light typically lead to polarized light or to unpolarized light?
f.  What variables, or degrees of freedom, contribute to a light beam in the Rayleigh-Jeans

description?
g.  What are the major areas of physics that must be reconciled with each other?



 Franklin was another largely self-educated individual.  After approximately a year of2

schooling, starting at age eight, he was sent to a school for writing and arithmetic, where he
learned “a good hand” but “failed entirely in arithmetic”.  He was apprenticed at age 12 to an
older brother in a printing office, through which he acquired access to books.
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Answers to Pre-Test Questions
a.  Because we most often work with plane-polarized light, our description is a linear

combination of left and right circularly polarized light (the ½ �  polarization of photons).
b.  A quarter-wave plate is a plate cut to a thickness that will rotate the plane of polarization

of incident light by one-quarter cycle.
c.  Brewster’s angle is the angle of incidence that gives maximum plane polarization of the

reflected beam.  It is the angle whose tangent is equal to the index of refraction of the substance.
d.  The “plane of polarization” is defined as the plane formed by the B vectors on reflection,

which is the plane perpendicular to the surface.
e.  If the scattering material is isotropic, the plane of oscillation is the same as that of the

incident wave.  The plane of polarization of the emitted wave must then be perpendicular to the
incident wave and is typically primarily perpendicular to the direction of travel of the incident
wave.  (Thus, for example, the blue sky is highly polarized when you look at right angles to the
Sun.)

f.  Six degrees of freedom.  There are three direction coordinates of travel (x, y, z) and two
(mutually perpendicular) planes of polarization, in addition to the frequency variable.

g.  a)  Mechanics (including kinematics) describes motions and changes of motion in terms of
forces acting.  b)  Electromagnetic theory, including light and related motions.  c)  Atomic theory,
describing behavior of small particles.  d)  Gravity, one of the forces that fits into mechanics,
although the origin and nature of the forces gets complicated.  e)  Subnuclear particles and forces
are still largely independent of each of the other fields.

*  *  *  *  *

A lthough critical to our explanations of nature, light has proven difficult to understand. 

Its description has relied on, and been the key to, understanding of electricity and magnetism as
well as atoms and molecules.

  In the 18  century, Benjamin Franklin  provided a tentative model for electricity, laying theth 2

groundwork for the 19  century studies by Faraday, Ampere, Oersted, and eventually Maxwellth

and J.J. Thomson.  The wave model of light became generally accepted when the work of Young
displaced the particle model early in the 19   century.  The existence of atoms was anticipated andth

generally tentatively accepted (at least as a convenient model, if not as a physical reality)
throughout the 19  century, even though it was not shown convincingly to be realistic until earlyth

in the 20   century.th

Thus nearly everything had fallen into place by the end of the 19  century.  But thisth

understanding was thoroughly shaken by the discoveries by Planck, Einstein, Heisenberg,
Schroedinger, and others early in the 20  century.th

From our 21  century perspective, we may ask again:  Is light best described as waves or asst



 That is, the motion in the plane (that includes the direction of travel) is circular or3

elliptical.  This should not be confused with circular or elliptical polarization describing motion
about the direction of travel.
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particles?  Newton worked out a quite satisfactory description of light, and its behavior, based on
particles, although he had to make an incorrect assumption about the speed of light in matter to
explain refraction.  Young and others provided convincing evidence that light consisted of waves. 
When light waves were shown to be transverse, and Maxwell showed that electromagnetic waves
(in “ether”) traveled with the speed c, the speed of light in vacuum, the answer was settled once
and for all, until a few decades later.  Now we feel reasonably comfortable talking about light as
waves, and also talking about light as particles.  The danger lies in accepting either model 
Although it shares some properties with each of these familiar models, light is certainly not a
collection of classical particles, nor is it classical waves.  If we fully accept either model, we will
make erroneous predictions.

If we set up an experiment to look for wave properties of light, we will find wave properties. 
If we set up an experiment to look for particle properties of light, we will find particle properties. 
And if our experiment is based primarily on ray properties we are likely to see only the ray
properties of light.  In this sense, we find what we are looking for.  (The reconciliation of models
is outlined in section 20.4.)

20.1  Polarized Radiation
Waves, or wave trains, may be longitudinal, transverse, or a mixture.  Sound waves in air are

longitudinal (and therefore show no polarization properties).  The oscillatory motion is along the
line of travel of the waves or, for standing waves, the line of progression from one wave
maximum to the next.  Waves in strings are transverse.  The oscillatory motion is perpendicular to
the line of travel of the waves, or the line defined by the string.  Waves in springs may be either
longitudinal or transverse.  Water waves are a combination of both transverse and longitudinal
motions, and thus the oscillatory motion is circular or elliptical.   Light waves, and other3

electromagnetic waves, are transverse, only.  Transverse waves show polarization effects.  That
is, a wave traveling along the x axis may have vibrations in the x-y plane or in the x-z plane (or
any linear combination of these).  Polarization properties of light are strong evidence for the
transverse character of electromagnetic waves.

20.1.1.  Classical and Spin Models.  Polarization of electromagnetic radiation may be
attributed to an inherent “spin” state of photons, the smallest units of radiation.  The spin of a
photon has the magnitude of one unit of angular momentum, or more precisely, a magnitude � 2�
with projection of ±�  along the direction of travel, corresponding to right or left circular
polarization.  

Nevertheless, in many applications, we produce linear polarizations and therefore find it more
convenient to describe (more fundamental) circular or elliptical polarizations as combinations of
(derived) plane polarization states.  We will assume, unless explicitly indicated otherwise, that the
beams under discussion are either unpolarized or plane polarized; that is, they do not have circular
or elliptical polarization.
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Most polarizers are not fully transparent.  A typical plastic sheet of Polaroid film, for
example, may transmit at most 80% of the incident light, apart from polarization effects.  We
neglect (for now) such scattering and absorption effects not related to polarization.

After light has passed through a plane polarizer, it will pass through a second polarizer if the
second polarizer is aligned along the same direction.  If the second polarizer (which is called an
analyzer) is rotated 90 , the beam is fully blocked.  For any intermediate angle, 	 , the transmissiono

varies as cos  	 .  If a third polarizer is added after the crossed polarizers, there is no light incident2

on the third polarizer so the transmission through it is zero, for any orientation.
A more interesting demonstration is to insert a third polarizer between the two crossed

polarizers.  This combination transmits a significant portion of the original beam.  
Insight into the meaning of polarization and its effect on transmission may be obtained by

looking at a classical model of polarized waves, as represented in Figure 20.1.  A long rubber
hose slides freely in a bracket (a short piece of electric conduit, soldered to another short piece at
right angles), which in turn can slide up and down the shaft of a ring stand.  If another ring stand
is placed perpendicular to the first, the wave is abruptly stopped.  Two “crossed” Polaroids, with
axes at 90 , do not transmit.o

Figure 20.1.  Rubber tubing can oscillate in only one plane at a time, determined by
its prior wave history.  Robert P. Bauman and Dennis R. Moore, Phys. Teach. 18, 214-5
(1980).
However, if a ring stand is placed at a 45  angle following the first, a portion of the wave iso

transmitted.  Furthermore, if the ring stand at right angles to the first follows the ring stand at 45 ,o

a portion of the wave at 45  is transmitted beyond the ring stand at 90 .  The initial plane ofo o

polarization has a component (cos 45 ) along the direction of the second polarizer.  Any waveo

that passes the second polarizer has a plane of polarization determined by the second polarizer,
and therefore has a component (cos 45 ) along the direction of the third polarizer, at 90 .  Theo o

classical mechanical wave model correctly predicts the performance of light waves.

20.1.2.  Practical Meaning of a Light Wave.  When we speak of a light wave, we tend to
think of a representation similar to a wave moving along a string.  There is one such wave, with
one energy, one plane of polarization, one phase — in short, we tend to imagine a pure, single
wave train.  By contrast, what we measure as a wave in the laboratory has come from many,
many sources.  Each atom acts as an independent source, sending out a pure, single wave train,



  We speak of a pure, single wave train, but must recognize that all such wave trains4

consist of a range of frequencies, which are superimposed to give wave “packets”.  Otherwise the
wave trains would have to be infinitely long, starting at t = - �  and continuing to t = + � .  As
usual, we neglect flaws in our model that are not relevant to immediate concerns —  in this
instance, to polarization.
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which travels with other wave trains to constitute the beam passing through our apparatus.4

What we measure, then, is a sum over all the components of the beam.  Unpolarized light is
best envisioned as a set of independent waves (such as a set of waves in rubber tubing) incident
on our apparatus with random angles of polarization.  Then a polarizer acts as an analyzer to
select out those waves with one orientation as against those of some other orientation, each being
transmitted with the cos  	  factor.  Once the selection has been made, we deal with a set of waves2

having the same plane of polarization, unless or until something acts to scramble this plane again.
Can we reassemble a beam that has been split, e.g., by a polarizer?  Certainly.  For example,

just as a beam polarized along a direction we may characterize as 45  can be split intoo

components at 0  and 90 , we can bring together polarized beams at 0  and 90 , with the sameo o o o

phase, to form a polarized beam at 45 .  Or we can bring together two otherwise identical beamso

at 0  and 90 , with a phase difference of 90 , to form a circularly polarized beam.  If the twoo o o

component beams have different intensities, the resultant beam is elliptically polarized.
It is possible to start with polarized light, split the beam into two components, and delay one

component by an arbitrary phase angle (depending on the thickness of the crystal), and thus
produce elliptically polarized light.  Such a crystal is called a quarter-wave plate when the
retardation is � /2.  A plate twice as thick (or two quarter-wave plates in succession) give a
retardation of one polarization by � , which gives a rotation of the plane of polarization by 90 . o

This is called a half-wave plate.  Again doubling the thickness gives plane polarized light in the
original plane.

20.1.3.  Double Refraction.  Most crystals are made up of molecules that are not totally
symmetric.  Light may be absorbed more readily by atoms moving along one plane within the
molecule than along some other plane.  As discussed in the previous chapter, absorption
properties determine the speed of a wave.  Hence a plane polarized beam may have a different
speed, and hence a different index of refraction, depending on the orientation of the plane of
polarization relative to the crystal axes.

Calcite, CaCO ,and quartz, SiO , are examples of crystals that exhibit double refraction,3 2 

first studied by Huygens.  A portion of incident radiation, called the ordinary ray, is refracted in
the usual manner, according to Snell’s law.  The remainder (apart from reflected light), called the
extraordinary ray, travels at a different speed through the crystal and is refracted at some other
angle, not necessarily in the plane of the incident beam and the perpendicular.  Provided the
opposite faces of the crystal are parallel to each other, the two beams emerge parallel to each
other and to the incident beam, but with different planes of polarization and different
displacements.  Thus print viewed through a calcite crystal appears double.

A calcite block sliced along the diagonal and put back together (typically with Canada
balsam, a transparent adhesive) may effectively separate the ordinary and extraordinary rays,
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yielding plane polarized light.  The angles are chosen such that the extraordinary light will be
totally internally reflected at the diagonal interface, and thus pass out of the direction of travel. 
The ordinary ray passes on through, as a plane polarized wave.  The device was originated by
William Nicol (1768-1851) and bears his name.

Plane polarized light passing through a sugar solution typically emerges with the plane of
polarization rotated, clockwise or counterclockwise, depending on the particular sugar.  The
property serves as an analytical tool for measuring concentrations of sugar solutions.  Faraday
showed that similar rotations can be produced by electrostatic fields.  Very similar rotation
properties of liquid crystals have been incorporated into displays, such as those common on
watch faces.  With a polarizing entrance face, local electric fields, and a mirror behind, the
returning ray may either be passed by the polarizer or totally absorbed, giving black characters on
a nominally white background.

So long as we make the customary types of measurements, that characterize the entire beam,
we cannot distinguish between a single pure wave train and a composite of many, many pure
wave trains.  A prominent exception is an interference measurement.  The “raw” composite beam
will not show interference effects in most arrangements, because the component wave trains give
too many results that differ and overlap in such a way as to wipe out the intensity variations we
are looking for.  (See Figure 19.8.)

Usually, to get interference effects, we must produce a coherent beam.  A coherent beam is
defined as one for which all parts of the beam have the same phase (spatial coherence) or the
same frequency (temporal coherence).  Generally, two steps are required.  Spatial coherence is
achieved by putting the beam through a pin hole or through a slit (aligned perpendicular to the
direction in which we want to look for interference effects).  No fringes or other evidence of
interference arise at this stage.  However, if the resultant beam then passes through a “wide” slit
or two or more slits or pinholes, the beams coming from these secondary points will interfere with
each other.  The first pin hole or slit provided the coherent beam; the second set of apertures
produced a set of beams, all with the same initial phase, that will interfere with each other.  What
we accomplish with the initial pin hole is to limit our experiment to wave trains that have a
common history, in terms of direction of travel and phase differences relative to that common
origin.  Then the interference patterns that are superimposed by the apparatus have maxima in the
same place, minima in the same place, and generally register with each other so that the patterns
look alike and add together to amplify the effects expected from a single wave train.  They also
average out fluctuations expected from single wave trains, so that we get a stable interference
pattern, rather than the statistical pattern we can observe by letting single electrons or single
photons through a slit sequentially over a period of time.

The fact that a simple light beam has many independent components is unimportant for
problems in geometric optics, and may be unimportant for many experiments in physical optics. 
Yet we must keep this distinction in mind because there are experiments in which it can
substantially alter our expectations and results.

20.1.4.  Polarization by Reflection.  Reflectance, at non-perpendicular incidence, depends on
the polarization state of the light.  Thus, as was shown by Etienne Louis Malus (1775-1812) in
1809 (Figure 20.2), light traveling upward in the figure is reflected at the first unsilvered mirror
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surface and is subsequently more efficiently reflected, in the plane of the figure, at the second
unsilvered mirror surface.  But if the second mirror is rotated 90 , to reflect the beamo

perpendicular to the plane of the figure, the reflectance at the second surface is decreased, in
comparison to the first surface.  Either mirror acts as a polarizer, but in such an experiment where
they are encountered sequentially, the first is typically called a polarizer and the second is called
an analyzer.

Figure 20.2.  Reflection properties vary with polarization, selecting one plane in
preference to another, or modifying reflectance as a function of incident polarization.
Rotating the upper pile greatly decreases the reflectance.  Maximum selectivity occurs
at Brewster’s angle, tan 	  = n (refractive index of the medium).

The degree of polarization of the reflected beam depends on the angle of incidence and on
the index of refraction of the reflecting surface.  David Brewster (1781-1868), in 1812, found that
the ratio of intensities for reflection of light at the second surface was greatest at the angle of
incidence such that the reflected and refracted beam form an angle of 90 .  Equivalently, we mayo

say that Brewster’s angle, for greatest polarization of the reflected beam, occurs at the angle 	
when

tan 	  = n

with n the index of refraction of the (unsilvered) mirror surface.  
At this angle of incidence, only part of the beam is reflected, but this part is completely plane

polarized.  The remainder of the beam is refracted and is only partially polarized.  Thus, to get
maximum intensity along with maximum polarization, we select the refracted beam, but pass it
through a succession of surfaces, each at Brewster’s angle.  Then all of one polarization appears
in the refracted beam, whereas all of the other polarization is spread among the several reflected
beams.

The portion of the beam with electric vector, E, parallel to the surface is more strongly
reflected.  However, by custom, the plane of polarization of the more strongly reflected
component is generally defined as the plane including incident and reflected beams and the
normal.  Thus the “plane of polarization” is the plane containing the magnetic vector, B,
perpendicular to E.

Light reflected from smooth (or even semi-smooth) surfaces tends to be highly polarized. 
Polarizing sunglasses are effective because the plane of polarization is chosen to discriminate



7/27/07                                                           PT-20-378

against the light reflected from the surface of water or sand or highway.  By sharply decreasing
the intensity incident on the eye, glare is greatly reduced.  Glare occurs when bright light enters
the eyeball, especially from an extended source.  Some light is absorbed immediately but much is
reflected inside the eyeball.  The stray light then appears as illumination over the entire sensitive
surface, giving the effect called glare.  Glare is in the eye of the beholder. 

20.1.5.  Polarization by Scattering.  Scattering of light may be considered to be an
absorption and re-emission.  If the scattering is by an isotropic particle, or molecule, the internal
oscillation lies in the plane of the incident E vector, and the emitted radiation is perpendicular to
this oscillation (Figure 20.3).  Scattering from the atmosphere is greatest, and thus the sky is

Figure 20.3.  The incident plane of   
polarization determines the plane(s)
of scattered radiation.  a.  Maximum
scattering along the z axis.  b.  No
scattering along the z axis, unless
scattering center is anisotropic. 

bluest, and the light most strongly polarized, along a direction at right angles to a line from the
Sun to the scattering point.  The scattered light is polarized in the plane of incident and scattered
rays.  If the scattering molecules, or particles, are not isotropic, the selectivity is much less.

The sky is blue because short wavelengths are much more likely to be scattered than long
wavelengths.  Scattering is proportional to v , and blue light has roughly twice the frequency of4

red light, so it is scattered 2  = 16 times as strongly.4

20.2  Particles of Light
The foundation of our modern understanding of “particles” of light arose from the purely

classical determination of the expected number of modes of oscillation of light waves.  We start,
therefore, with a review of that classical derivation.  Consider light (or other electromagnetic
waves) in equilibrium with the surroundings.  This is easily achieved by producing an “oven” (of
any temperature) with only a small opening, so that whatever rays enter or are emitted by the
surface inside have a very high probability of being absorbed by the inner surface, and the energy
re-emitted by the surface.  Such a device is called a “black body” (sec. 18.3.2).  It acts as an
essentially perfect absorber.  Whatever is emitted is a sample of the equilibrium radiation inside.

20.2.1.  Rayleigh-Jeans Law.  Apart from intensity, one light wave may be distinguished
from another by frequency, direction, and polarization.  Label each possible wave (or each
“degree of freedom”) as a vector having the direction of the wave and a length corresponding to
the wavenumber, which is the number of waves per meter, equal to the reciprocal of the
wavelength, or the frequency divided by the speed of light, v/c.  The incremental number of
arrows that will fit into a thin shell around a spherical volume V, is equal to the area of the sphere
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  Classically, we are “counting” a continuum, so it is more precise to speak of relative5

numbers of modes; a volume twice as great has twice as many possible modes.  Quantum
mechanics introduces a “graininess” through Planck’s constant, so counting is then a proper
description.

 Sir James Hopwood Jeans (1877-1946) was well known for his contributions to6

cosmology and stellar dynamics, as well as statistical mechanics and the physics of music.

 The critical role of statistical mechanics in attempting to bridge the gap between classical7

models and models developed during the 20  century is suggested by the complaint of Josiahth

Gibbs (1839-1903) in his preface to his Elementary Principles in Statistical Mechanics in 1902. 
After stating his confident belief that the method provides the surest path to understanding these
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time the thickness of the shell,  4� r  dr.  In wavenumber space, the radius is r = v/c, so the2

number  of arrows that fit into dV , is5

  There are two possible polarizations for each wave so we multiply by 2.  Also, a wave has
both kinetic and potential energies.  The law of equipartition of energy (secs. 6.5, 11.3) tells us
that each of the possible modes of vibration of the electromagnetic field should have the same
average energy, ½ kT, or kT for the combination of kinetic and potential energies.  Therefore,
multiplying by  kT gives the prediction that the energy of an electromagnetic field in equilibrium
with an emitter-absorber should be

This is the Rayleigh-Jeans law for black-body radiation (Figure 20.5).  It fits experiment very6

well for low frequencies, such as radio waves, microwaves, and infrared radiation. 

    Figure 20.4.  The Rayleigh-Jeans law predicts a
parabolic curve for intensity vs. frequency, becoming
infinite at high frequencies.                                     

 Unfortunately, as can be seen from the graph of energy vs. frequency, the equation predicts that
the energy will become infinite at very high frequencies, which is clearly an unrealistic
expectation.  At the end of the 19  century, the arguments appeared so sound, and theth

consequences so absurd, that the problem was called the “ultraviolet catastrophe”.             7
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phenomena, emphasizing the importance of including thermodynamics, radiation, and electrical
properties of atoms, he points out seemingly inescapable difficulties and adds, “Certainly, one is
building on an insecure foundation, who rests his work on hypotheses concerning the constitution
of matter.”  Fortunately, within a quarter of a century, that foundation had been firmly established.

7/27/07                                                           PT-20-380

20.2.2.  Wien’s Law.  Boltzmann had shown in 1894 that the total radiation emitted by any
body should be proportional to the fourth power of the absolute temperature.  In 1893 Wilhelm
Wien (1864-1928) found his “displacement law”, which stated that the wavelength of maximum
emission was inversely proportional to the temperature.  He then found, in 1896, that radiation
emitted at high frequencies varies with wavelength according to
 

with c  and c  constants, but this equation, known as Wien’s law, was obtained with inadequate1 2

theoretical justification, and does not fit low frequencies.

20.2.3.  Planck’s Equation.  In 1900, Max Planck (1858-1947) succeeded in finding an
empirical equation that would fit the Rayleigh-Jeans equation at low frequencies and the Wien law
at high frequencies.  When he compared his equation with recent measurements, the fit appeared
too good to be accidental.  He then spent several very intensive months attempting to derive his
equation.  Toward this end, he made the arbitrary assumption that radiation was transferred
between the substance and the electromagnetic field in “lumps” of energy proportional to the
frequency.  His expectation was that he could then let the proportionality constant go to zero, to
obtain a valid equation with transfer of energy in arbitrarily small amounts.  To his distress, he
found that although he was able to derive the equation this way, it worked only for finite sizes of
the lumps.  Letting the size of the “lump” of energy be

� E = h v
 

subsequent careful measurement has shown that h = 6.626176 x 10  J·s, which is small but-34

certainly not zero.
Planck’s derivation shows that the Rayleigh-Jeans classical average energy per degree of

freedom of  ½ kT should be replaced with the average value of

 

giving the energy density, with frequency, of the radiation as



The name photon was of later origin, and has had other meanings than that currently8

associated with “particles” of light.
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This is known as Planck’s black-body equation.  It assumes equilibrium, equivalent to a perfect
absorber or emitter, or equivalent to setting �  = 1 in the Stefan-Boltzmann equation.  Planck’s
equation reduces to the Rayleigh-Jeans equation for low frequencies (h�  << kT) and to the Wien
equation for high frequencies  (�  T small).

20.2.4.  Einstein’s Quanta.  Toward the end of the 19  century, there was considerableth

interest in the photoelectric effect.  Ultraviolet radiation, striking a clean zinc surface or certain
other surfaces of “active” metals, produced free electrons.  A theory was proposed without
conclusive evidence.

Einstein, however, suggested quite a different model.  Incorporating Planck’s results into his
relativistic equations, he argued that not only was the transfer of energy between emitter and field
limited to small packets of energy, but also that the radiation itself was “lumpy”, consisting of
packets of energy, 
 

E = hv
 

(Planck had carefully denied that his theory required that the radiation, itself, should be lumpy.) 
A quantity, or quantum, of energy striking an absorber would transfer the energy h�  to an
electron.  Because the electron is bound by the atom, and surrounding atoms, the kinetic energy
of the electron released should be
 

½ m�  �   hv - W2

 

where W, called the work function of the material, is the minimum energy required to extract an
electron from the material.

For several years, experiments appeared to support the earlier theory, but eventually good
evidence was found for Einstein’s model.  Not only does the model predict a maximum kinetic
energy of the electrons released from any material, but it predicts that the release should begin
immediately on irradiation, even with very weak illumination.  There is no time lag while energy is
accumulated in the solid.  These predictions were confirmed by experiments.

20.2.5.  Implications of the Photon Model.  Einstein’s model of radiation as packets of
energy, or photons,  introduced major changes into the interpretation of physics at the8

microscopic and submicroscopic level.  It explains the photoelectric effect and the Compton effect
(scattering of x-rays by electrons), provides a basis for understanding the structures and energy
states of atoms, and provides an explanation for many other experiments such as the radiation
absorbed or emitted when a particle and its antiparticle (e.g., an electron and positron) are
produced or removed, called pair production and annihilation.

However, consideration of photons, as particles, requires a distinctly non-classical
interpretation of the concept of a particle.  For example, we cannot describe the double-slit
experiment as a photon going through one slit or the other; we must require that the photon goes



See, e.g., Marlon O. Scully and Murray Sargent III, Physics Today, March, 1972; pp. 38-9

47.
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through both slits.  If we attempt to determine which slit the photon went through, we destroy the
interference between the slits.

The photon model leads to an interpretation much like that required to understand such
experiments as electron diffraction.  If a beam of electrons is passed through a double slit, we
again must assume that each electron goes through both slits.  Any attempt to determine which
slit an electron went through eliminates the interference effects.  Also, if the intensity of the
electron beam is reduced to the point that we expect only one electron at a time in the apparatus,
the pattern formed by electrons striking the screen builds up, with time, to the interference pattern
expected.  The seemingly inevitable conclusion, as noted by Paul Dirac (1902-1984), may be
stated
 

An electron interferes only with itself.
and

A photon interferes only with itself.
 

This is a slight oversimplification, but it is valid for most types of experiments.  It is to be
expected in the sense that two photons must always give two photons, never zero or three or
more.  Interference of photons determines where photons will be found, not whether they will
exist.

Recent experiments have demonstrated interference between seemingly independent laser
sources, but these can always be analyzed to show that there is a linkage of the sources, such that
it is not possible to say which source a photon came from.  All such experiments are consistent
with Dirac’s generalization.  Dirac’s rule that a photon can only interfere with itself provides a
simple explanation of why interference is observed only between light waves of a single frequency
from a single source.

There remain some unanswered questions about the interpretation of the photon model.    9

Because each photon represents a quantity of energy, the total energy of a beam should be
proportional to the number of photons.  But interference experiments require that we add
amplitudes, rather than intensities or energies.  Also, interference effects are well known between
radio stations some distance apart, operating at the same frequency, with no synchronization. 
Where external control of the phase of the radiation is possible, apparently independent sources
give rise to interference effects.  This is observed, also, for classical waves, such as sound waves.

Part of the difficulty is simply that our interpretation of a “particle” is very strongly
influenced by our experiences with classical particles.  Photons are the carriers of electromagnetic
fields.  An electromagnetic field can be considered as arising from photons moving outward, but
the photons return to the source if they lie along the original direction of propagation and are not
interfered with, e.g., by interacting with movable charges.  These are virtual photons producing
the electrostatic field, which strain our classical models.  A photon is not a classical particle.

20.3  Einstein’s Laws of Absorption and Emission
Classically, we would expect a molecule to absorb radiation when the incident radiation



The condition is expressed by saying that the (direct) product of the initial state, the final10

state, and the dipole vector (representing the radiation) must have the full symmetry of the
absorbing or emitting molecule.  In practice, this usually means that the initial or final state of the
molecule has a dipole moment.
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supplies the necessary energy for a change in state of the molecule.  The radiation must include a
frequency corresponding to a difference in energy between a populated state (usually the ground
state) and an excited state of the molecule.  For example, the incident frequency may correspond
to a vibration frequency of the molecule.  Also, emission or absorption of radiation usually
requires a change in dipole moment of the molecule, matching the dipole vector, E, of the
radiation emitted or absorbed.   10

The quantum conditions for absorption and emission were analyzed by Einstein before the
development of quantum mechanics.  As expected, absorption of radiation requires that the
radiation field contain components with a frequency equal to, or nearly equal to, the difference in
energy between two states of the absorber.  As Einstein showed, the probability of absorption, or
the transition probability for absorption, can be written as proportional to a quantity represented
by a transition constant B.  The product of B, the intensity of the radiation, and the number of
potential absorbers gives the probability for induced absorption or for induced emission.  The
same field that causes absorption can cause emission.  The probability of a potential absorber
being stimulated, by the radiation field, to absorb a photon, is equal to the probability of a
potential emitter being stimulated, by the same radiation field, to emit a photon.  The transition
process is quantitatively reversible.

Einstein also defined a constant, A, for spontaneous emission.  The transition probability for
emission, or likelihood of emission, is proportional to A and to the number of potential emitters. 
This emission process may be described as independent of the radiation field, or the induced
emission process.  It may, however, also be described as a residual probability of induced
emission caused by the zero-point radiation field, or the minimum radiation field that is always
present.  Thus we may say that it is the electromagnetic field that causes the transitions, in either
direction.

Much later, Einstein’s analysis provided the theoretical basis of the laser.  The probabilities
of absorption and emission depend on the number of absorbers or emitters in the initial state
(lower energy state for absorption, or upper energy state for emission).  Usually the lower state is
more heavily populated. Consider an atom with only two energy states.  Then any attempt to
excite the atoms of a sample to the higher-energy level will tend to be self-defeating, because the
incident radiation will not only pump atoms to the upper level but will also pump atoms from the
upper level to the lower level.  That is, the field will induce absorption and induce emission.

Suppose now we add a higher, third energy level that has a mechanism for quickly decaying
to the original upper level.  Then it may be possible to get substantially more atoms into the upper
level than in the ground state, or lower level.  Under these conditions of an inverted population,
when one atom spontaneously emits to go from the upper level to the lower level, the radiation
emitted will interact with other atoms, causing induced emission.  The unstable initial state is
destroyed as the upper level is emptied into the ground state.  Furthermore, because the induced
emission will be in phase with the field that stimulates it, all the radiation emitted in transitions
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from the upper level to the ground state will be in phase.  The radiation will be temporally
coherent, because all comes from the same pair of energy levels, and it will be spatially coherent,
because it is in phase with the stimulating field.

In practice, it is usually better to provide a pumping scheme that continuously pumps atoms,
or molecules, from the ground state to the third level, so that the upper level is continuously
repopulated.  Also, to achieve high intensity levels, the radiation is bounced back and forth
between reflecting end mirrors, with only a small part leaking out on each round trip.  The
important characteristics of lasers are the high degree of coherence and the high intensities
possible.

20.4  Putting it Together
At one time, physics could be described, quite accurately, as a study of the forces between

objects and the effects of those forces on motions.  Later, that view was imperilled by recognition
that there were distinctly different kinds of forces, and that there were different rules for the
effects of forces acting on bodies of different sizes or characters.  The problem now is to retain
the unity and simplicity of one physics while accommodating the differences.

Practical physics began when men first moved rocks and carts and threw projectiles, but one
could argue that physics as a science dates from the work of Archimedes, whose work bordered
on what we now call “statics”, including simple machines.  After lying nearly dormant for well
over a thousand years, Galileo developed a theoretical analysis of kinematics, or a description of
motion.  As we now recognize, that analysis turned out to be only an approximation, but an
approximation still valuable for most practical applications even today.

It is convenient to divide the areas of physics, built upon Galilean kinematics as later revised,
into five distinct branches.

1.  We now distinguish mechanics, or dynamics, as the rules for (unspecified) forces acting
on (almost) any objects and the consequent motions or changes of motions.  

2.  We consider electromagnetic fields, including light and its extensions into the infrared,
microwave, and radio regions at the low-frequency end and into the ultraviolet and x-rays or
gamma rays at the high-frequency end.  Electromagnetic theory fits well with dynamics because
most of the forces acting between bodies are ultimately electromagnetic in character.  They tend
to diverge only when we look more carefully at the structure of electromagnetic fields, including
photons.

3.  When Newton added gravity to the list of forces, it was considered simply another force. 
Later it took on a significance of its own.  Later, attempts to link gravity to other types of forces
and to dynamics have presented major challenges, only partially met.

4.   Similarly, in the late 19  century and into the 20  century, studies were undertaken ofth th

electrons and other very small particles, an area called atomic physics or quantum physics.  These
small particles clearly respond to electromagnetic forces as would be expected, accelerating under
the influence of applied forces, but very soon exhibited strange behaviors that eventually came
under the title of atomic physics, with apparently new and distinct rules of behavior.  

5.  Finally (?), other subatomic particles were discovered that formed their own family
relationships, exhibited their own forces, and followed their own rules of behavior.  
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20.41  Mechanics (Newton).  Although Archimedes studied forces as applied to levers and
catapults, densities and floating objects, and movement of liquids with the Archimedes screw, and
Galileo contributed important findings in the description of motion, it was Newton that provided
the major development of dynamics, which has persisted with only minor modifications up to the
present.  The greatest changes came in the 19  century.  First, Young and others (including, e.g.,th

Coriolis, Joule, and Kelvin) added energy to the list of important quantities to follow.  (Leibniz
had recognized vis viva in the description of motion of “particles”, but that proved to be a dead
end because it did not link smoothly with Newton’s momentum or with measured forces.)

Energy, added to mechanics in the 19  century, opened the entire field of thermodynamicsth

and the concept of probability as applied in statistical mechanics.  These ideas, in turn, spilled
over into studies of electromagnetic theory and light, as well as astronomy and hence gravitation.

20.42  Electricity and Magnetism (Faraday and Maxwell).  The second major change came
from Faraday, who introduced the field concept, a tool for applying Newton’s laws for
interactions between objects “at a distance” from each other.  The electromagnetic field also
provided a critical tool for Maxwell, who was working out the forces between electric charges
and charges in motion.  The entire field of electromagnetic theory arose within a few short years,
based on a small number of discoveries by Franklin, Oersted, Ampere, Faraday, and others over
roughly the preceding century.

20.43  Gravity.  Until the 17  century, there was no even remotely acceptable model for whyth

celestial bodies move as they do, and only fuzzy ideas of how they move.  The studies of
Aristarchus, Copernicus, Brahe and Kepler, and Huygens, enabled Newton to suddenly clarify the
universe.  His law of gravitation provided a model for action at a distance that explained, at once,
the fall of the apple, the orbit of the Moon and orbits of the planets, and thus the behavior of
every known body.  Subsequent testing has shown that Newton’s gravity works extemely well for
very short distances as well as over astronomical distances.

Nevertheless, Newton was concerned about a missing element in his theory.  What caused
the gravitational force?  Given the symmetry between M  and m  in  f = G M m/r , it seemed1 2 1 2

2

logical that the central mass (M ) was the cause.  Newton rejected this easy answer.  He knew of1

no property of mass that would cause it to exert a force (and was quite adamant when someone
else tried to pin on him the notion of mass giving rise to a force).  Others were far less cautious,
so Newton’s gravitational model served very well for over two centuries with the trial assumption
that the mass caused the force.

When Einstein introduced special relativity as a refinement, to reconcile Newtonian
mechanics (constructed with Galilean relativity kinematics) with a finite speed of light, he also
obtained the key relationship E = mc , showing that the property we call mass is a measure of the2

other, very different, property we call energy.  But this led to a fundamental difficulty when
applied to gravitational problems.  An object of a mass we may arbitrarily label for the moment as
m  in a gravitational field, has an energy that depends on its location in the field (see notes,o

sections 13.4 and 14.4).  Hence it is not m  that appears in the equation GM m/r , but m = m  +o 1 o o
2

� m, where � m is the effect of the mutual gravitational field of M  and m .  The partial differential1 o

equation becomes non-linear, which mathematicians recognize as a major warning sign.
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The equations must be redrafted and became much more complex to solve.  Einstein devoted
nearly full time (1907-1915) to solution of this difficulty, eventually achieving the theory known
as general relativity, or geodynamics.  It proved very difficult to check, because the effects
expected differ from Newtonian predictions by such small magnitudes.  Nevertheless, it has
proved spectacularly successful, holding up to each experimental test over roughly a century.

As previously observed, geodynamics explains the gravitational forces between bodies as a
consequence of the curvature of space-time caused by the mass, or the energy, of the central
body, and explains the consequent acceleration and motions of bodies by these same effects. 
Thus dynamics is linked to gravity.

20.44  Quantum Physics.  Einstein grew up surrounded by the statistical arguments of
Boltzmann, Gibbs, Clausius, and others, and had no reason to object to such probabilistic
arguments applied to assemblies of particles.  He found it singularly inappropriate, on the other
hand, to apply probability arguments to the properties of a single particle, as advocated by Bohr
and others.  Thus Einstein acquired a reputation as a repudiator of quantum physics, during the
same period that he was a principal contributor to the theory, first in his model of the photon to
explain the photoelectric effect and later in his analysis of radiation and absorption processes that
laid the foundation for lasers.

It was particularly annoying for Einstein that neither he nor anyone else was able to reconcile
the concepts of quantum physics with the requirements of general relativity.  Even when other
branches were reconciled, gravitation stood apart.  Einstein looked for a ‘unified theory”, but
looked in vain.

20.45  Quantum Electrodynamics;    Feynman’s Model.  When we try to analyze a simple
experiment such as the double-slit experiment, it is difficult to avoid questions such as “What
determines the path of a given photon (or electron)?”  An attractive solution is to assume there
are additional variables, which we do not observe and therefore do not take into account, that
give a statistical behavior to the particles we do observe.  This hidden variable model has been
shown to be unsatisfactory.

Feynman and others proposed an alternative model, in which it is assumed that a particle
(e.g., an electron or a photon) follows all possible paths, not simply those considered satisfactory
or probable by classical physics or quantum variations of classical physics.  Two analogies may be
helpful.  First, Fermat’s theorem in optics, like the principle of least action in mechanics, states
that the actual path followed can be found as an extremum, usually a minimum, compared to
other nearby paths.  This requires, at the least, that the rays have some “knowledge” of the
alternative paths.  Consider, also,  the analogy of contributions from one point to another from
Huygens wavelets along a wavefront.  The resultant at some point B is the sum of the
contributions from all possible points A along the front.  Each of these illustrates that a wide
range of possible contributions may influence the final outcome, but the final outcome is quite
special in terms of being the “best” as judged by the time or some similar test.  The obvious
question we want to ask is, How does the particle, or the photon, or the ray of light, know which
path will give the best result, so that it can follow this “best” path?

Feynman’s postulated that a particle travels by all paths, but it interferes with itself. 



 Richard P. Feynman, QED, Princeton Science Library, 1985.  The theory was jointly,11

and independently, developed by Feynman, Julian Schwinger, and Sin-Itiro Tomonaga about
1948.  They later shared the Nobel Prize for this work, but it has been “advertised” publicly
primarily by Feynman and is therefore most securely linked to his name and persona.
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Different paths contribute amplitudes with different phases and the final amplitude at a point is the
sum of all these interfering terms.  Not too surprisingly, perhaps, it is found that the path most
probable (to the experienced physicist) is most important and gives the proper overall
characteristics, such as the time required to get from A to B.  Feynman’s solution does not
remove the paradox of the double slit experiment, except to place it in the perspective of being
only one of many examples of multiple paths, with only the appearance, to the observer, that the
particles usually travel by single, simple paths.  QED also shows that two identical particles (e.g.,
electrons or photons) can exchange places and thus, in effect, interfere with each other.

In mathematics, Q.E.D. stands for the Latin “quod erat demonstrandum,” or “which was to
be demonstrated”.  As applied in physics, QED stands for quantum electrodynamics, sometimes
regarded as the “end all and be all” of physics theories, for it is considered the most precise (in
agreement with experimental tests) of all existing theories.  It is horrendously complex in its
details, yet literally conceptually a model of simplicity.  

Thus Feynman undertakes to explain the theory  to non-scientists in roughly 120 pages by11

omitting the details of the mathematical calculations.
Note first of all that one method of solving routine mechanics problems is by means of an

integral called the “least action”.  Briefly, a function describing the motion (the “Lagrangian”, L =
T - V, kinetic energy minus potential energy) is integrated between an initial point and the end
point of the motion, not only over the expected path but over all possible paths.  The path giving
the minimum value turns out to be the path that will be followed.  Similarly, Fermat showed that
an optical path between any two fixed points could be described as the shortest time of travel
(including effects of varying refractive index) between the points, or more precisely, an extemum
of values which sometimes is found to be a maximum value or a path that is independent of time
for small variations in geometric path.

Furthermore, in the Huygens model as extended by Fresnel and subsequently analyzed by
Kirchhoff, radiation leaving a given point arrives at a second point with a phase that generally is
that expected for the shortest path (possibly with corrections), but it can be derived by
considering all possible paths, including the phase delays for each.  Thus light travels through a
uniform medium in straight lines with no delays because the medium is uniform; otherwise
alternative paths must be included to arrive at the expected actual path.

Now start with the assumption that light (or other electromagnetic radiation) does indeed
consist of particles, which we have called photons, each of which has a phase that varies
uniformly with time and distance.  Then imagine that every photon, in leaving a specific point,
travels by all possible paths.  (We simply imagine we have an infinite number of virtual photons
following an infinite number of possible paths, and add the resulting photons, with their new
phases, at the other end.)  In view of the behavior of purely classical bodies and the behavior of
(assumed) classical light waves, it should be easy to believe that the sum of all these virtual
photons will give the result we expected to begin with.  The only additional caution arises because
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these are truly quantum particles which may, along the way, do peculiar exercises like emitting
and/or absorbing other particles.  That is what makes the actual calculations so horrendous, but
need not concern us in our beach chairs as observers of the overall process.

Knowing what is going on, then, we can “see” that when we send a photon through a pair of
slits, photons go through all available openings and the resultant effects are just what we learned
to calculate by calculating interference for photons passing through two slits.  Thus QED turns
out to be a lot of fuss and bother that gives us the simple results we expected in the first place,
but does so for all kinds of experimental arrangements, for some of which we didn’t really know
the answers before because we hadn’t done that experiment.  And the calculation gives us
exceptional precision that can be checked, whenever we have the time, patience, and money, to
the limits of our experimental techniques.  The calculations automatically include all of the
uncertainties predicted by Heisenberg.

So what we have, now, is a reconciliation, to an accuracy of one part in a few billion, of
Newtonian dynamics, Maxwellian electromagnetic theory, and quantum physics with its
mysterious properties.

20.46  Subnuclear Particle Physics.  Unfortunately, we do not know enough about the
subnuclear particles to be able to construct a theory equivalent to QED that can describe these
other particles — quarks and gluons and leptons and all the rest.  There is no breakdown in the
theory for such particles.   It is simply that we haven’t yet reached the point of being able to
formulate a full theory for their behavior.  There have been partial attempts (e.g., quantum
chromodynamics), but the theories are considered incomplete.

Thus the two major gaps, of which we are quite aware, are the failure to combine quantum
physics principles with general relativity, to be able to make predictions of gravitational effects on
the scale of very small distances, for example, and the failure to wrap up the subnuclear particles
in a neat theoretical package comparable to QED.  There is work still to be done.

Chapter Summary
Understanding light relied on the development of a theory of electricity and magnetism
and acceptance of atomic models.  Electromagnetic waves exhibit polarization,
demonstrating that they are transverse oscillations, tied also to the inherent angular
momentum (or “spin”) of photons.  Light waves generally contain random polarizations. 
Many molecules and crystals have different refractive indices for different polarizations,
causing double refraction and rotation of the plane of polarization.  A beam may be
selectively polarized by scattering or reflection.  Understanding intensities, as a function of
frequency, requires a particle model for interaction of light with matter.  Feynman,
Schwinger, and Tomonaga provided an alternative model, called quantum electrodynamics
(QED), in which particles follow all possible paths.  Einstein’s early analysis not only
explained the photoelectric effect but also laid the theoretical basis for understanding
absorption, emission, and lasers.


